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1-Résumé:

Il est évident qu'une connaissance plus approfondie des mécanismes du pouls est nécessaire si
l'on désire  dégager des méthodes de détermination in vivo des pathologies d'une artère.
Expérimentalement on observe que la propagation de cette onde s'accompagne d'un
accroissement de son amplitude ainsi que d'un raidissement (Pedley 80). Cette interaction
fluide/ structure dépend de nombreux facteurs. Dans ce travail, on prend en compte les plus
importants d'entre eux: effets dissipatifs (viscoélasticité de la paroi, viscosité du fluide), effet
géométrique (conicité de l'artère) et les effets nonlinéaires (loi non-linéaire de paroi, terme
convectif de Navier-Stokes). Les approximations que justifient les données physiologiques
vont permettre la construction d'un modèle simplifié.

Ce modèle simplifié de type couche mince instationnaire axisymétrique est résolu dans un
premier temps par une méthode de différences finies.

Puis, à l'aide d'une méthode intégrale adaptée au cas instationnaire de l'écoulement sanguin, il
est possible de réduire encore ce modèle à un modèle monodimensionnel défini par un système
de trois équations aux dérivées partielles non-linéaires couplées dépendant du temps t et de la
variable axiale x. L'originalité de ce travail est l'introduction d'une équation supplémentaire
ainsi que la fermeture proposée (fondée sur les profils de Womersley). Ceci est indispensable
si on désire effectuer une comparaison quantitative entre les profils calculés de vitesses ou de
pression et des mesures expérimentales et remonter ainsi à certaines caractéristiques de la paroi
artérielle ou au cisaillement pariétal. Ce système régit l'évolution  de trois grandeurs: le rayon
interne de l'artère R(x,t), la vitesse au centre U0(x,t) et une quantité q(x,t) exprimant l'effet de
la couche limite instationnaire sur l'écoulement. On effectue ensuite une simulation numérique
de ce système simplifié.
On montre que les deux approches (résolution intégrale et résolution des équations de couche
mince instationnaire par intégration directe) se comparent très favorablement.

Enfin on présente quelques éléments visant à mettre en oeuvre une méthode inverse permettant
de retrouver les coefficients physiologiques à partir de mesures expérimentales. Ici il ne s'agira
que de la première ébauche de cette approche: nous nous contenterons de retrouver les deux
paramètres optimaux d'élasticité et de viscosité de la solution de Womersley.
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 n
on

 v
is

qu
eu

se
s 

so
nt

 d
iff

ér
en

te
s:

∂ ∂
∂ ∂

∂ ∂
∂ ∂

h t
u x

u t
p x

p
h

+
=

=
−

=
1 2

0
2

,
,

E
t 

o
n

 a
 a

lo
rs

 b
ie

n
 u

n
e

 lo
n

g
u

e
u

r 
d

'o
n

d
e

 é
g

a
le

 à
 1

. 
(D

a
n

s 
le

 c
o

d
e

 o
n

 a
 p

ré
fé

ré
 g

a
rd

e
r 

la
 f

o
rm

e
a

d
im

e
n

si
o

n
n

é
e

 d
e

s 
é

q
u

a
tio

n
s 

q
u

i 
re

ss
e

m
b

le
 l

e
 p

lu
s 

à
 l

a
 f

o
rm

e
 d

im
e

n
si

o
n

n
é

e
, 

i.
e

. p
 =

 h
re

ss
e

m
b

le
 à

 p* =
kh

*  
p

lu
tô

t 
q

u
e

 d
'in

tr
o

d
u

ir
e

 l
e

 f
a

ct
e

u
r 

2
, 

m
a

is
 c

e
la

 n
e

 c
h

a
n

g
e

 r
ie

n
, 

o
n

 p
e

u
t

m
od

ifi
er

 le
 c

od
e 

à 
vo

lo
nt

é)
.

2-
2.

2 
no

n 
lin

éa
rit

é 
du

 fl
ui

de
Le

s 
te

rm
es

 u∂/
∂x

 s
on

t d
'o

rd
re

 d
e 

gr
an

de
ur

 r
el

at
ifs

 p
ar

 r
ap

po
rt

 à
 

∂/
∂t

:

(U
0/

L)
/(

1/
T

) 
i.e

. 
U

0

 (
kρ

-1
 R

0
)1

/2
.

tu
ya

u
 s

o
u

p
le
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O
n

 r
e

tr
o

u
ve

 ε 2
. 

L
'o

rd
re

 d
e

 g
ra

n
d

e
u

r 
d

e
s 

te
rm

e
s 

n
o

n
- 

lin
é

a
ir

e
s 

e
st

 l
e

 m
ê

m
e

 q
u

e
 c

e
lu

i 
d

e
 l

a
va

ria
tio

n 
de

 r
ay

on
:

ε 2
 =

 δR  R
0

2-
2.

