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PROPOSED RUNNING HEAD: Volume-of-Fluid interface tracking with smoothed...



Motivated by the need for three-dimensional methods for interface calculations that can deal with
topology changes, we describe a numerical scheme, built from a Volume-of-Fluid (VOF) interface
tracking technique that uses a piecewise-linear interface calculation (PLIC) in each cell. Momentum
balance is computed using explicit finite-volume/finite differences on a regular cubic grid. Surface
tension is implemented by the continuous surface stress (CSS) or continuous surface force method
(CSF). Examples and verifications of the method are given by comparing simulations to analytical
results and experiments, for sedimenting droplet arrays and capillary waves at finite Reynolds num-
ber. In the case of a pinching pendant drop, both three-dimensional and axisymmetric simulations

are compared to experiments. Agreement is found both before and after the reconnections.




1 Introduction

This article is devoted to the description and assessment of a numerical procedure for the
simulation of flows with interfaces between viscous Newtonian fluids. The interfaces are
modeled as discontinuities with constant surface tension. This physical model is relevant for
many applications. Of particular interest to us are phenomena such as droplet formation
and breakup where interface topology may change through the reconnection of the interface.
The method may also be useful to study complex multiphase flows, when for instance the

fluid particles undergo three-dimensional perturbations.

Numerous methods have been proposed, and are in use, for the simulation of such flows.
Here we present a method based on a simplified treatment of the momentum equation, with
a fixed, regular, uniform grid, and a Volume-of-Fluid (VOF) tracking of the interface. More
precisely we have implemented the so-called “Piecewise Linear Interface Calculation” (PLIC),
with Lagrangian advection of the interface pieces. The treatment of surface tension consists
of artificially smoothing the discontinuity present at the interface, in a “continuous surface
stress” (€ss) or “continuous surface force” (CSF) manner. This combination of techniques
allows us to perform three-dimensional calculations, including interface reconnection and
breakup. The emphasis of this paper is indeed on the three-dimensional aspects of the

numerical method and of its validation.

From a general point of view, two broad strategies exist to deal with interface calculations.
One is to use deformable meshes based on a finite volume or finite element representation.
The other strategy is to keep the mesh fixed, and to use a separate procedure to describe the
position of the interface. These methods are reviewed in [1, 2, 3, 4]. Each strategy has its
own advantages. Physical problems which interest us require a three-dimensional calculation,
with surface tension and vorticity, eventually leading to non-catastrophic reconnection of the
interface. From this perspective, the main advantage we see in fixed uniform grids is the great
simplicity they afford in the treatment of the bulk fluid regions, away from the interfaces.
A further advantage of fixed-grid methods is to avoid the three-dimensional re-meshing that

may be necessary whenever interface motion deforms the grid exceedingly.
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The interface itself may be represented on a fixed grid in a variety of ways. Explicit interface
tracking may be performed by volume or interfacial marker particles [5, 6] . These methods
may be contrasted with others that describe the interface implicitly. For example in the
Volume-of-Fluid (VOF) method, the data structure that represents the interface is the fraction
C' of each cell that is filled with a reference phase, say phase 1. The scalar field C is often
referred to as the color function. We have 0 < €' < 1 in cells cut by the interface and
C = 0 or 1 away from it. The data C are given at the beginning of a computational
cycle but no approximation of the interface position is known. The method is implicit
since one needs to “invert” the data C' to find the approximate interface position. In other
words, an algorithm for interface reconstruction is needed. Typically, one can reconstruct
the interface by the straightforward “Simple Line Interface Calculation” SLIC method [7] or
by various piecewise linear (PLIC) methods. The latter methods give much better results
than the former, as noted for instance in the review by Kothe and Rider [8]. The VOF
method is one of the most popular schemes for tracking interfaces [5, 7, 9, 10, 11, 12, 13, 14].
It is analogous in spirit to level-set methods that represent front tracking information on
Eulerian grids [4, 15]. An advantage of both VOF and level-set methods is their simplicity:
no redistribution of the surface markers is necessary when they are stretched by the flow,
and no special provision is necessary to perform reconnection of the interfaces. Actually it
must be noted that this may be a disadvantage if one wishes to prevent reconnection from
occurring. In the physical situations that concern us, however, such as the pinching of a
fluid thread, reconnection occurs at an instant well determined by the large-scale solution.
In other words, the uncontrolled reconnection that one gets with Volume-of-Fluid or level-
set methods is appropriate for the thread-pinching problem, as we shall demonstrate with a

numerical example below.

In our numerical scheme we employ the VOF /PLIC method. We wish to preserve the sim-
plicity of reconnection in implicit methods, and we trade the relative complexity of three-
dimensional reconstructions (see below) with a description of the interface which is more

localized.

Some parts of our procedure have already been presented in [14]. The two-dimensional



description of our PLIC method was given in [16]. Here we give a full redefinition of our
method, including the three-dimensional aspects of PLIC. We also perform new validation

tests of the method, in particular of its ability to describe reconnection.

In Section 2 of this paper we summarize the governing equations. In Section 3 we describe
our three-dimensional PLIC algorithm. Then we present the treatment of the momentum-
balance (Navier-Stokes) equations and review the continuous surface stress (¢ss) method.
Finally in Section 4 we present various calculations, which are compared to analytical or
experimental results: an infinite periodic array of liquid droplets falling in another fluid at

low Reynolds and capillary numbers, and the simulation of a pinching pendant drop.

2 Model

We let u be the velocity field, p the density, p the pressure, p the viscosity, o the surface
tension, n the unit normal to the interface, x the local curvature of the interface and ds a

Dirac distribution concentrated on the interface S. The Navier-Stokes equation then reads
di(pu) + V- (pu@u)=-Vp+ V- (2uD) + okdsn + pg, (1)
where D is the rate-of-strain tensor with components
1 (du;  Ouy
D;; = - 1 “. 2
iT3 (8:52- * a:cj) 2)

Viscosity and density are constant in each phase but may vary from phase to phase, taking

values p;, p; in phase 1. These equations may be viewed as a “one-fluid formulation” as they
are expressed at any position x. On the interface they are singular and the requirement of
cancellation of the highest order singularities leads to the classical jump conditions for the

various fields u, p, p. We consider incompressible fluids, with
V.u=0. (3)

The interface S follows the fluid motion. The velocity of the interface in the normal direction

n is defined by
Vs=u-n (4)



Another useful formulation is the following. If x is a characteristic function with value 1 in

phase 1 and 0 in phase 2, then
Ox+u-Vy=0. (5)

The color function €' in the VOF method may be viewed as a discretization of the character-
istic function, although the application of standard algorithms for hyperbolic equations to
(5) does not always give the best results [5]. A more explicit account needs to be taken of

the special nature of the problem, which is entirely concentrated on the interface S.

3 Method

3.1 Interface tracking

In the Piecewise Linear Interface Calculation (PLIC), at each time-step, given the volume
fraction of one of the two fluids in each computational cell and an estimate of the normal
vector to the interface, a planar surface is constructed within the cell having the same
normal and dividing the cell into two parts each of which contains the proper volume of
one of the two fluids. This planar interface is then propagated by the flow and the resulting
volume, mass, and momentum fluxes of each fluid into neighboring cells are determined. The
updated values of the volume fraction field, as well as the mass and momentum fields, are
found throughout the domain, and the numerical simulation can proceed to the next time
step. The next three subsections describe the procedure for estimating the normal vector,
the construction of the planar surface in each cell, and the propagation of the interface by

the flow.

