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Benoit Roman’s 

Question (2004) M = B κ

torque curvaturerigidity

Plate

B =
EI

1 − ν2
B = EI

Rod

Shield. Quart. J. Mech. & Applied Math. 1992
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Ribbons are extensible
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Rod vs Ribbon vs Plate
PDEODE ODE

Lw

h
Rod


Ribbon

Plate 

h ∼ w ≪ L
h ≪ w ≪ L
h ≪ w ∼ L

convention:
L ≥ w ≥ h
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h
L

1

1

3D block

w = h

2D plate

Ribbon

Rod
convention:
L ≥ w ≥ h
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Ribbons at all length-scales
all atomsH bondscorse-grained

alpha-helix 
structure

image:  
Pr. C. Hrycyna  
(Purdue Univ.)

0.54 nm
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7 cm

Ribbons at all length-scales
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1.5 m

Pr. O Baverel 
ENPC, FR 
thinkshell.fr

Chebydesic Pavilion

Ribbons at all length-scales
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Civil Engineering

Ribbons at all length-scales
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Edmonton bridge  
(Canada)

image: 
Bruce Edwards 
Edmonton Journal

total 
span 

~ 100 m

Ribbons at all length-scales
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Edmonton bridge  
(Canada)

image: 
Bruce Edwards 
Edmonton Journal

3 buckled girders

March 2015

Ribbons at all length-scales



!11

Up to now: Inextensible Ribbon models
plate theory: extension is expensive


hypothesis: no extension at all 
          ==> equilibrium: developable surface

          ==> presence of lines on the surface

straight 
lines

1929 M. Sadowsky

1962 W. Wunderlich

2015 Journal of Elasticity

   special issue edited by

   R. Fosdick & E. Fried

Here, we discuss this 
inextensibility hypothesis
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Lateral Torsional Buckling

Γ =
M g

D w/L2

small Γ

total weight

buckling force
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Lateral Torsional Buckling

large Γ

Γ =
M g

D w/L2

total weight

buckling force
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Γ =
M g

D w/L2

total weight

buckling force

Lateral Torsional Buckling

large Γ
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Lateral 

Torsional 

Buckling
w/L = 0.1

h/L = 0.001

ν = 0.35

Γbuck = 15



!16

Lateral 

Torsional 

Buckling

2D plate

w/L = 0.1

h/L = 0.001

ν = 0.35

Γ =
M g

D w/L2
= 20
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Lateral 

Torsional 

Buckling

2D plate

Rod
Ribbon

w/L = 0.1

h/L = 0.001

ν = 0.35

Γ =
M g

D w/L2
= 20

η(0) = 0
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Lateral Torsional Buckling

Γ

Rod

Ribbon

Lat. disp.

2D plate
Lat. disp.

w/L = 0.1

h/L = 0.001

ν = 0.35

η(0) = 0
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Lateral Torsional Buckling

Γ

Lat. disp.

Rod

Ribbon

2D plate
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+
�κ

Stretch Energy ratio

Es

Es + Eb

Lat. disp.

w/L = 0.1

h/L = 0.001

ν = 0.35

η(0) = 0
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The Ribext model
Ribbon extension

V = ∫s ∫t

1
2

Mαβ καβ +
1
2

Nαβ ϵαβ dΩstart with  
plate model

centerline

with
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The Ribext model: kinematics

deformation of  
the centerline: κ1(s) κ2(s) κ3(s)
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deformation of  
the section u(s, t) = u(s, t) d1 + v(s, t) d2 + w(s, t) d3

The Ribext model: kinematics
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The Ribext model: two-scale expansion

V = ∫s ∫t

1
2

Mαβ καβ +
1
2

Nαβ ϵαβ dΩ = ∫s ∫t
Wplate dΩ

Mαβ = D [(1 − ν) καβ + ν κγγ δαβ] Nαβ = K [(1 − ν) ϵαβ + ν ϵγγ δαβ]andwith

καβ = καβ(κ123(s), u v w(s, t))

two-scale expansion

ϵαβ = ϵαβ(κ123(s), u v w(s, t))

slow variable  s

rapid variable  t

are ‘parameters’κ123(s)

≃ φκ1 κ2 κ3
(u(t) v(t) w(t))

≃ ϕκ1 κ2 κ3
(u(t) v(t) w(t))
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The Ribext model: two-scale expansion

V = ∫s ∫t

1
2

Mαβ καβ +
1
2

Nαβ ϵαβ dΩ = ∫s ∫t
Wplate dΩplate  

model

Wplate ≃ Wκ123
(u v w(t))

≃ ∫s [∫t
Wκ123

(u v w(t)) dt] ds

<latexit sha1_base64="1WPuJeoGaaJamIpYlD3gGXH3wEo=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPoTuELLegF49RzALJEHo6PUmTnoXuHiEM+QMvHhTx6h9582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWmV5nfvedKiyi8M7OYuwEdh8IXjBor3Q7mw0IRlzDGhBCUEVKrYksajXqZ1BHJLIsirNAaFt4Ho4glAQ8Nk1TrPsGxcVOqjGCSz/ODRPOYsikd876lIQ24dtPFpXN0bpUR8iNlKzRooX6fSGmg9SzwbGdAzUT/9jLxL6+fGL/upiKME8NDtlzkJxKZCGVvo5FQnBk5s4QyJeytiE2ooszYcPI2hK9P0f+kUy6RaqlyUyk2L1dx5OAUzuACCNSgCdfQgjYw8OEBnuDZmTqPzovzumxdc1YzJ/ADztsn7nCNpg==</latexit>

