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Abstract

We study numerically bubblesbursting at a free surface and the sub-
sequentet formation. The Navier-Stolkes equationswith a free surface
andsuriacetensionare solved using a marker-chain approach.Differenti-
ationandboundaryconditionsnearthefree surfacearesatisfiedusingleast-
squaresnethodsInitial conditionsinvolve abubbleconnectedo theoutside
atmospheréy a preisting openingin athin liquid layer The evolution of
thebubbleis studiedasafunctionof bubbleradius.A jet formswith or with-
outtheformationof atiny air bubbleatthe baseof thejet. Theradiusof the
dropletformedatthetip of thejetis foundto beaboutonetenthof theinitial
bubbleradius.A seriesof critical radiusesxist, for which a transitionfrom
adynamicswith or withoutbubblesexist. For someparametevaluesthejet
formationis closeto a singularflow, with a conicalcavity shapeandalarge
curvatureor cuspat the bottom. This is comparedo similar singularities
investigatedn othercontexts suchasFaradaywaves.

1 Intr oduction

Bubblesburstingat the water surfaceare a familiar everydayoccurrence.They

alsotake partin importantprocessesf transportandexchangeacrosdiquid/gas
interfacescausedy theejectionof jetsandvariouskindsof smalldroplets.These
areinvolvedin the transferof heat,massandvariouscontaminantdetweenthe
oceansandthe atmospher¢l]. Indeed,breakingwavescausethe formationof a

large numberof bubblesbeneaththe waterlevel. The efficiency of the resulting
masstransfer including the transferof CO, dependson theinitial propertiesof

theejecteddroplets(size,initial velocity).
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Thephenomengroducingaerosolsiuringthe burstingof a bubbleareof two
kinds: the first is the rupture of the film separatinghe bubble from the atmo-
sphere.This film atomizationcan produceseveral hundreddropletsof arounda
micrometelin diametemwhich probablyrepresena large fraction of the transfers
[1]. Sincethe scalesinvolved during this ruptureare of the orderof 100 nm, a
physicaldescriptionis outsidethe scopeof continuumfluid mechanics.Indeed,
long-rangemolecularforcessuchasVan der Waalsforcesor electrostatiaepul-
sionmustbetakeninto account2].

Thesmallcavity remainingafterthefilm rupturecollapsesinderthe effect of
both surface-tensiorandbuoyang. This collapsegivesbirth to a narrav vertical
jet which eventually breaksinto one or several droplets(seeFig. 1). This phe-
nomenonconstituteshe secondaerosolproductionprocessandis the principal
topic of this paper

Theseaerosolsareof a differentkind: they areejectedvertically — which is
notthecasefor film aerosols— andtheirdiameteiis aboutonetenthof thesizeof
theinitial cavity, i.e. about100 um for atypical bubbleradiusof onemillimeter.
Dependingon theirmassandinitial velocity, thedropletswill eitherfall backinto
wateror evaporate.

The topic of this paperis the investigationof the bubble evolution after the
initial film rupturing, including the jet formation. A numericalmethodsolving
theNavier-Stokesequationsaanddescribinghe free surfacewith high precisionis
used.Previousnumericalstudiesof thesephenomenaave beenmadepostulating
mostlyinviscid fluids; however, amodifiedboundaryelementmethodtakinginto
accountsmall viscouseffectswasalsoused[2, 3]. A Navier-Stokes simulation
wasshown in [4], with a VOF-typemethodin a regime wherethe bubbleis very
deformed.

In mostpreviousstudiegheeffectof film atomizatioronjet birth wasassumed
to be negligible. Few comparisonsveremadewith experimentaldata. Someex-
perimentaktudieswerealsoconductedo measurejuantitiessuchasjet velocity
[5, 6, 7], size of the first ejecteddroplet, height at which the droplet detaches
from the jet, or heightreachedoy the droplet. Theseexperimentsarefairly dif-
ficult to conduct,becausef surfacecontaminatiorwhich modifiessignificantly
thefree-surbiceboundaryconditionandthe surfacetensioncoeficient.