3.1.1 Normal estimation

The reconstruction is based on the idea that a normal vector m together with the fractional

volume C' determines a unique planar interface cutting the cell. In the first part of the



reconstruction a normal direction to the interface is estimated by a finite-difference formula:
m" = V"C. (6)

We denote this vector by m to distinguish it from the wunit normal vector n. At first, a
cell-corner value of the normal vector m is computed. A two-dimensional example is easy

to describe. We first define a normal vector m at ¢ + 1/2,5 + 1/2 by

1

Mait/2+1/2 = 5 (Ciy1; — Cij + Ciyrjpr — Cijyr) (7)
1

Myi+1/2,5+1/2 = 5 (Cijje1 = Cij + Cigr 41 — Cigaj) (8)

The required cell-centered values are computed from the cell-corner values by averaging:

1

m;; = Z(mi+1/2,j—1/2 + M1/ 5172 F Miy1/2 4172 + mi—1/2,j-|—1/2)- (9)

In two dimensions, V" is a nine-point finite difference approximation of the gradient. This ex-
pression is of intermediate accuracy in the following sense. A second-order-accurate method
should yield exact results for a linear (or planar) interface. Instead, expressions (7-9) give
results which are approximate for some interface orientations [17]. the worst cases. The
error is due, in some sense, to the fact that € is a discontinuous, nonlinear function of inter-
face position and orientation. Nevertheless it is remarkable that the method gives accurate

results in test cases, as we shall see below.

3.1.2 Connecting fractional volume and interface position

In the second part of the reconstruction, a planar interface which divides the computational
cell into two parts containing the proper volume of each fluid must be found. In general,
the “forward” problem of finding the volume within a cube on each side of a given planar
interface is more straightforward than the “inverse” problem of obtaining the equation for
the planar interface, given the fraction of volume contained on each side and the normal
direction. Both are needed in the reconstruction and propagation steps of PLIC. We achieve
this by deriving an explicit expression which relates the “cut” volume to a parameter o which

completely defines the planar surface. In order to provide a comprehensible description of



this calculation in three dimensions, we begin with its two-dimensional counterpart which
has been previously given in [16], but which we present here in a form which is easier to

generalize to three dimensions.

In two dimensions, the problem can be stated as follows. Given a rectangular (or square)
cell of sides ¢; and ¢y in the (1, x2) plane, depicted in fig. 1, and a straight line (such as EH)
with normal vector m, find the area of the region below the line which also lies within the
rectangular cell. This corresponds to the area ABFGD in fig. 1. To obtain an expression
for this area, let us suppose that the components m; and m, of the normal are both positive
— this can always be arranged by a simple coordinate transformation in which distances
are measured from one particular corner of the cell, depending on the signs of the original

normal; in case one of the components vanishes, the calculation of the area becomes trivial.

The most general equation for a straight line in the (x4, z5)-plane with normal m is
myxy + moty = (10)

in which « is a parameter which is related to the smallest distance between the line and the
origin. (If m is a unit normal, a is that distance.) The points at which the line intersects
with the z; and z; axes are respectively at a/m; and a/m,. These are points £ and H in
fig. 1. The area of the region contained below this line within the rectangle ABC' D is given
by

2 _ 2
Area = - e ll — H(a—me) (w)
mi1ma (8
_ 2
_H(a — macy) (w) ] . (11)
o

The prefactor a?/2mim, on the right-hand side of this equation is simply the area of the
triangle AFH. In case points Ef and H lie within the original rectangle, this is the desired
area. If point F is to the right of point B, i.e. if @ > mc;, we must subtract the area of the
small triangle BEF' to obtain the proper area. Since triangle BEF is geometrically similar
to triangle AE H, the ratio of their areas is equal to the square of the ratio of the sides BE
to AE, given by

Area of BEF B m% —ca)’ B (a— m1c1)2
Area of AEH N .
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Figure 1: The “cut area” refers to the region within the rectangle ABC D which also lies

below the straight line £ H, having normal m and parameter a.

This corresponds to the second term within the square brackets on the right-hand side of

(11), which also contains the Heaviside step function H(a — myc;), defined such that

H(z) = 0 for z<0

1 for >0
since the area of the triangle BEF' is only subtracted if F is to the right of B. Similarly,
the third term within the square brackets in (11) subtracts the area of the triangle DGH
provided that point H lies above point D, i.e., if & > mgcy. The single formula (11) thus
provides the area of the region below the straight line (10) which lies in the original rectangle
of sides ¢; and ¢; for all possible cases. The area is a continuous, one-to-one, monotonically
increasing function of a. It ranges from zero, when a = 0, to ¢;¢y, when « reaches its
maximum value of myc; + macy. There are two critical values of «, corresponding to the
zeros of the arguments of the Heaviside step functions in (11), at which the function changes

form. This occurs when the straight line (10) passes through the corners B and D of the

rectangle, i.e. when a = myc; or a = macs.

This result can be generalized to three dimensions with little conceptual difficulty. For this

purpose, consider the schematic drawing in fig. 2 of the right parallelepiped ABCDEFGH
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of sides AH = ¢;, AB = ¢; and AD = ¢3, which is intersected by the planar surface IJK.

If the normal to this surface is denoted by m, all points which lie on it satisfy the equation
myxy + Moy + mars = a, (12)

in which, as before, we take the components my, my and mgs of the normal to be positive. We
also have that Al = a/my, AJ = a/my and AK = a/ms. To find the volume of the region
below this interface contained in the original parallelepiped, i.e. the volume ABGHLMNK,
we begin with the volume of the large tetrahedron AI.JK, which is given by

o
Gmymams
and subtract the volumes of the tetrahedra which protrude outside of the original paral-
lelepiped. In fig. 2, these correspond to the volumes HIPL and BOJN. FEach of these
tetrahedra is geometrically similar to the original one, and the ratio of their volumes to that
of AIJK is given respectively by (1 — mye;/a)® and (1 — maca/a)®. However, since the
volume of the small tetrahedron GOPM would then be subtracted twice, we would have
to add that volume to the resulting expression, provided that the line I.J lies outside the
rectangle ABGH in the first place; that is, provided that a > (myc; + macy). The ratio
of the volume of the small tetrahedron GOPM to that of the large tetrahedron AIJK can
be found, using geometric similarity, to be (1 — myc;/a — macy/a)®. Upon combining these
results and accounting for the fact that point K" may also at times move above point D, the

expression for the volume of interest turns out to be:

1
Volume = —— [«
6m1m2m3

3
- H(a —mjc;)(a —mjc;)°
=

3

3
+)_ H(a — amax + mjcj)(e — amax + m;c;)’] (13)
7=1
in which
Qmax = M) + macy + macs .

In (13), the second line achieves the subtraction of the volumes of the tetrahedra which

protrude from the faces of the original right parallelepiped, in case points I, J and K move
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Figure 2: The “cut volume” refers to the region contained within the right parallalepiped
ABCDEFGH and also below the planar surface IJ K, which has normal m and parameter

(a8

beyond points H, B and D, respectively. And the third lines adds back the volumes of the
small tetrahedra like GOPM, in case the lines I.J, JK and K lie outside the rectangular
faces ABGH, ABCD and ADFEH, respectively.

