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Abstract

A new class of algorithms that preserve mass exactly for incompressible flows on
a Cartesian mesh are presented. They amount to piecewise linear, area-preserving
mappings of tesselations of the plane. They are equivalent to Volume of Fluid (VOF)
advection methods which are decomposed into an Eulerian implicit scheme in one
direction followed by a Lagrangian explicit step in the other one. It is demonstrated
that mass conservation is exact for incompressible flows and that there are no under-
shoots or overshoots of the volume fraction which thus always remains constrained
between zero and one. The extension to the three-dimensional case requires the

decomposition of the velocity field into three planar incompressible fields.
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1 Introduction

Transporting materials by an incompressible flow results in the conservation of vol-
ume and mass. Perhaps surprisingly, no numerical method exists that ensures this
conservation to machine accuracy. The purpose of this paper is to introduce such a
method, which is related to the Volume-of-Fluid method (VOF) but is in fact more
general. We describe our method in two dimensions (2D), generalisations to the
three-dimensional space are discussed at the end of this paper. Consider a tessela-
tion of a plane in elementary squares with volume V' (the generalization to rectangles
is straightforward). The volume of fluid in each cell at time step n is noted oy Vv,
where C7 is the volume fraction of the cell (1, 7) occupied by the reference phase. A
natural definition of mass conservation is a method which conserves the total volume

at each time step so that
DG =G (1)
ij ij

The Volume-of-Fluid (VOF) method is a convenient and popular technique to model
interfaces in two-phase and free-surface flows, and seems naturally suited to real-
ize condition (1). Cells with just one fluid will have a value of C' equal to one or
zero, while mixed cells will have an intermediate value of C'. At any time step in
the simulation the interface is not known: its shape has to be inferred from the
knowledge of the scalar field C' and then properly advected in the velocity field v.
This delineates a two-step procedure which is mainly geometric in nature [1]. If
we consider a two-dimensional Cartesian geometry, the VOF/PLIC (for Piecewise
Linear Interface Calculation) technique reconstructs the interface in each computa-
tional cell with a segment perpendicular to the gradient of the scalar function C.
We stress the fact that the reconstruction is not a unique process, since it relies
on the algorithm adopted to calculate the gradient of C [1, 2, 3, 4, 5]. The actual
position in the cell of this inclined segment is then uniquely determined from area
conservation [6], but the reconstruction is in general not continuous across the cell

boundary. The advection of the interface requires the calculation of cell boundary
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fluxes. This can be done independently along each coordinate direction, with mul-
tidimensionality obtained via an operator splitting technique [1, 2, 4, 5, 7, 8, 9] or
with multidimensional schemes [1, 4, 10, 11]. The use of volume of fluid data and
fluxes should lead directly to exact mass conservation but it is in fact not so. In
the published methods, the advection operations results in various inconsistencies.
In several cases, the new volumes C7; are simply not obtained from the old ones
by adding fluxes because of difficulties with the splitting of the incompressibility
condition [5]. Moreover, in many cases the advection results in two types of error:

i) the resulting volume fraction does not satisfy
0<Cn <1 (2)

and thus it is inconsistent with its definition. An example is given below in this
note; ii) the resulting volume fractions are either CJ} = ¢* or CJ} = 1 — ¢?, where
€ is a small number, instead of being zero or one. This occurs randomly in the
lattice and inside the bulk of each phase and may be seen on several published
figures ([5, 12]). These errors introduce a nonlocal inconsistency by generating little
holes in the bulk of the reference phase and some level of debris outside it. These
integration inaccuracies have been called “wisp” [10] and should not be confused
with the so-called “flotsam” or “jetsam”, which are bigger in nature and mainly due
to low-order reconstruction techniques such as VOF/SLIC (Simple Line Interface
Calculation) and algebraic methods [9, 10, 13]. The inconsistencies (i) and (ii)
above are difficult to correct: it is not obvious where the excess or missing mass
should be disposed of, or retrieved. Code writers then routinely redistribute it in
the surrounding cells with some diffusion algorithm or reset the volume fraction to
1 or 0 thus destroying mass conservation. See [1, 10, 13| for examples on how to
remove overshoots and undershoots of the volume fraction C' or to limit its values

with a simple filtering C = MIN(1, MAX(0,C)).