As our numericalresultswill demonstratethe jet formationis in mary cases
singularandself-similar Singularjetsforming atafreesurfacehave alreadybeen
obsered andstudiedin differentcontects. Indeed,in the bubble-tursting prob-
lem aswell asin several otherfree-suraceflows, oneobsenresthe formation of
a conicalcavity, with a very high curvatureor cuspat its base.In somecasesa
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Figurel: Jetproducedoy the collapseof a sphericakcavity. Theenddropletwill
eventuallydetachdueto the Savart-Plateau-Rayleigimstability.



smallbubbleis trappedatthebottomof the cavity. A thin narrav jet subsequently
formsin a self-similarmanner This phenomenonvasobsenred experimentally
in Faradaywaveshy Longuet-Higging8] andLathrop[9], in the developmentof
thejet insidea bubblecontaininga sink flow in the numericalstudyof [10]. For
burstingbubblesthe conical cavity may be seenin the experimentsand simula-
tions but the singularcharacteiof the jet formationhasnot beeninvestigatedo
ourknowledge.Thephenomenomayalsobeseenn thecavity formedby falling
raindropg11, 12, 13,14].

Theevolution of the conicalcavity hasbeenstudiedby Longuet-Higging12]
asaspecialcaseof afamily of hyperbolicsurfaces. conicalsurfaceswvereshown
to bea specialcaseof the hyperbolicsurfacesof Ref. [8]. Theseconicalsurfaces
arepreseredby thevelocity potential

® = A(t)r*Py(cos 0) (1)

wherer is the sphericalradial distanceand the polar anglemeasuredrom the
northpole,which yieldsthevelocity field

ng = A(t)(—l‘, Y, QZ)’ (2)

whereA(t) is anarbitraryfunction. Indeedary conicalfree surfacein this flow
remainsconical. For positive A the cavity opensn time asin the experiment.

Of coursethe actualflow is not exactly conical. The bottom of the coneis
rounded andoscillatesin shapeascapillary wavesconverge towardsthe bottom
of theconicalsurface.At someinstantin timethebottommaydevelopacusp,fol-
lowedby jet formation. This processs obviously singularatleastfor somevalues
of the parametersbhut thereis no agreemenamongthe above cited publications
onthe exactnatureof the singularity

Indeedonemay inquire into the specificscalingform of the singularity The
Euler equationswithout surfacetensionandgravity will in principle admit self-
similar solutionsof theform

O(x,1) = [t — to|™p(x[t — to|™") (3)

whereyp is anarbitraryscalingfunctionandyt, is thesingularitytime. Thesolution
maybevalid beforeand/orafterthesingularitytime. Theexponentshouldsatisfy
m = 2n — 1. Indeedwith this conditionall the termsin the Bernoulli equation
balance. However when surfacetensionis added,the only way to form a self-
similar solutionthatbalancesnertiaandsurfacetensionis by selectingn = 2/3.
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Thisis becausgheonly lengthscalethatcanbebuilt is . = (ot /p)'/3 whereo is

the surfacetensionandp the density Thenthesimilarity variableis n = x/r. and
the flow velocity divergeslike t/3 nearthe singularityfor a fixed value of the

similarity variabler. Thisideais atthebasisof 2/3 exponentfoundfor instance
by Miksis andKeller [15]. Thistype of scaling,wasappliedby Zeff etal. [9] to

obsenationsof jet formationin Faradaywaves. The leadingorderterm for the
velocity potentialis of theform

® = Ot — to|/*r'/2 Py j3(cos ). (4)