Equation (13) provides a continuous, one-to-one, monotonically increasing, functional rela-
tion between the volume inside a right parallelepiped lying below the planar interface (12)

and the parameter o which fully characterizes the plane.

In practice, not only does one need the “forward” relation (13) between the cut volume and
the parameter «, but the method also requires the “inverse” problem of determining the
a which corresponds to a given cut volume and normal direction in a computational cell.
There are a number of ways to achieve this. One can simply use a standard root-finding
approach, such as Bisection or Newton’s Method (note that the derivative of the right-hand

side of (13) with respect to « can be calculated readily) to find the particular value of «
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Figure 3: The different critical shapes of the cut cube for my; + my < ms. The cut cube
changes shape each time the plane crosses a vertex. Fach shape corresponds to a specific
critical volume and a corresponding critical a. In between each critical pair, the cut volume

is a cubic polynomial in a.

at which the cut volume has the desired value. Another option, which is the one we have
actually implemented, is as follows: Corresponding to each critical value of a for which the
interface passes through one of the corners of the cube, there exists a critical value of the
cut volume. In between any two critical values, the function (13) is a cubic polynomial in «
whose roots can be evaluated analytically. Thus, to resolve the inverse problem, given the
desired cut volume, we first identify which two critical values bound it on either side, and

then obtain the root of the correct cubic polynomial in « in that range.

In this instance, in order to simplify the search for the critical bounds, it is better to number
the coordinates such that the order in which the various corners are crossed is (almost)
pre-determined. On a unit cube with all sides equal to unity, for instance, we can number
the coordinates so that 0 < m; < my < ms. In that case, the order in which the corners of
the cube are crossed as a increases depends only upon whether m; + my is smaller or larger
than mgs. Figures 3 and 4 represent the six critical shapes of the cut cube in each of the two

possible cases.
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Figure 4: The different shapes of the cut cube for my; + my > ms. The cut cube changes
shape each time the plane crosses a vertex. The cubic equation relating the cut volume and

a depends on the placement of the plane between the six critical positions depicted here.

3.1.3 Lagrangian propagation of the interface segments

Once the interface has been reconstructed, its motion by the underlying flow field must be
modeled by a suitable advection algorithm. This can be achieved by either an Eulerian or a
Lagrangian scheme. In the Eulerian method one computes the fluxes of x across the faces
of the control volume V;;;. The characteristic function y is conserved in incompressible flow

and the flux during time 7 across a face F' of V}j;, is

tn+T7
CI)F:/ / xu-n'dFdt (14)
Flt,

where n’ is the unit normal vector to the face. This expression may be estimated once the
area of face F' which is “wetted” by phase 1 is found from the reconstruction algorithm
of section 3.1.2. The explicit evaluation of the time integral forms the basis of Eulerian
methods. In our calculations, we instead use a Lagrangian method [10, 16]; that is, we
compute directly the motion of the interface segments. We have found the latter scheme to

be more robust.

The Lagrangian approach to the propagation of the interface can be best described by
considering the way in which the given planar surface (12) is propagated by the flow. For
this purpose, rewrite Eq. (12) with superscripts (n) attached to all the variables:

m{M 2™ 4 e 4 (el = o) (15)

?
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and think of this as the equation for the planar interface in the given cell at the initial time
t,. Lagrangian advection of this interface by the flow as time increases to ¢,,4; =1, + 7 will
modify it to a new form which must be calculated. Since in practice, the time-stepping is
performed separately in each spatial direction through operator splitting, we only need to

describe the advection of the interface along one spatial coordinate, say x;.

To make the description simpler, let us suppose that the left face of the cell has coordinate
xz; = 0, and the right face 1 = A = ¢;. Also, denote the z; components of the velocity on
the faces by U, and Uj,. These are taken to be constant over the entire face to which they are
assigned. The z; component of the velocity, within the cell is a simple linear interpolation
of the form
X1 1

ul(xl) = Uo(l — ?) + th . (16)

(n)

For each point initially at zi", the above velocity is calculated and assumed to remain
constant in time during the advection step. Then the x; coordinate of each point initially
on the surface (15) changes to the new value:

U, —-U,

; )T]I(ln) +U,7. (17)

The 5 and 3 coordinates remain constant during advection along ;. The superscript (*)

is used rather than (n + 1) to denote a fractional step, to be followed by similar steps in

xy and z3 directions before the advection to time ¢,4; is completed. In order to find the
(n)

equation for the planar surface after this advection step, we must solve (17) for 27" as a

function of l’(l*) and substitute the result into (15). Specifically, from (17) we have that

(n) w(l*) - U,t
1

pEEIC=o "
Upon substituting this result into (15) we find
o | 21 = Ut (M) (0) 4 () () ()
my 1+(%)T +my ey +my ey =\ (19)
which can be written in the more standard form:
m{Me + m$ 2l 4l = o) (20)
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in which

(n)

(*) my

my = ——F5 o —
P (B

(n)
() = )y 1 UoT 2
«Q a4+ 1_|_(Uh;Uo)T’ ( )

while all other variables with superscript (*) in (20) are equal to their old values.

After advection, one has to check whether the interface has protruded at all into the neigh-
boring cells to the right and to the left, and if so, to calculate the volumes moved into those
cells. Thus, for instance, if a(*)/m(l*) is larger than £, a portion of the volume originally con-
tained below (15) has moved to the right cell. We can calculate this volume using the general
formula (13), provided that we rewrite the equation for the interface in an appropriate form

by making one additional coordinate transformation in (20). Let
x(l*) =h+a) (23)

so that | measures distances from the left face 1 = h of the right cell. With this substitu-
tion, eq. (20) becomes

mg*)xll + mg*)xg*) + mg*)xg*) =a, (24)

where

Using the coefficients of eq. (24) formula (13) can now be used to calculate the volume of
phase 1 fluid which was moved to the right neighboring cell. Similarly if U, is negative, the
volume moving to the left neighboring cell can be calculated. Finally, the volume which
remains in the original cell is calculated, using eq. (20) and formula (13), provided that
account is taken of the change in the size of the parallalelepiped which results if U, is
positive and/or Uy, is negative. In particular, if U, is positive, the left face moves in by an
amount U,7 during time interval 7 and to calculate the volume remaining in the cell, it is
necessary to make a coordinate transformation similar to (23) which puts the origin on this

new left face.

To illustrate the method we sketch the procedure for a two-dimensional system in figure 5.

The shaded region there represents the volume lost by the original cell and gained by the
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Figure 5: A schematic illustration of the Lagrangian propagation of the interface in two
dimensions. During the partial advection step, the velocity U(x) is taken to have only a
horizontal component and not to depend on the vertical coordinate y. The cell ABCD is
assumed to be upwind of the cell AGHB. The segment ab is advected to c¢d. The flow also

carries AB to EF. The volume gained by the downwind cell is the shaded area.

downwind cell. Formula (11), applied to parallelepiped AEF B, can be used to calculate the
volume of the shaded region. With this procedure the volume fraction field is updated at

time ¢,41.

This Lagrangian method is stable and satisfies the physical constraint on the volume fraction
0 < C <1 when the CFL condition, (maz|u|)r/h < 1/2, is satistied. The programming of
the Lagrangian method is considerably simplified by the fractional-step strategy described

above.