From the more general point of view of the choice between various methods of in-
terface tracking such as VOF, markers or level sets, mass conservation, if desirable,

should be achieved by at least some sort of accounting of the volume in each cell.
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This has led to several mixed approaches that combine VOF with other methods, ei-
ther VOF and level set [14] or VOF and markers [15]. However, none of the proposed
methods in their most recent version conserves mass exactly. In this respect, the
status of VOF advection methods may be found in a previous paper where we de-
scribe a combined ”Eulerian-Lagrangian Advection” [5] (hereafter we cite this paper
as "ELA”). In ELA we tabulated mass conservation for various VOF schemes and
found that there is only one method that satisfies both mass conservation (1) and
the consistency relation (2) without the need of any local redistribution algorithm.
This technique was called the Eulerian Implicit - Lagrangian Explicit (E1 — LE)
method, however there was no proof that the method satisfied both (1) and (2) in
any given incompressible flow. In this note we present the unsplit version of this
technique, supply that proof and reinterpret the method as an instance of a class of
geometrical methods, which can be generalized to approximations of the interface
position and the velocity field using arbitrary discretization and accuracy, and thus

truly independent of the choice of the formulation: marker, level set or VOF.

2 The area-preserving linear-mapping method

Let © be a bounded domain with the reference phase 1 contained in the region

Q; C Q and v = (u,v) an arbitrary divergence-free flow field, i.e. V-v =0.

We consider a staggered MAC mesh with square cells of size h, the velocity hori-
zontal components uy, and u; are defined on the center of the right and left sides,
respectively, and the vertical components v, and v; on the top and bottom sides. To
simplify even further the notation, we take a dimensionless velocity which is actually
the CFL number, so that when we write u we mean u dt / h. With this notation the
cell has sides of length unity, the actual reference phase area and the volume fraction
C are numerically the same and the thickness of the rectangular area crossing the

right boundary in the time dt is just us. We have also a simplified expression for
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the discrete version of the divergence-free equation V - v = 0 for the velocity field

(ug —u1) + (va —v1) = Dyu+Dyv=0. (3)

The geometric nature of the VOF method has been clearly pointed out in [1], rel-
atively to the reconstruction process and the calculation of boundary fluxes. Here

we have extended the geometrical interpretation to the whole advection as a linear

mapping.
We define the two mappings 11, and I,

2 =a(z+uy) ' =dx+u
gy = ; 1y = (4)
y'=by+u y'=cly+o)

where the four constants are a = 1/(1—D,u), b= (1+Dy,v) =1/a,c=1/(1—Dyv)
and d = (14 D,u) = 1/c. The Jacobian of the two transformations, by using the
discrete incompressibility constraint (3), is equal to one: J,, = ab = Jy, = cd =1,

thus they both are an area-preserving mapping.

For example, the use of the first mapping II;, in the advection of the interface is
understood by defining two rectangles A’B’C’'D’ and A”B”C”D” related to each cell.
The first one A’B’C’D’ is the pre-image of the square cell ABCD and the vertical
sides A’D’ and B’C’ are the pre-images of the vertical sides AD and BC of the square
cell. The horizontal flow maps the pre-image onto the square cell and represents the
implicit component of the algorithm for the mapping I1,,. Similarly, the vertical flow
maps the square cell ABCD onto the rectangular image A”B”C”D” and represents
the explicit component of the method. The advection procedure is depicted in Fig.

1.

We need a reconstruction technique to obtain the location of the interface in the
first rectangle A’B’C’D’. The simplest version of the method, already implemented
in ELA, uses piecewise linear (PLIC) reconstructions. The reconstructions are then
mapped by one of the two Il to obtain advected reconstructions. The PLIC recon-

structions have a piecewise linear image by the linear mapping II and thus the new
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mass in ABCD as well as the mass ”given” to the cells below and above ABCD can
be computed trivially [6]. Mass is conserved exactly because of the area-preserving
property of II. The condition (2) is also preserved simply because the new fractions
are calculated by adding areas whose sum by construction is always smaller than or

equal to the area of a unit square.

Moreover, arbitrarily shaped reconstructions (including spline approximations)
could be mapped in this may provided that one is able to compute the images
of the approximants. Ellipses with horizontal and vertical axes fall in this case.
Short of an exact numerical mapping, approximate mappings would also conserve
mass provided that the mass advected to A”B”C”D” is constrained to be equal to

the mass in A’B’C’D’.

Finally the method is ”unsplit” in the terminology of VOF methods: no separate z

and y advection are performed.

