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• fluid / soil interaction

• complex problem

• very strong simplifications:
- basic shear flow
- steady laminar 2D flow
- simple linear flux/ shear stress relations

But comparison between linear/ non linear computations in 2D
3D linear
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Contents

• Flux/ Shear stress relations

• Double Deck equations: pure shear flow, (erodible / solid bed)

• 3D Double deck, (erodible bed)

• Conclusion,
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The coupled problem

- for a given soil f(x, t)
- ...
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The coupled problem

- for a given soil f(x, t)
- we have to compute the flow (u(x, y, t)).

- the flow erodes the soil.
- which changes the soil.
- etc
we aim to present a simple description for the flow and
use simple model equations to describe the interaction.
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The erodable bed

Mass conservation for the sediments:

∂f

∂t
= −∂q

∂x
.

Problem :
What is the relationship between q and the flow?
hint: the larger u the larger the erosion, the larger q
q seems to be proportional to the skin friction

u

q
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The erodable bed: relations between q and u

∂f

∂t
+

∂q

∂x
= 0

In the literature one founds Charru /Izumi & Parker / Yang / Blondeau

qs = E$(τ − τs)a

if (τ − τs) > 0 then $(τ − τs) = (τ − τs) else $((τ − τs)) = 0.

or with a slope correction for the threshold value:

τs + Λ
∂f

∂x
,

a,E coefficients, a = 3
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Other simplification of mass transport

q
Ar

-Vf

q
Ar

-Vf

c

Sauerman, Kroy, Hermann 01/ Andreotti Claudin Douady 02/ Lagrée 00/03

∂

∂x
q + V q = V ($(τ − τs − Λ

∂f

∂x
)γ).

- total flux of convected sediments q (left figure).
- threshold effect τs

- slope effect Λ∂f
∂x

- $(x) = x if x > 0 (else 0), γ, V ...
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The fluid

Numerical resolution of Navier Stokes equations.
In real applications: viscosity changed... turbulence...

here we will present some severe simplifications:

• Steady flow
• Asymptotic solution of N.S.: laminar viscous theory at Re = ∞
Triple Deck Stewartson 69/ Neiland 69 (in fact Double Deck Smith 80)
In fact Fowler 01
• Linearized solutions
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Asymptotic solution of the flow over a bump; double deck
theory
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Asymptotic solution of the flow over a bump; double deck
theory
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Asymptotic solution of the flow over a bump;
double deck theory

We guess that viscous effects are important near the wall
Perturbation of a shear flow
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Re = ∞, Triple/Double Deck
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Re = ∞, Triple/Double Deck
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Re = ∞, Triple/Double Deck
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Re = ∞, Triple/Double Deck
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λ = ε3(U ′
0δ3

ν )

so ε = λ1/3Re−1/3, with Re = U ′
0δ

2/ν.
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Double Deck theory

∂

∂x
u +

∂

∂y
v = 0, u

∂

∂x
u + v

∂

∂y
u = − d

dx
p +

∂2

∂y2
u.

Boundary conditions: no slip condition: u(x, y = f(x)) = 0, v(x, y = f(x)) = 0,
matching with the shear flow (y →∞)

lim
y→∞

u(x, y) = U ′
S(0)y.

upstream:
u(x → −∞, y) = U ′

S(0)y, v(x → −∞, y) = 0.
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Asymptotic solution of the flow over a bump; double deck
theory

Viscous effects are important near the wall
Perturbation of a shear flow
Non linear resolution (with flow separation) possible
But first we linearise
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Linearizing the equations: We look at a linearized solution: u = y + αu1, v = αv1,
p = αp1 with α << 1.

∂

∂x
u1 +

∂

∂y
v1 = 0,

y
∂

∂x
u1 + v1 = − ∂

∂x
p1 +

∂2

∂y2
u1,

with boundary conditions:
u1 = v1 = 0 in y = f(x, z),
y →∞, u1 = +f(x, z),
x → −∞, u1 = 0, v1 = 0. Looking at solutions in Fourier space.
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Linearizing the equations: We look at a linearized solution: u = y + αu1, v = αv1,
p = αp1 with α << 1.

∂

∂x
u1 +

∂

∂y
v1 = 0,

y
∂

∂x
u1 + v1 = − ∂

∂x
p1 +

∂2

∂y2
u1,

with boundary conditions:
u1 = v1 = 0 in y = f(x, z),
y →∞, u1 = +f(x, z),
x → −∞, u1 = 0, v1 = 0. Looking at solutions in Fourier space.

After some algebra:

∂u

∂y
|0 = 1 + αFT−1[(3Ai(0))(−ik)1/3FT [f ]] + O(α2).
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Asymptotic solution of the flow over a bump;
Linear/ Non Linear double deck theory
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The plain curve (lin.”) is the linear prediction , other
curves come from the non linear numerical solution.

Notice the numerical oscillations in the case of

separated flow (separation is for α > 2.1)
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Asymptotic solution of the flow over a bump; double deck
theory
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Asymptotic solution of the flow over a bump; double deck
theory
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Asymptotic solution of the flow over a bump; double deck
theory
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Comparison with Navier Stokes
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good!
Re increasing
α fixed.

conclusion: Perturbation of shear flow is in advance compared to the bump crest.
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Completely erodible soil

Solution of

τ = TF−1[(3Ai(0))(−ik)1/3TF [f ]]

∂q

∂x
+ V q = V $(τ − τs)

∂f

∂t
= −∂q

∂x
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Completely erodible soil

example of runs:
animation 1 ,
animation 2 (length ∗2).
always coarsening, finally there is only one bump in the ”box”.
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Displacement of a ”dune” in a shear flow: rigid soil

Solution of
τ = TF−1[(3Ai(0))(−ik)1/3TF [f ]]

∂q

∂x
+ V q = V $(τ − τs)

∂f

∂t
= −∂q

∂x
implementation of the fact that f cannot be negative.
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Example of displacement of a ”dune”
in a shear flow over a rigid soil

animation
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Example
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