}
Fκ123

[u(t) v(t) w(t)]

V

Euler-Lagrange equations

usol(t) vsol(t) wsol(t) Fκ123
[usol vsol wsol] = Fsol(κ1 κ2 κ3)⇒

End Result
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The Ribext model: two-scale expansion

V2D = ∫s ∫t

1
2

Mαβ καβ +
1
2

Nαβ ϵαβ dΩ
2D 
plate  
model

V1D = ∫s
F(κ1 κ2 κ3) ds

1D 
Ribbon  
model

F(κ1 κ2 κ3) =
1
2

EI1 κ2
1 +

2
1 + ν

κ2
3 + (νκ2

1 + κ2
3)2

(1 − ν2) κ2
1

ψ (μ[κ1]) +
1
2

E
hw3

12
κ2

κ2 = 0I1 =
h3 w
12

relaxation of stiff mode
μ[κ1] = 12 (1 − ν2)

w2

Lh
κ1 Lwith
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The Ribext model: limits

F(κ1 κ3) =
1
2

EI1 κ2
1 +

2
1 + ν

κ2
3 + (νκ2

1 + κ2
3)2

(1 − ν2) κ2
1

ψ (μ[κ1])

���� � ��� ���
μ���

���

���

���

���

���

ψ

ψ(μ)
ψpade(μ)

ψ(μ) = 1 −
2
μ/2

cosh μ/2 − cos μ/2

sinh μ/2 + sin μ/2

μ[κ1] = 12 (1 − ν2)
w2

Lh
κ1 Lwith

ψ(μ) =
μ2

720 + μ2
Padé approximant

Shield 

number
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The Ribext model: limits

F(κ1 κ3) =
1
2

EI1 κ2
1 +

2
1 + ν

κ2
3 + (νκ2

1 + κ2
3)2

(1 − ν2) κ2
1

ψ (μ[κ1])

ψ(μ) = 1 −
2
μ/2

cosh μ/2 − cos μ/2

sinh μ/2 + sin μ/2

μ[κ1] = 12 (1 − ν2)
w2

Lh
κ1 Lwith

ψ(μ) =
μ2 (432432 + 19 μ2)

311351040 + 631440 μ2 + 19 μ4
Padé

Shield 

number���� � ��� ���

μ���

���

���

���

���

���

ψ

ψ(μ)
ψpadeBIS(μ)
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The Ribext model: limits

F(κ1 κ3) =
1
2

EI1 κ2
1 +

2
1 + ν

κ2
3 + (νκ2

1 + κ2
3)2

(1 − ν2) κ2
1

ψ (μ[κ1])

ψ(μ) = 1 −
2
μ/2

cosh μ/2 − cos μ/2

sinh μ/2 + sin μ/2

μ[κ1] = 12 (1 − ν2)
w2

Lh
κ1 Lwith

Shield 

number���� � ��� ���

μ���

���

���

���

���

���

ψ

ψ(μ)
ψpadeTER(μ)

ψ(μ) =
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The Ribext model: limits

F(κ1 κ3) =
1
2

EI1 κ2
1 +

2
1 + ν

κ2
3 + (νκ2

1 + κ2
3)2

(1 − ν2) κ2
1

ψ (μ[κ1])

F(κ1 κ3) =
1
2

EI1 κ2
1 +

1
2

2EI1

1 + ν
κ2

3ψ → 0 Rod 

F(κ1 κ3) =
1
2

EI1

1 − ν2
(κ2

1 + κ2
3)2

κ2
1

ψ → 1 Ribbon

Kirchhoff

Sadowsky

μ[κ1] = 12 (1 − ν2)
w2

Lh
κ1 Lwith

Shield number

μ ≪ 1

μ ≫ 1

depends on the equilibrium solution !!
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The Ribext model: limits

μ[κ1] = 12 (1 − ν2)
w2

Lh
κ1 L

Shield number Sh

ν = 0.35 μ ≃ 3 Shκ1 = 1/L ⇒

κ1 =
1
L

Sh =
w2

L h3 8 26

rod ribbonribext

ψ = 0.1 ψ = 0.5 ψ = 0.9
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h
L

1

10.01

3D block

Rod

w = h

Ribbon

Ribext

Sh = 3

Sh = 8

Sh = 26 w/h = 50

w/h = 30

Ofw/h = 17

ν = 0.35
with

κ = 1/L

2D plate
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Lateral Torsional Buckling

Γ

Lat. disp.

Lat. disp.
Rod

Ribbon

2D plate

Ribext

w/L = 0.1

h/L = 0.001

ν = 0.35

Sh = 10

η(0) = 0
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Lateral 

Torsional 

Buckling

2D plate

Rod
Ribbon Ribext

w/L = 0.1

h/L = 0.001

ν = 0.35

Γ =
M g

D w/L2
= 20

Sh = 10

η(0) = 0
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• Ribext, a model between rod and ribbon 

• Even a plate may behave as a rod or as a ribbon,  
                                  it depends on the actual curvature

Conclusion

Thank you