We have validated this three-dimensional VOF /PLIC method with some purely kinematic
problems, where we have moved an interface of spherical shape in a translational or a rota-
tional velocity field and obtained good results: no deformation of the sphere is observed for
displacements of the order of the box size L. For reasons of space, we will not present these
calculations here. The capabilities of our method for tracking interfaces accurately and for
treating interface reconnections and breakups will be demonstrated in the results section.

Some aspects of the implementation of this algorithm on vector and parallel machines are

17



given below in section 3.3, while more details are given in the appendix.

3.2 Discretization of momentum balance and surface tension

This part of the algorithm bears only little difference with the algorithm presented in [14]

so we will describe it quickly.

3.2.1 Reformulation of the Navier-Stokes equation

Eq. (1) may be written as

1
&U=—;Vp+huﬂU+LAMUW+MQ)+g (26)

where the inertial term is

Li(x,u) = =V - (u @), (27)
the viscous term is
1
Lu(x.u) = ¥+ (24D) (25)
and the capillary term may be rewritten in the form
1
L) =S¥ [1-non)od
1 Vy ® Vy) ]
= -V |||IVx|1- —=—=]7]|. 29
p [O | VX (29)

(Recall that x is the phase characteristic function.) Several remarks about the above for-
mulation are useful. First, as our notation implies, the viscous term depends implicitly on

x through the definitions:
p o= pix+p(l=x)
po= mx+p2(l = x). (30)

Second, expression (29) is equivalent to the form of the surface-tension force in eq. (1)
whenever the surface tension o is constant. When o varies eq. (29) remains correct, while

eq. (1) needs to be supplemented with a tangential stress term [2].

18



3.2.2 Time marching

We note with a superscript (n) the velocity fields at time ¢,,, the time step is then 7 = ¢,,41—1,,.

The VOF /PLIC method may be symbolized as
Cet) = (™ ™ 1), (31)

where the operator £ expresses the action of the algorithm described in Section 3.1. For the

time marching of the velocity field, we first compute a provisional field u** in two steps
u® =u® 4 7L, (CC) a™) 4 7L (CTY) 4 7g (32)

u®*) = u® 4 L), (33)

then we project it on the space of incompressible velocity fields. Pressure is the solution of

the following Poisson problem with homogeneous Neumann boundary conditions

V- (1Vp) =1V-ut) in Q,

(34)
n-Vp=-=~ (u(”+1) - u(*’*)) ‘n=0 on 0Q,
where n is the normal to 9€). The new velocity field at time step ¢, is given by
u+) =yt — Ty, (35)
p

If p is a solution of (34), the velocity field u(*") verifies the incompressibility equation

V-ultt) = . (36)

3.2.3 Discretization of spatial derivatives

In all expressions of the previous section, the continuous derivatives are replaced by central
differences on the MAC staggered grid [18, 14]. The expressions for these central differences
are well-known and we consequently omit them here. The resulting discretization may also
be considered to be the result of a finite-volume formulation, since we write the equations
for momentum in a conservative form when p; = py. The finite volumes for the horizontal

velocity uy ;12 j, for instance, are shifted by a half-grid spacing with respect to the control
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volumes for volume fraction Cj;;. In some cases, however, the estimation of the density and
viscosity requires some clarification. In the method reported here, we compute p and p at

each node through a simple volume average over the cell:

pijk = P10k + pa(l — Cije), (37)
pije = mCijk + p2(l — Cije). (38)
This is the discretization of (30). The discretization of the term
Ly, (39)
P
in egs. (34) and (35) is an especially important issue, since this term may be singular for
two reasons, first because the pressure p jumps across the interface (as a consequence, for
instance of Laplace’s law) and second because p also jumps. Away from cell centers, two
choices are possible: (i) the simplest one is an average of the values at neighboring cells, as
in
1
pirt/zik = 5(Pijk T Pirrin); (40)
(ii) alternatively, we may choose to reconstruct the interface in a shifted cell Vi ;  centered
on X;41/7,;k- 1Lhis reconstruction would use the segments already constructed by the PLIC
method for cells Vjr and Viyq jx; (iii) yet another option is to smooth the jump of p in
the same way that the jump of y is smoothed for the computation of surface tension (as

indicated in [19, 14] and below in section 3.2.4).

A sharp interface (option (ii)) is more accurate and somewhat prevents the diffusion of
density and momentum. However, there are two facts that temper this advantage: we
sometimes get a slower convergence of the multigrid method that we use to invert eq. (34),
and we still do not obtain second-order spatial accuracy for the solution of the pressure field
(Second-order accuracy means that the error made in the computation of pressure forces is

O(h*). Here it is of order O(hAp) where Ap is the pressure jump across the interface [20]).

While we have at times used option (ii) for pressure calculations in two dimensions, we
use option (i) in three dimensions and for all the off-center values of viscosity. In several

instances, it is likely that option (iii) is required to smooth the discontinuity occurring at
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the interface for the term (39). The need for such a smoothing is strongly advocated, for

instance, in [6].

3.2.4 Discretization of the surface tension

The approximation of the surface tension term L, poses several interesting problems. Our
method described in [14] amounts to a discretization of expression (29) in which the char-
acteristic function y is replaced by the volume fraction €. As in the case of density and
viscosity jumps, we have several choices: (i) the volume fraction C' itself which varies over one

or two cells may be used, (ii) or a smoothed color function C may be used in the estimation

of L.

In this second case the method amounts to a variation of the CSF method of [19]. Since it
is based on a tensorial (stress) formulation, we propose to call it a ¢ss (Continuous Surface

Stress) method. Its main advantage is that it conserves momentum exactly when p; = ps.

The tensorial expression (29) does not project to a divergence-like expression in axisymmetric
polar coordinates. Thus in the axisymmetric version of the scheme we use the CSF method.
The VOF /PLIC, CSF and €SS methods all require the computation of the normal vector at
various places. The normal vector is readily available at cell corners through expressions
(7) and (8) which yield the stress tensor at cell corners. The stress tensor at cell centers
is then obtained by averaging. As shown in [14], this method yields so-called spurious
currents: a non-vanishing velocity field around static droplets. These currents are common
in many numerical methods with interfaces. Their magnitude may be somewhat decreased
by smoothing the color function, but not indefinitely. There is little theoretical analysis of
these currents and of their origin. Some discussion may be found in ref. [21] where Jacqmin

argues that spurious currents are due to the non-conservation of energy by the method.

Since derivatives of rapidly varying functions are estimated by finite differences in the
above discretization, convergence is not self-evident. Clearly, proof of the convergence of

the method must lie in its ability to reproduce known flows in test cases. An example of

21



the results obtained with the VOF/PLIC method combined with €SS is given in the case
of a capillary wave over a flat interface. For a sinusoidal wave with an initial amplitude
Hy and a wavenumber k, the non-dimensional amplitude A = H/Hy is a function of the
non-dimensional time 7 = wgt with w2 = ck®/(p1 + p2) and the non-dimensional viscosity
¢ = vk?Jwo.