However, a seriesof alternatetheoriesfor singularfree-surbiceflows andin
particularthe conicalcavity andjet formationwasproposedy Longuet-Higgins.
He hasshawn thatthe type of flow describedy Eq. (2) hada divergentvelocity
with A(t) ~ [t — to|~'/3 thusa t~'/® divergencefor a fixed value of the real
(unscaledXdistancer [12]. In this solutionthe scalingis not fixed by a balance
with surfacetension. Instead,surfacetensionis addedas a perturbationto the
conicalsolution,in the form of a sink flow [12]. The Longuet-Higginssolution
yieldsananglefor the conicalcavity of 260 = 109°5, in goodagreementvith the
numericalobsenationsof [11]. Another self-similar solution for jet formation
wasfound numericallyby [10] obtainingyet anotherscaling,for the caseof jet
formationinsideabubble. The potentialis thenapproximatedy

& = A(t)r'/* Pyj4(cos ). (5)

This article is organizedasfollows. We first describethe generalcontext of
this study the non-dimensionahumberscontrolling the problemandthe scaling
laws deducedrom dimensionahnalysis We thenbriefly introducethe numerical
methodwe useandits main advantages.A first comparisorwith experimental
profilesis presented.Finally, a detailedparametricstudy is conductedusing a
simpleinitial shapdor the cavity andneglectinggravity. We measurehevolume
of thefirst ejecteddroplet,the velocity of the jet andthe maximumpressureen-
counteredntheaxisof symmetryanddiscusgheresults.In somecircumstances,
atiny bubbleis formedatthe baseof thejet. Theself-similarflow occurringwhen
theconicalcavity andthe cuspform is investigated.

2 Initial conditionsand expectedscalinglaws

Giventhe smallsize of the bubbleswe areinterestedn (diameteris aroundone
millimeter), someassumptionganbe maderegardingthe parametergoverning
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jet birth. The first ideais to supposehat the cavity is motionlessat the initial
time. Experimentdhave shavn that,evenin theabsencef surfactantsthebubble
canstay at the free surfacein a quasistaticequilibrium for a few secondq16].
Thebubbleis thenseparatedrom the atmospherdy a thin liquid film, the cavity
being subjectto surfacetensionand buoyang/ forces. A modelfor this static
configurationis a moreor lessdeformedbubble adjacentover partof its surface
to afilm of nggligible thickness.This configuratiormaybecomputedpr obtained
from the experimentaldataasin the casereportedn [7].

Whenthefilm reaches critical thicknesgaboutl00nm) afterdrainingslowly
, it breaksmore or lessrapidly (dependingon the presenceof surfacecontami-
nants).lt is thenpossibleto run simulationsby takingthe current,staticconfigu-
rationandremoving thethin film. While we do this in onecase the dravbackis
thata sharpcornerexists at the rim of the neckor juncturebetweenthefilm and
the bulk liquid. The smalllengthscalesinvolved may createnumericalcorver
genceproblems.Moreover, aswe shav beloav, smalllengthscalesaregenerated
independentlyof initial conditionsby the steepeningf capillary waves andjet
formation.Keepingthe smalllengthscaledn theinitial conditionsmakesit more
difficult to obsere the intrinsically generatedgsmall scales. We thus decidedto
drastically smooththe rim of the neck. In most calculations,the initial shape
wasdefinedasfollows. A sphericalcavity is separatedrom the atmospherdy a
circularhole,theborderof the holebeinga circularrim (seeFig.2).

The collapsebehaior dependonly on four physicalparametersthe kine-
matic viscosity v, o, p andthe acceleratiordueto gravity g. Out of the four
physicalparameter®nly two length scalescan be defined,the capillary length
R, = (0/pg)'/? andthe the viscous-capillanjength R, = pv?/o. In purewa-
ter R, = 2.7 mmandR, = 0.014um respectrely. If the radiusof the bubble
R < R,, capillary effectsare predominantomparedwith the gravity effects; if
R > R, viscouseffectsareexpectedto be negligible comparedo the capillary
ones.For R, < R < R, the phenomenoims dominatedby surfacetensionand
inertia.