3 
ra

pp
or

t d
es

 lo
ng

ue
ur

s
L'

on
de

 d
e 

po
ul

s 
sa

tis
fa

it 
en

 p
re

m
iè

re
 a

pp
ro

xi
m

at
io

n 
un

e 
éq

ua
tio

n 
de

 p
ro

pa
ga

tio
n 

ca
ra

ct
ér

is
ée

p
a

r 
u

n
e

 v
ite

ss
e

 d
e

 p
ro

p
a

g
a

tio
n

  
c

0,
 c

o
n

n
u

e
 s

o
u

s 
le

 n
o

m
 d

e
 c

é
lé

ri
té

 d
e

 M
o

e
n

s-
 K

o
rt

e
w

e
g

, 
d

e
l'o

rd
re

 d
e

 3
 à

 1
0

m
/s

. 
V

u
 l

a
 p

u
ls

a
tio

n
 c

a
rd

ia
q

u
e

 -
--

ω
=2

 π
 T

-1
 a

ve
c 

T
~

.8
 s

--
-,

 l
a

 l
o

n
g

u
e

u
r

d
'o

n
d

e
 λ 

d
e

 c
e

tt
e

 o
n

d
e

 e
st

 d
o

n
c 

d
e

 l
'o

rd
re

 d
u

 m
è

tr
e

. 
L

e
 r

a
p

p
o

rt
 e

n
tr

e
 l

e
 r

a
yo

n
 i

n
te

rn
e

 d
e

l'a
rt

èr
e 

no
n 

pe
rt

ur
bé

 R 0 
et

 c
et

te
 lo

ng
ue

ur
 d

éf
in

it 
 u

n 
no

uv
ea

u 
pe

tit
 p

ar
am

èt
re

:

 ε
1=

R
0 λ
.

E
xp

ér
im

en
ta

le
m

en
t ε 1

 n
e 

dé
pa

ss
e 

pa
s 

10-2
.

2-
2.

4 
vi

sc
os

ité
L

e
 r

a
p

p
o

rt
 e

n
tr

e
 le

s 
te

rm
e

s 
vi

sq
u

e
u

x 
(

ν∂
2 /

∂r
2 )

 e
t 

e
t 

le
 t

e
rm

e
 d

e
 d

é
ri

vé
e

 t
e

m
p

o
re

lle
 (

∂/
∂t

) 
q

u
i

va
ut

:

2 
π

ν
(2

 π
/T

) 
R

2

pe
rm

et
 d

'in
tr

od
ui

re
 le

 n
om

br
e 

de
 W

om
er

sl
ey

 (
W

om
er

sl
ey

 1
95

5)
:

 α
ω ν

=
R

,

c'
es

t 
le

 r
ap

po
rt

 e
nt

re
 le

 r
ay

on
 in

te
rn

e 
de

 l'
ar

tè
re

 e
t 

l'é
pa

is
se

ur
 d

e 
la

 c
ou

ch
e 

de
 S

to
ke

s.
 I

l d
éc

rit
l'i

m
po

rt
an

ce
  

de
s 

ef
fe

ts
 v

is
qu

eu
x 

da
ns

 le
 f

lu
id

e.
 S

i 
α 

es
t 

gr
an

d,
 le

 p
ro

fil
 d

es
 v

ite
ss

es
 e

st
 a

ss
ez

p
la

t.
 P

lu
s α

 e
st

 p
e

tit
, 

p
lu

s 
o

n
 s

e
  

ra
p

p
ro

ch
e

 d
'u

n
 é

co
u

le
m

e
n

t 
in

st
a

tio
n

n
a

ir
e

 d
e

 H
a

g
e

n
-

P
oi

se
ui

lle
. D

an
s 

l'a
rt

èr
e 

fé
m

or
al

e,
 o

n 
tr

ou
ve

 p
ar

 e
xe

m
pl

e 
de

s 
va

le
ur

s 
de

 l'
or

dr
e 

de
 3

,5
.

Le
 n

om
br

e 
de

 R
ey

no
ld

s 
n'

es
t p

as
 le

 p
ar

am
èt

re
 p

er
tin

en
t d

an
s 

ce
tte

 é
tu

de
, o

n 
pe

ut
 c

ep
en

da
nt

l'e
st

im
er

. C
on

st
ru

it 
su

r 
le

 d
ia

m
èt

re
, i

l s
er

ai
t c

la
ss

iq
ue

m
en

t:

R
e=

U
0R

0/
ν,

 d
on

c 
R e

=
U

0R
0-1

ω
-1

α2
. 

or
, ε

2=
U

0

c 0
√2

  
, 

  ε
1=

R
0 λ
 e

t λ
=Τ

c 0
=

2π
/ω

 c
0 

do
nc

:

R
e 

=
 √2

 ε
2 

α
2

2
π

 ε
1
 

.

P
ou

r α
=

3,
5 

ε 2
=

0,
2 

et
 ε 1

=
10

-2
, 

ce
la

 d
on

ne
 u

n 
R

ey
no

ld
s 

d'
en

vi
ro

n 
55

. 
Le

 n
om

br
e 

de
 R

ey
no

ld
s

co
ns

tr
ui

t s
ur

 λ 
se

ra
it 

qu
an

t à
 lu

i 1
02  
fo

is
 p

lu
s 

él
ev

é.