We simulate capillary waves between two viscous fluids of equal density p and viscosity p.
We initialize a sinusoidal perturbation whose wavelength is equal to the box width and whose
amplitude is 0.01 times the box height, and let it oscillate. Free-slip conditions are imposed
on top and bottom boundaries, and periodic conditions on the vertical boundaries. The

relevant parameters for the test case are viscosity ¢ = 6.472 x 1072, frequency wy = 6.778

and Ohnesorge number Oh = 1/4/3000.

The time evolution of the amplitude of the capillary wave for a given numerical box of size
128 x 128 is shown in fig. 6. It is compared with the initial-value theory of [22, 23]. In
fig. 7 we show the error between our computations and the initial-value theory for several
grid sizes. The results are also summarized in Table 1. Calculations with interfacial markers
[20] have converged toward the analytical solutions of the initial-value problem and shown

that the normal-mode analysis [24] does not give as accurate a result for the capillary-wave

problem.
Grid size | Error/Initial value
322 11.68 %
64> 1.32 %
1282 0.07 %
2562 1.44 %

Table I: Relative error between the analytical solution and the simulations for different grid

sizes with a density ratio p;/ps = 1.

We also performed the same calculations for a different density ratio of p;/p; = 10. The

results are summarized in Table II. For this case, the evolution in time of the relative error
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Figure 6: Evolution of the absolute value of the amplitude of the wave versus non-dimensional
time 7 = wpt, comparing the analytical solution and the numerical simulation for a box size

128 x 128. The density ratio is p1/py = 1.
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Figure 7: Evolution of the error between the analytical solution and the numerical simulation
Hiheory — Hsimutation [ Ho versus non-dimensional time 7 = wyt. Both fluids have the same

density p1 = ps.
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for different grid sizes is shown in figure 8.

Grid size | Error/Initial value
322 12.33 %
642 3.0 %
1282 2.54 %

Table II: Relative error between the analytical solution and the simulations for different grid

sizes with py/ps = 10.

3.2.5 Finding the pressure

The solution of Poisson problem (34) is made more difficult by the fact that the coefficients
(%) undergo a jump across the interface. The problem is inverted using a multigrid algorithm
with a V-cycle structure on several grid levels 4,(5.....Qx. All unknowns are defined at the
cells centers at each grid level, see fig. 9. The coarse grid operator is computed using the
Galerkin Coarse Grid Approximation [25, 26, 27]. If Ay is the discretization of the elliptic
operator on the fine grid and f, the discretization of the right-hand side of equation (34),

then the approximation of the coarse grid operator A, is calculated as

Aspugy = f2h (41)

with Ay, = RA,P and f;, = Rf,. Here, R is the restriction operator and P is the
prolongation operator. We use a low-order restriction operator, and a prolongation operator
which are both independent of the grid level and can be easily generalized to 3D.

At time ¢,,, we use the previous solution p{™ as an initial condition on the fine grid. We
have chosen the red-black Gauss-Seidel relaxation after having tried other smoothers, such
as ILU decomposition, without obtaining much better convergence rates. Moreover, the
red-black Gauss-Seidel method has the advantage of being easy to vectorize. The multigrid
method stops when a convergence criterion on the residual or error is reached. If this is

not the case, one more V-cycle is made. For any density ratio up to 10000, the divergence
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field and residual are divided by a factor 10* or 10° with 4 or 5 V-cycles. But with large
density ratios the number of cycles increases in certain circumstances (for instance when the
interface becomes very convoluted) and 10 to 30 cycles may be needed to invert eq. (34). A
better strategy in this special case is to increase the number of relaxations in order to obtain
fast damping of the most oscillatory modes. We have considerably reduced the number of
cycles (and the computational work) with this strategy when there are very small structures

with high density ratios in the domain.

3.3 Vectorization and parallelization of the scheme

The code has been implemented on the CRAY €90 of the “Institut du Développement et des
Ressources en Informatique Scientifique” (IDRIS), Orsay, France. The peak performance of
one processor of the €90 is about 1000 Mflops. The first implementation of the model has
consisted of a simple porting on the CRAY of the model developed on a UNIX workstation
(1IBM /RISC6000), without any particular attention to vectorization or parallelization issues.
We obtained a performance of about 145 Mflops on a cubic domain with 128° grid points.
In particular, the three subroutines calculating the VOF /PLIC fluxes along each coordinate
direction, in the way described in Section 3.1, have been running at 22 Mflops, while the
red-black relaxation method of Section 3.2.5 at about 200 Mflops. As known to most experts,
vector optimization requires a proper analysis and redefinition of do loops; removal, whenever
possible, of if statements inside loops or their restatement in terms of min, max and dabs
FORTRAN intrinsic functions; inlining of functions; proper choice of the CRAY directives
inside each subroutine and of the global compiler options. We have found that particular
care has to be given to the VOF /PLIC routines, since the inlining of the functions calculating
the parameter o and the fluxes across adjacent cells give rise to rather big loops of several
hundreds of lines and the compiler is not able to make any optimization at all or even to
follow the given directives. In particular, we have to simulate “by hand” the CRAY directives
DENSE and SPARSE. First, a loop runs on all indices and calculates the fluxes for the cells

completely full or empty. The number of these points is O(N?), where N is the number of
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grid points in each direction for this cubic case. This emulates the CRAY directive DENSE.
Then, another loop calculates the number of cell crossed by the interface, which is O(N?),
records their indices and then loops over them and performs the necessary calculations. This
loop simulates what the CRAY directive SPARSE does. With all this “artistic” tuning, the
whole model runs presently at an average rate of 360 Mflops, the VOF /PLIC routines at about
200 Mflops and the relaxation routine at 355 Mflops. A few of the routines are well over
500 Mflops. It is also to be stated that all these changes, when applied to the same model
running on a IBM /RISC6000 workstation, have no major influence in the overall performance

of the code; while some of them are effective, others tend to slow down the calculation.

The model has been also parallelized on the CRAY €90 with standard CRAY compilation
options; only a few directives in certain subroutines have to be added to force parallelization
whenever the compiler is not able to do this automatically. With only these simple changes,
we run the model on the CRAY €90 with four processors, over the same computational
domain with 128 grid points per coordinate direction. The performances are analyzed with
the CRAY “atexpert” graphical tool. A speedup of 3.2 is obtained for this case, while the
theoretical limiting value given by Amdahl’s law is 3.6. It is expected that a slightly better

result could be achieved with a finer tuning of each subroutine.

4 Results

4.1 Sedimentation of a droplet array

Our first test compares the results of a calculation using our scheme with a partially analyt-
ical result obtained by Sangani [28] for the speed of sedimentation of a cubic array of fluid
particles. The theoretical calculation is for the creeping-flow limit, with undeformed, spher-
ical fluid particles. This test is interesting since the periodic arrangement of the particles
in the sedimenting array corresponds to the periodic boundary conditions used in the cal-

culations. Moreover, in the creeping-flow limit the effects of inertia are eliminated. Surface
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tension is used only to keep the particles spherical, thus the validation test concentrates on

the treatment of viscous effects by our method.