We alsodecidedo negglectthe effect of gravity whichis a correctapproxima-
tion for R < R.. Therefore only the Ohnesoge numberZ = pv? /o R governs
the phenomenomnddimensionabnalysisgivesvelocity in theform

o r (), o

whereF' is anunknown function.



Figure2: The initial configurationin the “large rim” case. The grid is a 5122
Cartesiargrid.



Wheneer R, < R < R,., we alsoexpectthatviscosity playsno role. The
only way to eliminateviscosityis to supposehatthefunction £’ hasafinite, non-
zerolimit C whenv goesto zero. The non-dimensionaVelocity of the jet then

behaeslike "
1% RN\~
7 =C(%) 7

whereV, = o /pv.
Similar agumentdeadto a scalinglaw for the non-dimensionapressureof

theform .
P L RN\~
B~ (R_,,> ®)

whereP, = o2/ pv?.

3 Numerical method

Thechoiceof the numericalmethodis conditionedby thetermswe needto solve
accurately In our problem,the first term of interestis surfacetension:beingthe
maindriving forcein the parameterangewe considerit is importantto modelit
correctly Giventhe large densityratio betweernwaterandair we canmoreover
assumehattheinfluenceof the gasphases negligible.

According to thesetwo assumptionswe useda numericalmethodwhich
solvesthefull axisymmetridNavier-Stokesequationsn afluid boundedy afree
surfacewhile allowing anaccuratedescriptiorof theinterfacialtermssuchassur
facetension.This methodhasbeendocumentecelsevhere[17, 18] andhasbeen
shavn to produceaccuratequalitatve and quantitatve resultswhen compared
with boththeoreticalndexperimentaldata.

In short,a regular Cartesiarfixed grid is used. Masslesgarticles(markers)
adwectedby theflow definethe positionof theinterface.Linkedby cubicsplines,
they describeaccuratelythe geometryof thefree surface.For cellswhich arenot
cutby thefreesurface aclassicalinite-volumeschemas applied.For thecellsin
thevicinity of theinterface finite differencecannotbe computedsincevelocities
arenotdefinedin the“gas” phase Therefore anextrapolationof thevelocityfield
nearthe free surfaceon the othersideis necessaryThis extrapolationmusttake
into accountheboundaryconditionsonthefreesurface(in particularlythenullity
of the tangentialstress). This is doneby using a least-mean-squanerocedure
constrainedby the condition of vanishingtangentialstress. Comparisonswith



theoreticalresultsshow that this approachgives an accuratedescriptionof the
viscousdissipatve termsassociateavith the boundaryconditions.

The pressureon the boundaryis obtainedas follows. The local cunature
is estimatedfrom the spline reconstruction. The local normal viscousstressis
estimatedrom the above least-squareprocedure.Thenthe pressuras obtained
from the normal-stres®oundarycondition. The pressureon the boundarysenes
asa boundaryconditionfor the Poissonequationfor the pressure.This equation
is in turn solvedusinga multigrid algorithm.

Most computationshave beenmadeon a 5122 grid, exceptthe comparison
with the experimentalprofilesfrom MacIntyre,which hasbeenmadeon a 10242
grid andsomeselecteccomputationsvhich wererefinedto 10242 grids.

4 Comparison of the numerical resultswith experi-
mental profiles

We have first initialized the calculationwith a realisticshapeandtakeninto ac-
countall the physicalparameters,e. capillarity, viscosityandgravity. Thegoal
wasto comparethe resultswith a seriesof shapegpublishedby Maclintyre[7].
Theinitial shapeof the free surfacehasbeenobtainedfrom thefirst imagegiven
by Maclntyre,just afterthefilm rupture.

