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m "Asymptotic Expansions in Fluid Mechanics: example of
Matched Asymptotic Expansions, some classical results
and application to boundary layer separation”

The method of Matched Asymptotic Expansions (MAE) is one of the classical tools to look at singular
problems in fluid mechanics. WKB or multiple scale give the same result, but more or less tractable
depending on the problem. MAE has been used intensively from the 50’ to solve problems depending
on a small parameter in the case where the problem becomes singular when the parameter is zero.
Singular problems arise at small Reynolds number, we need MAE to obtain the viscous Oseen flow
around a cylinder 1957.

Singular problems arise at small inverse of Reynolds number, Navier Stokes equations give Euler/
Boundary Layer decomposition 1905. We will discuss the order two of Boundary Layer 1962 and how
it creates a perturbation of Euler at next order. We will apply MAE to boundary layer separation (wich
is a singularity of the Boundary Layer which has to be solved by the "triple deck" 1969: a boundary
layer in the boundary layer).

More recently other problems like pinching, drop impact, thin films... present some singularities and
are solved with asymptotic methods together with numeric simulations showing the continuous need
of some asymptotics to understand flows.
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temptative definition of singularity (in fluid mechanics)

Singularities involve quantities diverging in either space or time (so-called
blowup) or the divergence of some derivative of the original quantities.

Intuitively, this means that a local length scale of the system goes to zero.
Often this is the result of nonlinearities of the problem, which couple different
length scales.

J. Eggers, M. A. Fontelos
Singularities Formation, Structure, and Propagation
Cambridge University Press (2015)

| Singularities:
- Formation, Structure,
. and Propagation

non linearities

small parameter
small ratio of scales |
diverging quantity | AR
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g @ V® 5 Alembert

Examples of classical singularities that we will see today

0’'Alembert paradox: no drag in ideal fluids e = 1/Re
-> viscous effect, small boundary layer
(Matched Asymptotic Expansion)

Singularity at separation of the boundary layer e =Re™ "
-> Introduce a boundary layer in the boundary layer
(Matched Asymptotic Expansion)

Impossibility to solving the very viscous tlow around a
cylinder in a flow (Oseen) e = Re
-> Introduce a far layer where cylinder is a line
(Matched Asymptotic Expansion)

non linearities, diverging quantity

e << ] small parameter, small ratio of scales, dominant balance
final regularisation
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Navier Stokes

U w S
~ T V-7 =0
g I — T VT =L VT
Real Full 3D unsteady flows U_L
Direct Numerical Simulations : DNS Re=—
Reynolds Number controls transition from 0 < Re < oo

laminar to turbulent

turbulence modeling

Very complicated and serious problems
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Asymptotics e« 1 &e=1/Re or ¢ =Re

Small Reynolds number: viscosity dominates
€ = Re

Micro fluidics, some biological flows

flow Is laminar

Large Reynolds number: inertia dominates
e = 1/Re

Aerodynamics, most of classical industrial flows

f

Fi
W
la

S@®

low Is turbulent or not on a wing

st Question :
nat is the laminar flow in the limit of
‘ge Reynolds number?

Ve 5’ Alembert
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Question :
what is the flow in the limitof |
large Reynolds number?  remaining laminar

ou I (%:O RerooL
oxr Oy v
u@u | v%— dp 1 0°u | 0°u
Or Oy  Ox Re \dx2  Oy2
u(% | U@v ~oOp 1 04 | 04
oxr Oy Oy Re \9dx2 Oy?
zero velocities at the wall R
no slip Is "the" boundary condition >
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Question :
what is the flow in the limitof |
large Reynolds number?  remaining laminar

ou I (%:O Ro = Yook
or Oy g

au | U@ — _@ L > O
Yor Oy  Ox Re

ov U@v ~Op
Yoz Oy Oy
an order of derivation disappears

divergence of the derivative du/dy
only zero transverse velocity at the wall

(slip velocity) >

singular perturbation problem
@ " aAlembert
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Question :
what is the flow In the limit of

large Reynolds number?