4.1.1 Problem definition

We study the sedimentation of an infinite periodic array of drops falling in another fluid
in the Stokes flow limit with a vanishing capillary number Ca = p; U/o, with U being
the sedimentation velocity. (From now on the index 1 will correspond to the drops — the
dispersed phase — and 2 to the outer fluid.) Because Ca and Re are small, the drops
always keep their spherical shape. We compute numerically the sedimentation velocity of
this infinite suspension of drops for different volume fractions and viscosity ratios of the
inner to the outer fluid. A single drop of volume V] is initialized in a unit cubic domain ) of
volume Vi 4+ V5. We use periodic boundary conditions on both top and bottom boundaries
of the domain at z = 0, [ and mirror conditions on each vertical boundary at x = 0, [ and
y = 0, [. The configuration initialized with these boundary conditions is a cubic lattice of

falling drops.

4.1.2 Pressure term and sedimentation velocity

A subtle technical point of periodic-box simulations of sedimenting particles is that the total
momentum added to the system should be zero in order to avoid a secular acceleration of
the entire flow. This is achieved by decomposing the pressure gradient into a constant and
a zero-average part. The constant part A = —(Vp) of the pressure gradient balances the
average drag on the particles and the hydrostatic pressure. We also neglect the acceleration
terms in the Navier-Stokes equation as appropriate for creeping flow. The Navier-Stokes
eq. (1) then becomes

0=-Vp+V-(2uD)+pg+ A, (42)

where p = p+ A - x. Integrating (42) over the periodic domain we obtain
Oz/pgdv—l—/AdV. (43)
Q Q
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Thus
B piVi + p2Va

A=
Vi+V,

(44)

Another tricky part is the definition of the sedimentation velocity U. To correctly define it
we should envision a finite size bed of particles sedimenting in a fluid which is at rest far from
the bed. The addition of the A term forces the numerical frame to be the center-of-mass
reference frame. But the relevant frame of reference for the definition of U is the frame in
which the fluid far away is at rest. The velocity so defined may be related to the velocity U’
of the drops measured (in this case numerically) in the center-of-mass reference frame. Using

mass conservation and relation (44) it may be shown that for equal-density fluids U’ = U

[29].

4.1.3 Comparison of numerical results with theory

We recall the classical Hadamard and Rybczynski’s expression for the velocity Uy of a single

drop falling in an infinite fluid environment

2(p1 — p2)a* 1+ K

15
3y 2+ 3K (15)

U, =

where K = py/p2. Based on the works of Hashimoto [30] and Zuzovsky, Adler and Brenner
[31], Sangani [28] found solutions of the Stokes equations in this particular geometry. The
ratio of the sedimentation velocity of the array of drops U and Hadamard-Rybczynski’s
velocity for a single drop Us only depends on K and on the global volume fraction of the
particles ¢ = V1 /(V1 + V2). The expression for U /U is a power expansion for small ¢ and was

found numerically by Sangani [28] for arbitrary ¢, below the close-packing value ¢ = 7 /6.

Numerical simulations yield an evolution of the settling velocity as a function of time. The
vertical component is observed to tend asymptotically to a stationary value U. We verified
that the other components of the velocity are negligible so that the drops fall vertically.
Table 3 shows a comparison of the results of a 32® simulation with the theoretical values.
For K = 0.2, 1 and 2 and for ¢ < 0.25 the average normalized error between theoretical

and numerical results is less than 1%, and for ¢ = 0.35 the error is around 5%. The error
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Table ITI: Comparison between Sangani’s predictions and numerical calculations for different

density ratios and volume fractions of the particles.

K c numerical U, /U  theoretical U;/U Re ® Ca ® normalized error
0.2 0.1131 2.37 2.47 0.036  0.06 4.0 %
- 0.1796 3.05 3.27 0.056  0.03 6.7 %
1 0.05 2.11 2.10 0.055 0.059 < 1%
- 0.1131 2.90 2.88 0.011 0.073 < 1%
- 0.1796 3.86 3.95 0.013 0.075 2.3 %
- 0.25 5.27 5.31 0.112 0.071 < 1%
- 0.35 8.36 8.07 0.013 0.061 3.6 %
2 0.1131 3.2 3.17 0.018 0.061 < 1%
- 0.1796 4.45 4.49 0.021 0.061 < 1%
- 0.25 6.10 6.15 0.021 0.055 < 1%
- 0.35 9.0 9.5 0.02 0.047 5.2 %
10 0.1131 4.16 3.7 0.065 0.044 124 %
- 0.1796 6.25 5.52 0.069 0.039 13.3 %
- 0.25 9.15 8.07 0.066 0.034 13.5 %
- 0.35 15.25 13.15 0.002 0.025 16.0 %

?Reynolds number calculated in the drop

®Capillary number calculated in the outer fluid
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Table IV: Effect of the numerical grid size on the comparison with the theoretical predictions

in the most unfavorable case K = 10.

c U,/U 163 U,/U 323 U,JU 64 U,/U Theory
0.1796  6.97 (+26%)*  6.255 (+13.3%) 5.86 (+6.2%) 5.52
0.25 10.36 (+28.5%) 9.155 (+13.5%)  8.55 (+6%) 8.07
0.35  15.76 (+19.8%) 15.25 (+16%) 14.13 (+7.5%) 13.15

“the value between parentheses is the normalized error, for K = 10, between numerical Us/U and theo-

retical Us/U

increases with increasing volume fraction, but remains small for moderate viscosity ratios.
For a greater viscosity ratio K = 10, the error is 12.4%. High or low viscosity ratios lead to
errors which may be explained by the estimation of viscosity in mixed cells through eq. (30).

The results are summarized in fig. 10.

Convergence of the method for decreasing mesh size was tested as follows. We investigated
a few ¢ values for the most unfavorable case K' = 10. The results appear in Table 4. The
average error between the results for a 16° box and the theory is 24.8%, for a 32% box it is
14.3% and for a 64° box it is 6.6%. It may be noticed that every time one divides the grid

size h by two, the error is approximately divided by two. This corresponds to an error of

O(h).

4.2 Simulation of pinching pendant drops

A recent review of reconnection problems in two-phase flows may be found in [32]. Pendant
drop simulations have recently been reported by several authors. Ref. [33] deals with the
detachment of a bubble from a needle. Schulkes [34] neglects viscous effects and solves for
potential flows with a boundary integral method. Eggers and Dupont [35] derived from the

Navier-Stokes equations a one-dimensional equation in the axial direction z, and solved it
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Figure 10: Ratio of the sedimentation velocity of an infinite array of drops and the Hadamard-

Rybczynski velocity of a single drop.
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numerically. Both [34] and [35] find good agreement with the experiment of Peregrine in the
case of water [36]. But they disagree on the importance of viscous effects in the pinching

region during the final stages of pinching in the case of low-viscosity fluids.

The relevant parameters include gravity, surface tension and viscous effects. We define a
Bond number Bo = p;gri/oc where rq is the radius of the orifice. The Bond number
represents the ratio of gravity to capillary forces. We shall also use the Ohnesorge number
Oh = ,ul/(plaro)lp, and a Weber number based on the influx velocity V at the nozzle
We = p; V?rg/o. The Ohnesorge number compares viscous and capillary forces for a given

radius, while the Weber number compares inertia and capillarity.