Fig. 3 illustratesthe experimentalandthe computationatesults. The numer
ical parametergre: v = 1075 m?/s, o0 = 0.072 kg/<, p = 1000 kg/m? andthe
volume of the bubbleis the sameasthe one given by Maclintyre: 2.57 ul. The
computationatime is aboutoneday on the 10242 grid. The overall agreemenis
very satisfctory In particularcapillary wavesarewell describedjn contrastto
the earlierpublishedresultsusingboundaryintegral methodq3, 2]. We believe
thatthis lack of capillary wavesis dueto the strongsmoothingneededo avoid
numericalinstabilitiesin boundaryintegral techniqueqand probablyalsoto an
insufficient spatialresolution whichis alsolimited by numericalstability). In our
method,real, molecularviscosityis presentand the fine grid we useallows in
principleto solve the smallspatialscalesof the capillarywaves.

Thetime interval betweenmagesis the sameasthe onegivenby Macintyre,
i.e.1/6000s. A differencen time betweerprofilescanbeseengvenif theshape
is very similar. A possibleexplanationis the presencef surfacecontaminantsn
the Maclntyreexperiment.Thesecontaminantgould changethe surfacetension,
evenmodify its valuelocally, thereforechangingthe behaior of the free surface



Figure3: Time sequencef thejet formationin a2.57ul bubbleburstingatafree
surface. Top: experimental[7] andbottom: computationakesults. Profilesare
1/6000s. apart.
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throughgenerationof Marangonicurrents. They could also make the interface
partially or entirelyrigid, changinghe free-suraceboundarycondition.

Figure4: Vorticity isolinesduringthe collapseof the bubblefor the samecondi-
tionsasin Fig. 3.
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Figure5: Sameaspreviousfigure.

Figure6: Sameaspreviousfigure.
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Figure7: Sameaspreviousfigure.
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Solving the full Navier-Stokes equationswe have accesgo vorticity which
can,aswewill seelater, have animportanteffect evenon very smallstructuresn
alow viscosityfluid suchaswater Fig. 4 shavs the vorticity isolinesduringthe
collapseof thecavity. Thevorticity is confinedto athin boundarylayerbeforethe
jetbirth. Lateronhowever, avorticity coneis entrainedelow thejet andtheshear
stressthereis comparabldo thatin the narrav jet. This detachmenof vorticity
illustratesthe formation of a downward jet, alreadyobsered by Boulton-Stone
andBlake with their modifiedboundaryintegral method[3, 2].

5 Resultsof the parametric study

A setof computationshave beenmadefor radii between10=%m and 10~2m (
10> < R/R, < 10%) with theinitial shapedescribedabore.

Theevolution of the profilesis very similarto thatshovn on Fig. 3. A conical
cavity formswith atrain of capillary wavescorverging to the axis. The number
of capillary waves dependsstrongly on the Ohnesoge number: the higherthis
number the higherthe numberof capillary waves converging to the baseof the
cavity. Fig. 8 shavsalarge-radiugasewith alargenumberof waves(seealsoFig.
11). In somecasesespeciallynearR/ R, = 10 thejet becamevery thin (Fig. 9)
andthe local radiusof curvaturesmallerthanthe grid size. The calculationthen
becomesnaccurateandhasto be stopped.

For someparametewalueswe obsere an tendeng to trap a bubble on the
axis of symmetryjust beforethe formationof the jet. We have searchedystem-
atically for bubble entrapment.Therearetwo competingchangesf shape:the
jet formationis heraldedby a changeof cunatureat the baseof the cavity, while
the bubblepinchingis precededy the formationof anoverhangn theinterface,
i.e. the heighth(r) of the interface becomesmulti-valued. Thus our criterion
for incipientbubbleformationis asfollows: (a) The heighth(r) becomessteep,
then multi-valued, and (b) the curvature at the baseremainspositive. This is
only anindicationthata bubblewill betrappedbeforethejet formsasshovn on
Fig. 10, but we needsucha crudecriterion becausdhe bubblesare very small
for the kinds of grids we have. We found a first bubble entrapmentegion for
576 < R/R, < 2016, the secondbnebetweerb7600 < R/R, < 288000. Other
suchregionsat highervaluesof R/ R, arelikely, but difficult to obsere numer
ically. Oneindicationis the existenceof large trainsof capillary wavesat large
R/R, asshavnonFig. 11.