1
> 0
Re
g g Flat plate
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Question :
what Is the flow in the l[imit of
large Reynolds number?

(a)

9
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Question :
what Is the flow in the l[imit of
large Reynolds number?

’ ’ @
Fi1G. 1. Two of the candidates for the steady solution of the Navier—Stokes equations for flow ,
cylinder at R » 1. (a) attached potential flow. (b) Kirchhoff free-streamline flow.

SIAM REVIEW © 1981 Society for Industrial and Applied Mathematics
Vol 23, No. 3, July 1981 0036-1445/81/2303-0003%801 00/0

D’ALEMBERT’S PARADOX"

KEITH STEWARTSON

S @ 5% JAlembert o Kirchhoff - Helmholtz  Brillouin para




o’Alembert Paradox 1752: no drag on the plate

In viscous fluid there is a small layer near the plate where the
viscous effect are important

In ideal tluid, there is no drag on a flat plate (&’Alembert Paradox)

one has to introduce the "boundary layer” : a thin layer near

the plate where the neglected viscous etffect comes back
(dominant balance)

The no slip condition is now veritied
A viscous drag appears

University of Gottingen GB
Prandtl 1905
Blasius 1908 J. Lighthill 70’
Hiemenz 1911 K. Stewarton 1969
Von Karman 1921 Goldstein 1948 FT. Smith 1980
Pohlhausen 1922 Schlichting 60-70
Neiland 1969

% @ :; f?;ﬁ;legm}gﬁ.}:}w Drela, Cebecci, Le Balleur, Cousteix 80’ 90’



Question :
what Is the flow in the l[imit of
large Reynolds number?

singular perturbation problem

when € = 1/Re the NS equation becomes singular
l.e. we can not full fill all boundary conditions

how to re-obtain the whole set of boundary conditions?

one needs some asymptotic methods to solve the full
problem for e — 0

Matched Asymptotic Expansion
we first start by a simple model

@ " aAlembert

ond d'Alember



Friedrichs problem

i) | A )

T dy? dy f(0)=0; f(1)=1.

10

DO =

J) singular problem at e = 0

0.2

Friedrichs problem 1942 : a model problem
to iIntroduce Matched Asymptotic Expansion

A simple model to understand Navier Stokes

S. Kaplun 1957

M. Van Dyke, Perturbation methods in Fluid Mechanics Pergammon (1975) |
J. Hinch Perturbation Methods, Cambridge University Press, (1991) @)
C. M. Bender, S.A. Orzag Advanced Mathematical methods for scientists and engineers Mc Graw Hill (1991) 7%
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Friedrichs problem "external problem’

_d*f(y) L) _
T dy? dy

10

DO | =

f(0)=0; f(1)=1.

equation degenerates e=0

08

af(y) 1 N B
dy 2 f(0)=0; f(1) =1,

f)

0.2

solution, but only one BC verified

fy) = y'z”, F0)£0 f(1) =1

Fluids: "external problem’
is Euler Problem : one BC is missing
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Friedrichs problem

i) | A )
T dy? dy

DO =

= f(0)=0; f1)=1.

10

f)

0.2

‘Internal problem’

e—0

do a change of scale
y = 0(€)y

Ff@)  df() _1
- 02dy? ddy 2

small x large + large = O(1)

~luids “Iinternal

problem’
s the Boundary Layer
Problem

g @ Ve 7 Alembert
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Dominant Balance
large + large = O(1)
the new sale is d(e) = ¢
equation is now (lost term comes back)

- N
ot AL Y
dy? = dy

Solution at the new scale :

f@) = A1 —e7).