As in [34], we compute a dimensionless axial velocity profile linear in r at the end of the
nozzle which is at the top boundary of our numerical box, u/V = (1 — r/rg) for r < ro and
u =0 for r > rg . In order to conserve the total volume we impose the same velocity profile
at the bottom boundary of our box. Thus, the same volume of fluid is going in and out of
the box. We locate one quarter of the nozzle in one corner of the top boundary and impose

mirror symmetries on each vertical boundary. On the top boundary we have

u/V=(1-r/rg) and C =1 forr <r,

(46)
u=0 and 0,C =0 for r > rg.
On the bottom boundary we impose
u/V=(1—-r/rg) and 9,C =0 forr < rg,
V== rfr) : -

u=0 and 0,C =0 for r > rg.
In order to compare our simulations to the photographs of [36], we take almost the same
parameters as in [35], based on the physical properties of water (see Table 5). In order
to minimize spurious currents in the outer fluid, the density of the outer fluid is taken to
be six times larger than the density of air. We report a simulation with 64% x 128 grid
points. Owing to the fourfold symmetry this would correspond to a 128° simulation. Notice
that We < Bo = 1 so that the timescale ro/V is very large compared to the free-fall and
capillary timescales. This means that since the velocities at the nozzle are small, the droplet
grows slowly and its time evolution may be approximated by a continuous sequence of quasi-

equilibrium shapes. As seen in fig. 11, when the volume of the drop reaches a critical value

35



Table V: Dimensionless parameters for all pendant drop simulations. p, is the outside fluid

(air) density.

Bo = pigri/o 1
We = p,Virg/oc  9.216107°
Oh = u/(proro)’*  0.0023
p1/p2 133

at which surface tension forces cannot hold the droplet steady against gravity, evolution
becomes much faster and part of the drop falls. Similar to the case of pinching due to the
Rayleigh instability, breakup is strongly asymmetric. During the last stage before separation
a long cone-shaped neck is formed which breaks in two places, close to the drop and close
to the nozzle end, at almost the same time. When the neck has its second reconnection a
detached liquid filament is formed which relaxes to a secondary droplet. Just after the main
droplet has detached from the liquid bridge, its top surface becomes almost flat. Subsequent
oscillations are observed during the fall of the droplet [37].

At all stages before and after the pinching process, good agreement is found between simu-
lations and the photographs of [36]. The three-dimensional code slightly overestimates the
volume of the main drop, see figure 12. Due to the lack of data for the inlet flux in [36], we
tried several fluxes at the orifice which are smaller but comparable to the one we have taken
here. We obtain volumes for the main drop which agree better with [36] but smaller volumes
for the upper part of the neck connected to the nozzle. We have also done axisymmetric-
two-dimensional simulations in a 64 x 128 domain and found very good agreement, see figure
13. The axisymmetric code gives more accurate results with the grid size we have taken
here. With this grid size, simulations do not enable us to see accurately the capillary waves
occurring on the detached liquid filament during its recoil after the second bifurcation (refer
to the experimental pictures in [38]). It may be noticed that the length of these waves is not

much larger than the grid size. With both the fully three dimensional and the axisymmetric
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Figure 11: three-dimensional simulations of a pendant drop.

calculations we sometimes noticed a curvature inversion at the top of the drop just after the
first bifurcation. This could be caused by the strong recoil of the neck; however, this numer-

ical observation should be taken with caution because of the small scale of the phenomenon.
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Figure 12: superposition of experimental photographs [36] and of three-dimensional simula-
tions (black lines). Left: At the first bifurcation. Right: Just after the second bifurcation.

Notice the flattening of the main drop and the creation of a secondary droplet.
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Figure 13: Same as fig. 12 but for two-dimensional axisymmetric calculations.
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5 Discussion and conclusion

We have introduced a new numerical method for interface tracking using the VOF /PLIC
approach. Because of the several different ways in which a cube may be cut by a plane,
our method appears more complex than the two-dimensional version presented in [16]. On
the other hand, we have simplified the calculation of the normal by using a simple finite

difference approach.

Our results provide a number of partial assessment of the viability of the suggested scheme
for interfacial flow simulations. The method is stable in an appreciable range of parame-
ters, although it appears difficult to treat large density ratios and large surface tensions (as

measured by the Ohnesorge number) simultaneously.

Since many authors have already presented the VOF /PLIC interface tracking, this part of
the method is not new except perhaps in some implementation details. The originality of
our approach lies rather in the combination of this method with several others in order to

produce a numerical solution of the full set of equations.

We have presented some validations of a three-dimensional VOF /PLIC algorithm. Compar-
isons with the theory are now much more self-consistent than in many other works, including
ours [14], since we use the correct finite Reynolds number theory for the initial value prob-
lem instead of, for instance, the approximate inviscid normal mode theory. Further, we do
observe convergence. The error on the finest grids is around one percent but is larger than

the one with more sophisticated surface tension methods such as the marker method of [20].

We also obtain good results for comparison with theoretical work on the sedimentation
velocity of an array of droplets at small Re and Ca. The discrepancy between numerical
and theoretical results is caused by the discretization of the viscosity jump: we use the
cell-averaged viscosity (38) in mixed cells. As can be seen easily in the simple case of a
parallel flow, this does not lead to an exact expression even in the simple case of a sharp
planar interfaces crossing a cell parallel to a grid direction. Therefore we do not describe

stress jumps with O(h?) accuracy. However the error is apparently O(h), and remains small.
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To further discuss the results of this test, we feel that the values very near close packing
(¢ = 0.35) should be excluded as rather atypical. Then the largest error for a 32% grid is
13.5% . In that case, there are at least 15 grid points in the droplet.

This problem associated with inaccurate description of the viscosity jump in VOF methods
was recognized in [39]. An improvement to viscosity-interpolation methods was proposed in
that reference for the particular case were the interface is approximately parallel to one of

the grid axes.

The typical resulting error (between 1 and a few percent) in the sedimentation and capillary
wave examples may be considered small but is obtained at the cost of relatively fine grids. In
other words, it is fair to say that the method reproduces quantitatively the correct physics

but that it is expensive to increase the accuracy significantly.

While it is likely that the error could be reduced by using different methods for the compu-
tation of the stress jump conditions, preliminary two-dimensional attempts [20] show that
this requires a much more detailed analysis to approximate the jumps on the interfaces. The
relative simplicity afforded by fixed grid methods then diminishes as the various ways in

which the interface crosses the control volumes need to be accurately taken into account.

One of the challenging aspects of interface tracking on fixed grids is that it is often necessary
to smooth the functions that present jumps. For instance, it may be necessary to smooth
p, and to use a filtered C' in the calculation of surface tension. This smoothing thickens the
interface and may produce errors of magnitude comparable or higher than what was found

in the sedimentation and capillary wave examples.

In a general way it appears that the thickness of the interface is a subtle issue: it may
be necessary to weigh the advantages of a sharper, more accurate interface against the

complexity and instability that a sharp interface entails.