Thetopologyof theinterfacechangesvhenabubbleis trapped.This pinching
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Figure9: Theinitial phaseof jet formationasseenin two simulations. For the
large bubble (dashedine, R/R, = 14400) the jet is relatively wide and well
resohed numerically For smallerbubbles(solid line, R/R, = 720) thejet may
becomeextremelythin.
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is a singulareventakin to the pinching of a gascylinder by the Savart-Plateau-
Rayleighinstability. We shallcall it a pinchingsingularityto distinguishit from
other free surface singularities. To pursuethe calculationnumerically beyond
a pinching singularity one shouldin principle perform surgery on the marker
chainandcontinuethe simulation. This is however difficult becausehe problem
slightly changesn nature:the pressurensidethe smalltrappedoubblecannotbe
setto atmospherigressurdout shouldin principle dependon the bubblevolume
throughsomeequationof state. This changesnarkedly the natureof the calcu-
lation. Moreover the trappedbubblesare extremely small and very difficult to
resohe without meshadaptationThusin mostcasesve continuedthe simulation
without marker sugery Whenthetrappedoubbleis very small,the marker chain
reoilganizedtself spontaneouslgndthe calculationproceeds.In somecasesas
in therightmostbubbleentrapmentegion, it seemghatthe effect on the dynam-
icsis small. In othercasesasin the leftmostentrapmentegion, the calculation
hasto be stoppedor provides unreliableresultswhich were removed from the
guantitatve analyseselow.

We have redoneall the calculationdor a differentinitial condition. The over-
all configurationis the sameason Fig. 2 but the rim thicknessis halved. All
the above qualitative resultsareidentical. In particular we do not obsene ary
steepeningf the capillary wavesor thinnerjets aswe reducethe rim size. This
is a clearindicationthatthe smalllength scaleswe obsene form spontaneousl|y
independentlyf initial conditions.

5.1 Jetvelocity

A first quantity of interestis the velocity of the jet, or the ejectionspeedof the
first drop. Fig. 12 shavs the non-dimensionabelocity of the jet, measuredvhen
the top of the jet reacheghe meanwater level. Circle symbolscorrespondo
thelargerrim thicknessason Fig. 2 while squaresymbolscorrespondo thinner
rims. Apart from a vertical shift, the measuredrelocitiesarevery similar. This
shift mayin partbe explainedby the factthatwe measurehe jet velocity at the
meanwaterlevel for both caseswhich is at a differentdistancefrom the baseof
thetwo cavities.

For alargerangeof radii (betweer2 x 10* and10° timestheviscous-capillary
length R,), thenumericalresultsarein goodagreementvith theinviscid scaling.
For small radii the velocity startsdecreasingas R decreases.For the smallest
radii we have investigatedthe cavity relaxesto a flat surface shapewithout jet
formation.
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Figure10: Beginning of the entrapmenbdf a bubble by the collapsingcavity, for
R/R, = 10° (al.4mm bubble).

18



10
o 27 i
X
©
£
c
S ]
>
G
oS
(O]
>

O _|
_5 L | L | L | L
0 0.005 001 0.015 0.02

time

Figure11: The velocity of the interfaceon the axisfor R/R, = 2.8810°. The
oscillationscorrespondo the arrival of a train of capillary waves. For this large
valueof R/R, capillarywavesarenumerousandof shortwavelength. Thevery
large excursionin velocity maybedueto the existenceof afurtherbubbleentrap-
mentregion, however the very small scalesinvolved make numericalresolution

difficult.
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Theregionswherebubblesform atthe baseof the jet areindicatedasvertical
lineson Fig. 12. In the leftmostregion, aroundR/R, = 103, for the reasons
discusse@bove,thereis agapin datapoints. It is thuspossiblethatmuchhigher
jet velocitiesmaybereachedn thatregion.