Friedrichs problem

‘matching’
d2 ) df (- e
> dj_;(f) + J;(?j') - % f(0)=10; f(1)=1. two descriptions e—0
internal
flo) =10 foy—=0)=1/2
0.6} e
USO 1) = %(y+ 1) - e; external
02 Ie \ F§) = A(1 — &), f(5 > 0)=A
L‘ | ‘0‘.2‘ | ‘014‘ ‘ ‘0.‘6‘ | ‘0.‘8‘ | ‘1‘.0
’ '"asymptotic matching'
lem | f (y)|=lim[f(y)]
y—0 Y—+0C
two final descriptions
1 - 1 .
O ==@+1) fO)=z0-e)
2 2
sum of both minus common limit is : 1 e &
Composite expansion f(y) = SO+ -—
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Friedrichs problem

‘matching’
fly)  dfly) 1 _n _
< dlj? -+ d’u 1.0_ 5 f(O) — DJ f(l) = 1.
0.6:— . e
U f0) =50+ 1) ==
0.2] 8 \
oz o.4y o6 08 10
iInternal external
10 1 ~ or 1
L J) =50 L FO =50+ D)
B lim[ f(5)] = Lim[f(y)] »»
f(j})OA y—o0 y—0 o
0 2 45} 6 8 10 0.00.20.4y0.60.81.0

—vyle

2

€

[
N
i B
J ,/ 4
p\ A
865/
d

. . 1
m ITe expansion =—(y+1)—
g @ Ve 7 Alembert Co POS e P 1) Z(y )
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Friedrichs problem

f(y)  dfly) . B

1.0 -

DO | =

08

e—y/e

)
) 2

f(y) = %(y F1)—

0.2

€\

I 0.2 0.4

“016‘ | ‘0.‘8‘ | ‘110
Y

ere we solved with Matched Asymptotic Expansion

The same example can be solved with:
-Multiple Scale
-WKB

-Renormalisation

—vyle

2

€

same final result ——(y+1)—
g @ Ve 5 Alembert J) z(y ) \‘
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Friedrichs problem Multiple Scale

must be in small scale description

d2 f( df (- 1 = €y
: di/(zg)+J:i(?j/)=§ o) =0 7i)=1. y~ y ;
7y ) A _e
52 dy 2
| e two scales
f(y) 0.4 Jy) = E(y +1) - 62 ~ S ¥
o1 €\ vy
derivative
T 0z 04 06 08 10 d a a

e T . TE
dy 0y 0y
expansion

1) = foGo, 51) + €1 1) + - - -

after algebra and use of "secular" or "solvability" condition:

f(~ ~)_5}1+1 e with Vi=y, V9=73
oWYo> Y1) = ) 5 > | , 0
same final result £(y) Ly Ve
= —(v+ _ by
g @ :; Qslé}e;cnmc}r?cig'g;gmbert y 2 y 2



Friedrichs problem WKB

rectify

d2 ) df ( +1
LW IO _ 2 j0)=0 1) =1 f0) = ==+ F()

1.0 -

DO | =

new problem

y d*F(y) dF(y)
1 e 't € + —
=50+ -— dy? dy
€\ F(0)=-1/2, F(1)=0

08

0,

f)

0.2

I 0.2 0.4 0.6 0.8 1.0

use the WKB expansion

1 n=N
F(y) ~ exp <% > 5(8)”Sn(y))
n=0

after use of "dominant balance" and algebra :

e—y/e
F(y) = —
) >
: 1 e—y/e Q‘
same final result ) =50+D-——

g @ Ve 5 Alembert
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Friedrichs problem Renormalisation

Cfly)  dfly) 1
LWLV L =0 5w =1
) 1 e
0.4 | f()’) = 2(y+ 1) >
02 8\
L0.20.4y0.60.81.0
for sure, It works
. 1 e Y/€
same final result f(y)=5(y+1)— >
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Friedrichs problem

f(y)  df(y) 1 . _
£ i + dy 10—5 f(O)—D, f(l)—l'
0.6:— | _yle
o, f0) =50+ 1) ==
y g\

Friedrichs orobldm: a model problem solved by
Matched Asymptotic Expansion (or any other method)
but MAE simpler in this case

Singularity in O removed by MAE

key Idea: a new scale appears

by change of scale by dominant balance and matching
of two problems at two different scales

the singularity is removed at the new scale

S @ L& JAlembert
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Come back to Navier Stokes

ou ~ Ov _ 0
dxr Oy
ou @_ dp 1 82u|5’2u
Yoz U@y ~ Ox  Re \9x2  0Oy>2
ov  dv  Odp 1 04 | 04
Yoz U@y  OJy  Re \0x2  Oy?
zero velocity at the wall R
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|deal Fluid: Euler equations