Validation tests on bifurcations of pendant drops are of a rather different nature: here the
comparison is with experimental results (although the experiments and several theoretical

models yield very similar shapes), and it checks surface tension effects in a mostly static
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system, except near reconnection when there is rapid motion of the interface. The results
show much better agreement than for the above. More importantly they demonstrate the
ability of the scheme to pass through the singularity at the instant of the bifurcation, while
remaining faithful to the experiment. Comparisons between the three-dimensional or the
axisymmetric version of the scheme and experimental pictures for water at both bifurcations
show very good agreement. However, it is clear that if more information is desired about the
structure of the singularity, such as the exponents appearing in the scaling laws for velocity

and shape functions [40], selective refinement in the pinching region would be necessary.
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A Appendix: Lagrangian advection and volume fluxes

through cell boundaries

In this appendix we discuss in more detail the propagation of the interface and the evaluation
of volume fluxes. A fractional-step approach is used: one step for each spatial direction. Dur-
ing each step the plane cutting each cell is advected in one direction (here the z; direction),
using the Lagrangian procedure described in section 3.1.3. For each cell, three contributions

are calculated: the volume fluxes ¢~ and ¢t entering the (7, j, k) cell respectively from the
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(1 — 1,7,k) cell and from the (i + 1,j,k) cell and the volume ¢° of the fluid contained at
the beginning of the step in the control cell and which remains there. If the fluid is going
out of the cell through the right boundary then (¢%); ;x = 0 and (¢ )it1,j% > 0, if through
the left boundary then (¢7);jx = 0 and (¢1);—1;& > 0. The three volumes are the regions
under the advected planar interfaces which cut the (1, j, k) cell, see figure 14. The volumes
(67 )ijk, (8°)i ik and (¢); ;1 are calculated using the function C(m’, o', V') of formula (13),
where m’, o’ and V' are the relevant parameters of the advected interface; for example V'
in the calculation of ¢~ is the volume of the parallelepiped ABC D shown in figure 14. The
updated volume fraction in each cell after the fractional step along the z; direction is then
given by

O3 = (@7 )i + ()i + (6 )iin] (48)
Then, the overall fractional-step procedure requires three reconstructions of the interface

and an advection step along each one of the three coordinate directions.

The three fluxes ¢, ¢° and ¢* calculated with the geometrical approach correspond to the
volume fluxes across the boundaries of the (¢, j, k) cell during the advection step. Moreover,
the Lagrangian advection method allows us to take into account the stretching or compression

of the interface during each single fractional step.

Let x(x,t) be the characteristic function with value 1 in phase 1 and 0 in phase 2. The

characteristic function y follows the conservation law of a passive scalar
dx+u-Vy=0, (49)
which can be rewritten as
Ox ==V - (uy)+ xV-u. (50)
The divergence V - u is the sum of three terms (V -u = d,u + d,v + d,w), one from
each coordinate direction. The fluid can be compressed or stretched during one fractional

advection step, but the flow remains incompressible in the whole procedure (V- u = 0 while

each term 0,,u; is not necessarily zero). We integrate (50) on the spatial domain €, ; » and

//”katxdtdv_ //89

in time

(ux) ndtdS—l—// WVoudtdV,  (51)
ij

2,5,k
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Xi.l o o o Xl
2 2
segment after advection
——————— segment before advection

cells boundaries

—————————— "advected" cells boundaries

Figure 14: Geometrical calculation of the volume fluxes during one fractional step in 2D.
Since we use a linear interpolation of the velocity field in each direction, in 3D each plane
remains a plane. Here, in the (1, j, k) cell the velocity field during the fractional step cor-
responds to a compression. Since the 3D velocity field is divergence-free, the compression
is compensated by a stretching along at least one of the other two directions. The volume
fluxes ¢~, ¢” and ¢ are the volumes under the advected planes cutting the (1, 7, k) cell. In

other configurations, ¢~ or ¢ can be equal to zero.

44



where 0€); ; 1, is the boundary of the cell. In the fractional step approach, Eq. (51) is actually
written as

/Q (¢ = @) 4 (@ = W) 4 (O = @) v =

1,3,k

3
Zl / XDy - dS, dt—l—/ / (- Uazluld\/dt] , (52)
891 1]k

=1
where 0€); are the two faces of the (i, 7, k) cell which are orthogonal to the z;-direction, and
Y denotes the value of y at the end of the [** fractional step, and we have set y(®) =
x(x, 1) and x© = y(x,t™). Also, the sum is intended as an ordered series, i.e. step [
follows step [ — 1.

During the advection in the z;-direction, we need to evaluate the quantity

/ (X = x0) dV = - / T Wuds, dt
Q Yy

1,7,k
+ / / D, u dV dt . (53)
z]k
The last equation can be written
!
W (e —cl) =- [ [ xOudsidi 4 | / O0wavds, (54)

where

1
Cijk = —/ xdv

h3 Ja,
is the volume fraction of fluid 1 in the (z,7,k) cell and h the side of the cube. Let us
consider, without loss of generality, the z;-direction step. The volume in the (z,7, k) cell

after the advection is

ny L7 L7
C'(;',)k = C'(,j,)k_ Lo Pz 2+17t) (t) dt + E/ F( '17'—17t)ui—

; ; (t)dt
h/ / (z,t)0,udxdt, (55)

| —

with
Loghorh o
F(xvt):ﬁ/o /0 X (xvyazvt)dydz
the intersection between the vertical plane at x and the domain of the “cut cube” at time

t™ (i.e., the fraction of fluid 1 wetting the vertical plane at z at time ¢(*).)
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In order to connect the geometrical approach to the volume fluxes, it is necessary to find
a relation between the Lagrangian velocity of the interface and the velocity defined on the

faces of the cells. Consider the term

1 T
F~ = E/ F(«fi_l;t)ui—l(t) dt, (56)
0 2 ?

which represents the volume of fluid 1 entering the (7, 7, k) cell from the left. The x; velocity

of a point on the planar interface at a given coordinate z is equal to

w(z, ) = u? 5 (1 — (57)

The Lagrangian velocity of each point is constant during the fractional step and it is advected
with the point. The vertical plane which was originally at z at time t*) with a velocity
u(z,t™) still has the same velocity when it reaches the coordinate z = z;_1 at time ¢t €
[t(™) +(»+1)]: therefore

—u;_1(s)s,t™), (58)

1 1
2 =3

where s = ¢ — t(*) € [0, 7]. Using (57) and (58), an expression for ui_%(s) is readily found

ul 1 h
u,_1(s) = 2 . 59
UZ_E(S) ho4(ul —ul ;)s (59)
Our approximation to the exact flux F'~ is
o1 w LT

We obtain this expression from eq. (56) by keeping u? , constant and using a simple trape-
2
zoidal rule for the integration of the term F(z,_1,t). By considering expression (59) and
2

expanding it in s, we see that (F~ —¢7)/¢™ = O(7).

The calculation of ¢ is quite similar to the calculation of ¢~, while in the compressional

term
1 T h
FO = CZ»(n)k + —/ / F(z,t)0:udxdt
s hJo Jo
we have
‘UZ_L U1
0, = 2 2 ) 61
=, — s oy



Let ¢° be the geometrical volume for the z;-direction step as previously defined. From

expression (61) and the approximation that F(2',s) is linear in 2, we find that

N !
Fo =) + E/o S(F(h+ufyis,s) + Ful_ss, s))(ufy — ul_

_1 1
2 2

1373) = F(u?_lTﬂ—) = F(070)7

Clearly, F(h—l—u;f:_%s, s) = F(h—l—u?_l_%T, 7) = F(h,0) and F'(u}
so that the final expression for F° is

T

F° = —
2h

(F(u? i7,7)+ F(h+ u?_l_%r, T))(uf_l_% —ul ) = ¢ (63)

Thus ¢ is an exact expression for F°.

In conclusion, we have shown that the relative error between the geometrical fluxes and the

exact ones is O(7), so that the geometrical method is first order in time.
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