5.2 Maximum pressue on the axis of symmetry

We have computedhe maximumpressureon the axis of symmetrywhenthejet
reacheghe meanwaterlevel. Fig. 13 shaws this pressureandafit in (R/R,)!.
Oncemore, the numericalresultis in good agreementvith the scalinglaw for
radii betweer.10* and10° timesthe viscous-capillaryength. We alsoremarka
smalljitter aboutthe straightline ontheright handsideof thecurve, perhapsasa
resultof the singularbehaior in thebubbleentrapmentegion. Note againthatin
theleft handsideof the curve we couldnotreliably calculatepressure.

5.3 Radiusof the first ejecteddrop

Experimentabataobtainedby Spieletal. [6] tendto shawv thatthe radiusof the
first ejecteddropis aboutone-tentitheradiusof theinitial bubble.

We have obtainedthis radiusfrom the numericalsimulationsasfollows. The
computationstopswhenthe jet thicknessreacheghe size of one computational
cell. Thejet rupturewill occursoonthereafter Thevolumeenclosedy thefree-
surfacebetweernthis point of minimum thicknessandthetip of the jet is thena
goodapproximationof the volume of the ejecteddroplet. The equivalentradius
R, is definedastheradiusof a sphericadropletwith the samevolume.

Fig. 14 shawvs R;/R. For large R/R, we obtaina linearfit Ry ~ 0.13R
which is consistenwith the experimentallyobseredvalueof R/10. This linear
behaior is consistentwith the viscosity-independemntegime of Egs. (7, 8) in
whichtheonly lengthscaleis R. Ontheotherhand thereis alargefractionof the
datawherethis regime doesnot hold andthe ejecteddrop radiusis muchsmaller
thanR/10. Notice againthegapin valuesaroundR/R, = 103. Therethejet was
too thin to bewell-resohednumerically andtheactualdropletsizemaybemuch
smaller Varyingtheinitial conditionhaslittle effect, exceptat smallradii where
thethinnerrim leadsto alargerdroplet.
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6 Singular jet formation by curvaturereversal

Theformationof athin, high-velocityjetin andaroundthefirst bubbleentrapment
region leadsto suspecthe existenceof a singularity The scaling(3) discussed
aboveyields

h(u,t) = (to — t)*° f(u(to — 1) 7%), 9)

®(u, 2,1) = (to — 1) Pp(ulte — ), 2(tg — 1) ), (10)

whereh is the surfaceelevationandu = r cos # the distanceto the axis of sym-
metry. We rescaledthe radial and vertical coordinatesof the surface points by
(ty — t)%/3 for R/R, = 720. We determined, by fitting two of the rescaled
profilesontooneanother Theresultsareshovn on Fig. 15.

All the profiles have beentranslatedvertically in orderfor the point on the
axis of symmetryto be at the samevertical coordinate. The rescaledprofiles
superimposeavell at small valuesof the similarity variablen. The shapeof the
profilescloselyresembleshe experimentalandnumericalprofilesin othertypes
of flow [11, 14, 9]. However at a large distancefrom the singularity the cone
angleis about73°. This shouldbe comparedwith the angleof the cavity seen
in the Mcintyre datashowvn on Fig. 3. There,on profile 6 we measurean angle
of 68°, a small differencewith our calculations.In contrast,the other physical
processediscussedn theintroductionyield relatively largerangles.

The finite viscosity shouldalsointroducea discrepang with the theoretical
similarity solution. It seemshoweverthatits effectsaresmallin thatcase.