8u|8v_0

oxr Oy

u@u{v@:_@

ox oy ox !
(%I dv  Op Re > 0
ué’xlvay__ﬁ_y

an order of derivation disappears

only zero transverse velocity at the wall

@ V‘ aAlembert
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|deal Fluid: Euler equations

8:13|€9y:0

S 2o

oxr Oy  Ox !
v v o Re "
oxr Oy Oy

ue(x) slip velocity on the wall is the result

@ V‘ aAlembert
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singular perturbation problem

ou ~ Ov _ 0
dxr Oy
ou @_ dp 1 82u|5’2u
Yoz U@y ~ Ox  Re \9x2  0Oy>2
ov  dv  Odp 1 04 | 04
Yoz U@y  OJy  Re \0x2  Oy?
zero velocity at the wall R
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Classical Boundary Layer (laminar)

ox Oy =Y

ou @_ dp 1 82u|5’2u
Yoz U@y ~ Ox  Re \9x2  0Oy>2
ov  dv  Odp 1 04 | 04
Yoz U(?y  OJy  Re \0x2  Oy?

tttttttttttttttttttttttttt



Classical Boundary Layer (laminar)

8:13|€9y:0

8ul@_ dp 1 82u|5’2u
Yoz U(?y_ Ox  Re \ 9x2  Oy?
ov  dv  Odp 1 GQUI(?QU
o 'Uﬁy_ Oy Re \0x2  Oy?
U =1U

T =2

Yy = €Y

tttttttttttttttttttttttttt



Classical Boundary Layer (laminar)

ou  0v

o Tog "
u@u | v%— dp 1 0°u | 0°u
Or Oy  Ox Re \dx2  Oy2

u(% IU(% ~oOp 1 04 | 04
oxr Oy Oy Re \9dx2 Oy?
dominant balance

U V= EV

2

|
M N

U
X
Y
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Classical Boundary Layer (laminar)

ou ~ 0v _ 0
o O
ﬂa@ : @,@: Op = 1 (8211 : 1 62a>
0x 0y 0T Re \ 0z°% &2 0y?
dv ~ Ov op 1 04 | 04
Yoz U@y - Oy  Re <8x2 | 8y2>
dominant balance
u=1u V= €V
T =2 p=p
Yy = €Y

@ V‘ aAlembert
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Classical Boundary Layer (laminar)

ou 00
0% 0F
Sou  ou - 9p 1 (9% 1 0%
oF 0§ 0% Re \9#2 &2 072
~(9v (% 1 0p 1 02 1 0?7
6(U, ) — |
0x (7y e0dy Re

=0

| E~=5 1 =
0T? &2 0y?

dominant balance

U V= EV

~

pP=0P

2

U
X
Y

|
M N
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Classical Boundary Layer (laminar)

ou 0v O
o O
_ou  _ou 8]0 /1{ 1 0%u
U— T V== = | =
0T 0 0T Re T2 €2 072

0% _Ob 19p 1 (826 1 82@'>

5(“6:1; ay) e | Re \"0i2 ' 22052

dominant balance

U V= EV

~

— E =
pP=2Pp o

2

U
X
Y

|
M N
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Classical Boundary Layer (laminar)

ou  0v _,
o O
_ou ou op 0%*u

U = |

Y9z o5 0z @ 0p
_O0v (% 1 0p 1 0%y 1 0%v
€(U ) — E——= | =
0T (7y ey Re \ 01?2 &2 0y?

dominant balance

U =1u V= EV |
r =2 p=0p 5:@
Yy =€y

@ V‘ aAlembert

ond d'Alember



Classical Boundary Layer (laminar)

o  Ov o
o O
0u  _0u op 0%

U = |

Y9z " o5 0i | o2

0v O0v op (92~ 047
( FU——=) = — FE—

0T 0 0y " 972 01y?