We remark that no holes or overlapping regions are produced because we start with
an exact tesselation of the plane with rectangles A’B’C’D’ and end with another
tesselation with rectangles A”B”C”D”. It is not easy to find other tesselations that
can be linearly mapped on one another in a manner that approximates the exact
flow when one considers the staggered velocity discretization in the MAC method.
In particular, we found no such tesselations in 3D that would allow to perform
advection in one step. However, if other discretizations are used, such as finite-
element discretizations, on can find adequate tesselations obtained by deforming

the triangular or finite elements in a volume-preserving way.

3 Connection with previous methods

The method above may be connected with the split I — LE method described in

ELA, with a small change. We notice that the linear mapping II can be divided in
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the sum of two one-dimensional mappings, in the case of Il,, we have the sequence

Y=y
I, = (5)
¥ =a(r+u),
and
y'=by' + v
I, = (6)
xll — ./EI

Transforming A’B’C’D’ into the square cell ABCD by I, is equivalent to the ET
step, while transforming ABCD into A”B”C”D” is equivalent to the LE step. This
can be seen by translating the algebraic expressions of the EI method into the
plain estimation of the areas in the rectangles. For the LE method the proof is
straightforward as the Lagrangian method is naturally defined by the geometrical

transformation of the interface segments.

Both operations obviously obey the consistency condition (2), but do not conserve
mass individually because of compression or expansion in each direction. The CIAM
method of Li [2, 16] is the sequence of two LE steps, one along the horizontal
coordinate and one in the vertical direction. It does not conserve mass, but obeys
the consistency condition. It is similar to the explicit part of the 2D split scheme
by Rider and Kothe [1] obtained with an algebraic discretization of the advection
equation for the volume fraction C. A geometrical interpretation is shown in Fig. 2,
where the two schemes stretch the interface in the same way, but fluxes are calculated
differently [5]: in the LE method the interface is first advected and then the fluxes
are calculated, the opposite is true for the other method. With a simple example we
show that this can result in a volume fraction that does not satisfy the consistency
condition (2). Consider a situation similar to Fig. 2, but with u; = 2us =2u > 0,
the left cell with C' = 1 and the central cell with the end points of the interface
segment located at (1 — u,1) and (1,0.5), then Cf: = 1 —u/4. In both cases the

volume fraction after time integration is given by the expression [5]

Ciit' = Cf (1 + Dy ) + Flegr — Frighe (7)
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but with the Eulerian fluxes Fiepr = 2u, Fyigne = 3u/4 we find C{lj“ =1+u?/4>1,
while with the Lagrangian fluxes Ci”jle = 1 by construction. Similarly, it is possible
to find a case in which C’i"j+1 < 0. The EI step is identical to the implicit part of
the algorithm described in [1] and its geometrical representation is shown in Fig.
3a,b. There has been no published attempt to use an FI — EI method which would
also preserve consistency and not mass. The other major difference between the
two split advection schemes is that we perform first the implicit part and then the
explicit one, because this sequence corresponds to an exact tesselation of the plane.
The whole procedure is depicted in Fig. 3 for the mapping II,,. If the scheme
is run in its split version, the flux calculation is somewhat simpler but an extra

reconstruction is needed, shown as a dashed line in Fig. 3b,c.

4 Rider-Kothe Reversed Single Vortex Test

A precise assessment of reconstruction and advection algorithms is made with a flow
containing a nonuniform vorticity field [1, 5,9, 10]. A circle of radius 0.15 is centered
at point (0.5,0.75) in a unit square domain. All boundaries are periodic and the

velocity field v is specified by the stream function

U(z,y,t) = % sin?(7x) sin’(7y) cos (%t) : (8)

The fluid stretches and spirals about the center of the domain, reaching a maximum
deformation at time ¢ = T'/2 and when ¢t = T is back to the initial configuration.

We consider a period 7' = 2 and calculate the error as
B=) nich-ciyl, 9)
2%

where h is the constant grid size and CZ{ ; and C}; are the final and initial volume
fraction values at cell (i,7). The results are given in Table I. When we use the
same ELVIRA reconstruction technique developed by Pilliod and Puckett [4] in

