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Model: pre-stressed beal
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controlled
force

F | controlled
displacement

<

Influence of F, D
on the frequencies ?




Elastic beam in the plan

L : length in unstressed state
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Vibrations: brst 4 modes
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Kirchhoff equations review

apply to :
- slender bodies
- Not too bent
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Kirchhoff equations
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Kirchhoff equations
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Kirchhoff equations
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Kirchhoff equations
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Dynamics (linear momentum):

w9
dt

F(s+ ds,t)! F(s,t)+ p(s,t)ds
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F'(s,t) + p(s,t)
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Kirchhoff equations
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Dynamics (angular momentum):
M'(s,t)+ r'(s,t) x F(s,t) = pldi(s,t)
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Kirchhoff equations: kinematics

Cosserat frame
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Kirchhoff equations: constitutive relations
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Special Cosserat theory of rodls
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Strength of materials notations

A

'X(s) = s! u(s)
g X‘Q(S) <Ly(s) = Vv(S)
" ¥ = 1-ue
' o Y(s) = V(s)
> X
R'(s) = ;Eg = V(s) = vidy + v3ds
da(8) = ( !ciisnee > Os(8) = g?nS!!

dq
. [vi(s) = (F -d1)/GA
with < B |
Va(s) = 1+(F -ds)/EA "




Equilibrium equations (adim)

f:FE—LIZ m:% x:% s:§ v : Poisson
( x" = cos! + "(fzcos! ! 2(1+ #)fsin!)
y' = sin! + "(fzsin! +2(1+ #)f,cos!)
< 17 = m (boundary conditions
/ — I + " | X(O): 0
m 1 1, flfB(l- 2#) y(0)= 0 = y(1)
f,, = O 60)= 0 = 6(1)
/ _ ( )
\ ty =0 _ 1 _ 1 /h ’ <1
\  AL2 12 \L )
. £ sint + 1, cos | = 0 Euler-Bernoulli beam
: = | f,sin! cos!
with < f;l») = f.cos! + f, éin! e > 0 Timoshenko beam




Equilibrium: analytical study| ! =0 Euler-Bernoulli
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0(s) = nbi(s)+ n%0x(s)+ n°303(s)+ O (n?)
y(s) = nyi(s)+ n%ya2(s)+ n°ys(s)+ O (n?)
P = pPo+npr+ nip2+ nips+ O(n?)
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Equilibrium: analytical study| ! =0 Euler-Bernoulli
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Equilibrium: analytical study
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| — 0 Euler-Bernoulli




Vibrations: analytical study ! =0 Euler-Bernoulli

small amplitude vibrations around pre or post-buckled equilibrium

y(s,t) = yr(s) +!y(s)e" " with |ly(s)|! 1

(ém' = 60 fz ! o6f ,cosfp + of . Sinfg
60' = &m
5y! = cosfr 60 boundary conditions
< ) e 0. 50 Ix(0)= 0 = Ix(1)
X = sl YO = 0 = ly@)
of L = 1 w?6x "= 0 = I"(1)
\ 51:?; = I wz 5y
pre-buckled !g(s)! O
n 3 | "
post-buckled !'r(s) = " SinZ#s+ — cos (2#s)sin(2#s)+ O "4

48

25



Vibrations: analytical study ! =0 Euler-Bernoulli
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Vibrations: analytical study ! =0 Euler-Bernoulli
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Vibrations: analytical study ! =0 Euler-Bernoulli
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Vibrations: analytical study

| — 0 Euler-Bernoulli




Dynamics | > 0 Timoshenko

with shear, extension, and rotational inertia I 1 h °
o<!l=——s=— — 11
ALZ2 12 L
(X' = cosf+e(fzcosf —2(1+ v)fysinb)
y' = sinf+e(fzsind + 2(1 + v)f1 cosb)
# = m
< m = —f1+ef1f3(1—2u)—|—eé
f, = X v : Poisson
f .
Ly T
! boundary conditions )
, x(0,t)=0 x(1,t)=1 —d
: fi = 1 fxsin! + f, cos! _ 3
Wlth < _ y. y(07 t) =0 y(17 t) =0
/s = Jxcost+ Jysin! 10,6)=0  1(L,6)=0
30 N y




Equilibrium

with shear, extension, and rotational inertia
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Vibrations | > 0 Timoshenko

with shear, extension, and rotational inertia
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Vibrations

with shear, extension, and rotational inertia
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Vibrations | > 0 Timoshenko

with shear, extension, and rotational inertia
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Vibrations

with shear, extension, and rotational inertia
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Vibrations | > 0 Timoshenko

with shear, extension, and rotational inertia
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Vibrations | > 0 Timoshenko

with shear, extension, and rotational inertia
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Vibrations

| > 0 Timoshenko

with shear, extension, and rotational inertia
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Vibrations

with shear, extension, and rotational inertia
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Vibrations | > 0 Timoshenko
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Vibrations | > 0 Timoshenko

L =100h
1
©~ 12000¢
W F=0

: snap
10 through

~— A oyapym

00 02 04 06 08 1




Perspectives

- modes -> forced oscillations
(coupling with strings)

- beam -> plate
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