dominant balance
u=1u V = EV |
o~ — 1 E =
€r = .CE~ pP=2D @
y—2=cy
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Classical Boundary Layer (laminar)

ou 9 _
o O
_OJu  _0u op  0%u
U—— TV —= = — + —=
0T 0y 0T  0y?
9
0= -2
Yy
dominant balance
u=1u V= €V |
r =2 p=0p &= @
Yy =€y

g @ V® 5 Alembert
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Classical Boundary Layer (laminar)

"Matched Asymptotic Expansion”

ou 0 _ aton
97 | ag — alcning
0u  _8a  Op 0% (%, 00) = u(z,0)
Yoz oy 0i 0 p(%) = p(,0)
9
0= -2
o
dominant balance
u=1u V= EV |
_ ~ — m E =
€r =X pP=2Pp \/E
Yy =€y
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As long as the boundary layer is “attached” (no strong
deceleration for the ideal fluid velocity, or weak counter
pressure), every thing is OK

‘ldeal Fluid’

‘matching’

‘Boundary Layer’

many examples... i 1
one proof: airplanes from 30" to now v Re

@ V' aAlembert
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Self Similarity

Many equations present "selt-similarity”
they are invariant by dilatation, so that we can find
a solution invariant

same velocity profiles but elongated

S @ Ve 5 Alembert
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Self Similarity

Many equations present "selt-similarity”
they are invariant by dilatation, so that we can find
a solution invariant
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Self Similarity

Many equations present "selt-similarity”
they are invariant by dilatation, so that we can find
a solution invariant

i
¥
f
y E
n= 7 i
* ]
g
Q @ V'® 9’ Alembert T
b IX Institut Jean le Rond d'Alembert



second order
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second order  van Dyke 1962

2
— i
> )/ \> j
> __))
R r St > —
— > - —_—
> —
| —> Nl —s|
|deal Fluid i =il

g @ V® 5 Alembert
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second order  van Dyke 1962
—

—

»
/

4

>
|deal Fluid i =

Boundary Layer

g @ V® 5 Alembert
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second order  van Dyke 1962
—

—

»
/

(.

5, = O(—

- — B

|deal Fluid i =

Boundary Layer
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second order  van Dyke 1962

|deal Fluid

Boundary Layer

|deal Fluid, next order

S @ Ve 7 Alembert
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- =
u = I/lo

= =

u = MO

2 _ =2 1232
U= 1iyg+Re "“ii,+




second order  van Dyke 1962

asymptotic expansion in powers of Reynolds
(“ T 1 %
L L 1 x A < 3 b

regular expansion!

|[deal Fluid i =i,

Boundary Layer W=,

|[deal Fluid, next order @ =Tg+Red, +..
Boundary Layer, next order @ =7,+Re &, +
|deal Fluid, etc @ =Ty+Re i, + R,

g @ :‘ 0 Alembert
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problem solved?
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problem solved” Boundary Layer separation
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Boundary Layer separation

(En-—
larg-
od)

X
/4’ /. // / / // ,///5/’33

ou  Ov
T~ — _|_ . O)
or 0Oy
_0u N 0w _ . du N 01
U— +V— = Ue— + —,
0T 07 dr  0y?
(@ = © = 0 on the body f(Z))

orescribed  ue(z)

When trying to solve the boundary layer equations with

the ideal fluid velocity i ,(X), w

igg singularity, the computatio
U

—((*,y=0)is0

0y

nen It decreases, there
N stops when

After "separation” it should be negative, but the

computation stops

g @ V® 5’ Alembert
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Boundary Layer separation

(En-—
larg-
od)

u —F

- —

—

Uil

0 00,
o 0y ’

ou  _Ou _ du,
u%—l—va—g:ue e
0 on the body f(Z))

(@ =70

orescribed  ue(z)

_|_

BRY

9y

s

I===============1 k

s —" ———— e —— — — ——— . “1

4 e P ¥

S ettt et =0 =8 =8 o

A i -

o b= r ST F 1 3 ] ]