conjunction with the IT and EI — LE advection algorithms, we notice a bigger error
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for the split EI — LE than for the unsplit II. This difference is entirely due the
doubling of the number of reconstructions. In both cases we alternate in time the
coordinate direction of the implicit part of the algorithm, in particular II,, with
II,,. Moreover, we believe that the difference in the results obtained with our new
scheme and the unsplit one by Rider and Kothe [1] is mainly due to a slightly
different reconstruction technique than in the advection method. We adopt the
ELVIRA technique, where an error functional is minimized by using a finite number
of tentative values of the normal to the interface in a given cell based on backward,
central and forward finite differences of the volume fractions of the surrounding
cells. In [1] a minimum of the same functional is found with an iterative procedure
by varying the value of the normal vector. The second approach is reported to
give better results at low grid resolutions [10]. As a matter of fact, we see that the
difference between the two methods is vanishing with grid refinement. We also point
out the importance of the reconstruction of the interface by presenting in Table I
lower overall errors obtained with two different combined algorithms [5]: first a linear
fit reconstruction with the II advection and then a more involved method where the
interface is approximated in each cut cell with two consecutive segments, which give
also an estimate of the local radius of curvature, together with the split £ — LE

advection.

5 Extension to three dimensions

The extension to the three-dimensional space of this method is not direct. In [17]
we suggest the following procedure to circumvent this difficulty. We consider the
sequence of three two-dimensional velocity fields v = (u,v,w) = vl + v? + v3 =
(u',v',0)+ (0,v2, w?) + (u?,0,w?), and we require that each 2D field be incompress-

ible and that their sum be the original 3D field. Therefore in each grid cell (i, j, k)
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the following system of 6 linear equations has to be satisfied

¢

u +ud =u

vl 40?2 =

w? +wd=w
D,u'+ Dyv' =0

Dyv?>+ D, w? =0

Dyu*+D,w*=0.

\

Let N;, be the total number of computational cells, then we need to invert a (6 Ny ) X
(6Nyot) sparse matrix. If the grid remains fixed the matrix has to be inverted only

once, since it is constant in time.

6 Conclusion

We have presented a new advection algorithm in two-dimensional Cartesian geome-
try. At each time step a linear mapping is used to advect the reconstructed interface
into neighboring cells. For a divergence-free velocity field the Jacobian of the linear
mapping is equal to one, thus it is an area-preserving mapping. The mapping of the
whole grid is piecewise linear, each piece acting on an element of a tessellation of
the plane. Thus no holes or overlapping regions are produced in the advection, and
the numerical values of the volume fraction C' are always constrained between zero

and one. It provides a simple multidimensional or unsplit method.

The method could be applied with higher-order reconstruction of the interface with-
out fundamental changes. Higher order approximation will require some numerical
quadrature to determine the mass falling in each square after the advection. How-
ever one basic requirement is to map the initial tesselation on the final one by an

area preserving mapping.
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In the three-dimensional space the procedure requires the decomposition of the
velocity field in three planar incompressible fields, which involves a one-time sparse
matrix inversion. This may somewhat slow down the algorithm, but the cost of this
inversion is smaller than that required to invert for the pressure in a multiphase flow

application.
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grid /error (a) (b) (c) (d) (e) (f)
322 1.73e-3 | 2.46e-3 | 2.52e-3 | 1.09e-3 | 2.36e-3 | 2.37e-3
642 4.32e-4 | 6.10e-4 | 6.46e-4 | 2.80e-4 | 5.85e-4 | 5.65e-4
1282 9.44e-5 | 1.34e-4 | 1.45e-4 | 5.72e-5 | 1.31e-4 | 1.32e-4

Table I: Errors for the single vortex test, for the following combined reconstruction
and advection algorithms: (a) linear fit/II, (b) ELVIRA/II, (c¢) ELVIRA/EI —
LE, (d) two consecutive segments/EI — LE, (e) Puckett/Rider and Kothe, (f)
Puckett/Stream. Results (c¢) and (d) are taken from [5], (e) from [1] and (f) from

[10], respectively.
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Figure 1: The linear mapping II,, defined in the text maps the rectangle A’B’C’D’
into A”B”C”D”. The horizontal and vertical sides are advected by the horizontal

and vertical components u; , v; of the flow.
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(b)

Figure 2: Boundary fluxes along the z-direction for the one-dimensional advection:
a) horizontal velocity and initial reconstruction; b) Eulerian (dotted areas) and

Lagrangian fluxes (grey areas)
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(b) (©)

Figure 3: A geometrical view of the whole advection procedure for the mapping
II,,: (a) Eulerian fluxes along the x coordinate; (b) mapping onto the unit square
(implicit part of the method). In the split version of the algorithm the intermediate
reconstruction is shown as a dashed line; (¢) Lagrangian advection in the y direction

(explicit component of the method).
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