In referencq9] it wasshawvn thatfor Faradaywavestherewasa connection
betweenbubble entrapmentindsingularities. In our casethe picture seemddif-
ferent. The self-similarsolution(10) is obsenedin the entirefirst bubbleentrap-
mentband. On the otherhand,this solutionis not seenin or aroundthe second
bandof bubbleentrapmentwherewe shouldin principle alsohave a singularity
However the shapeof the interfaceis very differentin thatcase(Fig. 16) anda
superpositiorusingthe above rescaledvariablescould not be found. A possible
explanationis thattheconicalcavity associatewvith thesingularityis presentere
only on the large scaleasseenon Fig. 10. The convergenceof small-scalecap-
illary wavesis not ableby itself to generatea self-similarconicalflow. Thusthe
conicalflow would be at leastasimportantasbubbleformationin producingthe
surface-tensiomrivenself-similarscaling.

A tantalizingpossibilityis theexistenceof furtherbandsof bubbleentrapment
and singularitiesto the right of the secondband. While bubble entrapmenis
obseredin somecasesgetailsof the dynamicsarenot well-enoughresolhed. It
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Figurel5: Comparisorbetweersuccessie profilesmadenon-dimensionalising
thescalingny = z/(t,—t)?/® describedn thetext. Left: unrescalegrofiles.Right:
rescaledprofiles. Therethe openingangleof the cavity is around73°. Sincethe
numericalmethodusesadaptve time-steppingthe profilesare not separatedy
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Figure 16: Shapeof the interfaceon the edgeof the secondbubble formation
regionat R = 57600. In thatcasea rescalingof thetype shovn on Fig 15 could
notbefound. As in the previousFigureprofilesarenot separatedy uniformtime
intenvals.
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is lik ely thatbubbleentrapmenandcuspsingularitiesarerelatedto theamplitude
of the converging capillary waves. As viscosityis reduced,ever more capillary
wavesareobsenedto corvergeontheaxis. For verylargevaluesof R/R,,, waves
having both shortwavelengthandsmallamplitudeareformed.
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7 Conclusions

We have presentec numericalstudyof the burstingprocessf bubblesat a free
surface.Theschemaisedwasbasednanaccuratealescriptiorof thefreesurface
with the help of a markerschain. This methodhasshonvn good capabilitiesto
resole small capillarywaves. The large scalefeaturesof the dynamicsthe pres-
sureandfinal dropletradiusmay be predictedwith accurag, exceptnearthefirst
bubble entrapmentegion near /R, = 103. The predictionsare quantitatvely
in agreementvith experiment:the angleof openingof the cavity is similarto the
angleobsenedin the experimentsof Macintyreandthe sizeof thedropletat the
tip of thejet is closeto the experimentallyreportedsize.

The measurementsf jet velocity nearR/R, = 10° shav a surprisinglylarge
velocity. Theinterfaceshapescaleswith a characteristidengthr ~ [t — #,[?/3
predictedby the balanceof surfacetensionandinertia. The shapeof theinterface
resembleshapegoundin otherjet-formingflows andcuspsingularities but has
guantitatve differencesuchasthe openingangleof the conicalcavity.

Theconnectiorof this scalingwith bubbleentrapments lessclear We found
the scalingin awide region. The occurrenceof self similar flow andan approx-
imatesingularityis not connectedo the exactboundaryof a bubbleentrapment
band. We alsofound bubbleentrapmentransitionswhich werenot associatedo
the |t —t,|?/? scaling.Finally theangleof theconicalcavity agreeswith theexper
imentaldatafor burstingbubbles put notwith theanglesseeror predictedn other
flows. This indicatesthat othertypesof singularities,correspondingo different
topologiesor initial conditionsmay be obsenred. Furtherwork shouldexplorein
detailthe natureof thesesingularitiesusingfor instancaneshrefinement.

Also of interestwould be a study of the influenceof the initial shapeof the
bubble. We have shavn that a factor of two changein the rim thicknesshad
no qualitative effect, andvery little quantitatve effect on the collapseprocess.
However otherchangesn theinitial conditionmaycausea changén theposition
of thevarioussingularities.In otherwords,for agivenradius,it would bepossible
to reacha singularityby changinghe shapeof the bubble.
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