1 1.2 z 1.6 1.2 2 direct resolution

S e G arose—
geltal

3.5 F &e R

3 b | ] ou \/—

—_— L — T

2.5 | Yy ’

2 F o
1Sp et -~ .

 E e Goldstein singularity 1948
OS - R

O ! 1 b

1 12 1.4 1.6 1.8 2



* the Triple Deck

Now we present the scales of triple deck
as a rational asymptotic expansion (Matched Asympt Exp)

Triple Deck 1/Re — 0

@ V‘ aAlembert
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Triple Deck Scales

boundary layer

what happens here 7
separation

g @ Ve 7 Alembert
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Triple Deck Scales

.—T _w —_ -
L | J
</ boundary layer
<€ >

new small length

g @ Ve 7 Alembert
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Triple Deck Scales

Ap ~Av &= Re /8
Upper Deck1 A

Ap ~ g Av ~ e ’

1

Main Deck
AU/ ~ £ 8

2

Ap ~ g?

Lower Deck| 5
Au ~ e ¢8
4

E ApfveQ(

|

_

|
Nt
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g @ V® 5 Alembert

Examples of classical singularities that we will see today

0’'Alembert paradox: no drag in ideal fluids e = 1/Re
-> viscous effect, small boundary layer
(Matched Asymptotic Expansion)

Singularity at separation of the boundary layer e =Re™ "
-> Introduce a boundary layer in the boundary layer
(Matched Asymptotic Expansion)

Impossibility to solving the very viscous tlow around a
cylinder in a flow (Oseen) e = Re
-> Introduce a far layer where cylinder is a line
(Matched Asymptotic Expansion)

non linearities, diverging quantity

e << ] small parameter, small ratio of scales, dominant balance
final regularisation
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Small Reynolds

%
V-u =0

— — —
Re(T V)= -Vp+ViT

tttttttttttttttttttttttttt

Re — 0




Small Reynolds

V

|
-

- u =0
Re
— —
0 :—Ver%gﬁ
Stokes problem
N 3D well known solution!

g @ V® 5’ Alembert
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Small Reynolds

V- -u =0
Re =0
— —
0 :—Ver%gﬁ
Stokes problem
N 2D no solution!
>
> UO
>
>

g @ Ve 7 Alembert
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Small Reynolds

V

|
-

- u =0
Re
— —
0 :—Ver%gﬁ

Stokes problem o
in 2D no solution! logarithmic terms

Stokes Paradox around a cylinder

g @ V® 5 Alembert
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Small Reynolds

V-u =

0
—

Stokes problem o
in 2D no solution! | logarithmic terms

Stokes Parad@?é ______

g @ Ve 5’ Alembert
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Proudman & Pearson 1957

«Stokes problem» near the cylinder Kanin & Lageratorm 1957

wszQLa (CC,y):L(f,g) WoRe Y = 0r1 =0
<1
UoL

oRe OY O 9% 0 =B ShSh-
vk Wogoz " azagY VTV VY >

we have to introduce a layer tar away

«Oseen problemy far from the cylinder it is just a point

UoL - L
%D — Ewa (ZU,y) — E(ajay)

LR LN N

aS

the problem is to find the gauge o

dominant balance logarithmic terms, "switchback'

- . LUy i
Matched Asymptotic Expansions o = 2
g @ ﬂ} d Alembert LogRe % N
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From the scale of ¢y = —UyL/LogRe we deduce that the total stress will be

o/ L? so that the force over the sphere will be uo /L which is :

47T,LLU()

O Experim ent
Trtton(f359)

D —

— v — Log(

h

D ~

—Log(“2k)

FIGURE 12 — From Van Dyke [16] page 164, drag function of Reynolds for a Cy-
linder, formula (8.49) in Van Dyke [16] : Cp = 3Z[Al — 0.87A} 4+ O(A7)] with
A1 =1/(Log(4/Re) —~ —1/2). ?Full Oseen” refers to the solution of the Oseen problem
(ReZ — V*)V?¢ = 0 by Tomotika and Aori 1950.

this formula as been obtained by Lamb, but in the wrong framework.
It has been re formulated by Proudman & Pearson and Kaplun & Lagerstorm
who fixed the right framework : Matched Asymptotic Expansions. We did not

give all of the complicated details, they can be found in those papers.

As says Moffat in the ”cours des Houches” 1973 ” The complexity of the formula
is indicative of the complexity of the underlying analysis”.
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many other examples of similarities and of singularities
the hydraulic jump

Example of multilayer shallow water application

in a flume

in a river

Ve 7 Alembert
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many other examples of similarities and of singularities

non linearities
with singularities
self similar solutions
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many other examples of similarities and of singularities
the hydraulic jump

Bélangers’s problem
the jump is a singularity

this is the same a "shock wave”
something happens on a too small scale

But we can solve the problem and find the amplitude of the jump

— —> —> Iho
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many other examples of similarities and of singularities
the hydraulic jump
solved using kind of Boundary Layer theory

spreads the jump
creates a boundary layer separation

M,
i

||

almost Poiseuille regime

Watson regime
self-similar jump and separation

two singularities !!
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many other examples of similarities and of singularities

waves, KdV...

e

choto (Cy 2ie-rz-Yvzs Lazre:z I e Flarcare! 2 €atnt 2=rd-n a0~ 1a Dardnn-n eh 4n- 007

~ [Airy
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many other examples of similarities and of singularities
bursting buble

— 200pus tiny — 100ps £, — 50us bine Liny + 100ps  tiny + 150ps &y, + 650us

[I”I‘

Y P T T

VPV VY VvVYVve™

mm

Fig. 8 — Détail de I'éclatement d’une bulle a la surface d’un liquide, montrant ’effondrement de la
cavité (séquence du dessous) qui se conclut par ’émergence d’un jet liquide (Poujol et al., 2021).
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many other examples of similarities and of singularities
falling fluid

Figure 7.1 A drop of viscous fluid falling from a p:pette: note the lcng neck.
Trnage courtesy of Nick Laan and Daniel Bonn,

FIG. 6. A scquence of pictures of @ water drop falling from a

circular plate 1.25 em in diameter (Shi, Brenner, and Nagel,

1994]. The total tme ¢lapsed during thke whole sequence s

- Vo ’ abcut 0.1 s. Reprinted with permission. © American Associa-
S- @ a Alembert tion for the Advancement of Science
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many other examples of similarities and of singularities
falling fluid

S ®

Ve 7 Alembert

. K Institut Jean le Rond d'Alembert

main drop satellite drop

Figure 1.3 Satellite formation in a water—glycerol jet, showing a satellite drop in
between two main drops. A satellite drop is the remnant of the elongated neck
between two main drops [75, 146].




many other examples of similarities and of singularities
falling fluid

Numerical Simulation of Navier Stokes two-phase
(ex water air)

0u — — —
p—- W-Viu)==Vp+uVu+pg
__%>.
V-u=0
freesoftware http://basilisk.fr/ 3

Basilisk
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many other examples of similarities and of singularities
falling fluid :

Rayleigh Plateau instability
creating singularity



many other examples of similarities and of singularities

falling fluid Adaptative Mesh Refinement

: r f ‘.j lf' ‘
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R
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many other examples of similarities and of singularities

waves
Numerical Simulation of Navier Stokes two-phase
(ex water air)

0u — — —
p—- W-Viu)==Vp+uVu+pg
__%>.
V-u=0
freesoftware http://basilisk.fr/ 3

Basilisk

v . ’ ™
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water

breaking wave



breaking wave: automatic adaptative mesh at the "singular interface"






breaking wave with simplification, no air,
with kind of "interacting layers", breaking is not resolved

but gives same global behaviour than full NS 3D

-~
-_—
B

—_—

t = 32.22 70
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Conclusion

v non linearities
small parameter
small ratio of scales

asymptotics :

® model equations (simplified from NS through asymptotics)
solved with MAE, WKB... numerically
self-similarity

L diverging quantity / self-similarity
new model equations with new scales etc

A

full numerical resolution : € is always there!
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