2
-3

 é
q

u
a

tio
n

s 
fin

a
le

s 
d

e
 t

yp
e

 c
o

u
ch

e
 m

in
ce

2-
3.

1 
tr

an
sf

or
m

at
io

n 
du

 d
om

ai
ne

C
es

 c
on

di
tio

ns
 a

ux
 li

m
ite

s 
ét

an
t 

im
po

sé
es

 s
ur

 u
ne

  
su

rf
ac

e 
en

 m
ou

ve
m

en
t 

do
nt

 la
 d

yn
am

iq
ue

n
'e

st
 p

a
s 

co
n

n
u

e
 à

 l'
a

va
n

ce
, 

o
n

 e
ff

e
ct

u
e

 d
o

n
c 

u
n

 c
h

a
n

g
e

m
e

n
t 

d
e

 v
a

ri
a

b
le

 e
n

 in
tr

o
d

u
is

a
n

t 
u

n
e

va
ri

a
b

le
 r

é
d

u
ite

 η=
r/

R
(x

,t
),

 o
n

 g
a

rd
e

 ξ=
x 

e
t 

le
 t

e
m

p
s τ=

t.
 L

e
s 

tr
a

n
sf

o
rm

a
tio

n
s 

d
e

 v
a

ri
a

b
le

s

(t
,x

,r
) 

en
 (τ

,ξ
,η

) 
so

nt
 p

ou
r 

m
ém

oi
re

 (
ic

i t
ou

t e
st

 é
cr

it 
av

ec
 d

es
 d

im
en

si
on

s)
:

∂ ∂
∂ ∂τ

η
∂ ∂

∂ ∂η
∂ ∂

∂ ∂ξ
η

∂ ∂ξ
∂ ∂η

∂ ∂
∂ ∂η

t
R

R t
x

R
R

r
R

=
−

=
−

=
;

;
.

1

(F
ro

m
 o

u
t 

o
f 

th
e 

b
lu

e…
)

2
P

ag
e 



tu
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u
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o
u

p
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C
ec

i p
er

m
et

 d
'é

cr
ire

 d
es

 c
on

di
tio

ns
 s

ur
 u

ne
 s

ur
fa

ce
 fi

xe
 e

n 
η=

1 
m

ai
s 

in
tr

od
ui

t e
n 

co
nt

re
pa

rt
ie

de
s 

te
rm

es
 s

up
pl

ém
en

ta
ire

s 
da

ns
 le

s 
éq

ua
tio

ns
. P

ar
 a

bu
s 

de
 n

ot
at

io
n 

on
 o

ub
lie

ra
 

τ 
et

 ξ 
qu

e 
l'o

n
no

te
ra

 t 
et

 x
 p

ar
 la

 s
ui

te
.

2-
3.

2 
sy

st
èm

e 
de

 ty
pe

 c
ou

ch
e 

m
in

ce
E

n
 c

o
n

cl
u

si
o

n
, 

o
n

 n
e

 c
o

n
n

a
ît

 q
u

e
 l

e
 r

a
yo

n
 d

e
 l

'a
rt

è
re

 R
0,

 ε
2R

0 
l'o

rd
re

 d
e

 g
ra

n
d

e
u

r 
d

e
 s

a

p
e

rt
u

rb
a

tio
n

, 
la

 p
é

ri
o

d
e

 d
u

 p
h

é
n

o
m

è
n

e
 T

, 
e

t 
k/

ρ 
la

 r
ai

de
ur

 r
éd

ui
te

 d
e 

la
 p

ar
oi

. 
O

n 
co

ns
tr

ui
t 

à

p
a

rt
ir

 d
e

 c
e

s 
ja

u
g

e
s 

fo
n

d
a

m
e

n
ta

le
s 

L
=

T
(k

ρ-
1  

R
0

)1
/2

=
R

0√
2

/ε
1 

la
 l

o
n

g
u

e
u

r 
ca

ra
ct

é
ri

st
iq

u
e

lo
ng

itu
di

na
le

, U
0=

ε 2
(k

ρ-
1  

R
0)

1/
2  

la
 v

ite
ss

e 
lo

ng
itu

di
na

le
.

Le
s 

va
ria

bl
es

 a
ve

c 
de

s 
ét

oi
le

s 
(

* )
 s

on
t a

ve
c 

di
m

en
si

on
s,

 le
s 

qu
an

tit
és

 p
ré

cé
de

nt
es

 p
er

m
et

te
nt

 d
e

co
ns

tr
ui

re
 le

s 
va

ria
bl

es
 s

an
s 

di
m

en
si

on
s 

su
iv

an
te

s:
u*

=
u

U
0,

 v
* =

ε 2
R

0/
T

v,
 x

* =
xL

, 
R

* =
R

R
0,

 (
R

* -
R

0)
=

ε 2
R

0h
, 

 t*
=

tT
, 

 p
* =

k 
R

0 
ε 2

p
+

cs
te*

.

S
i o

n
 n

é
g

lig
e

 t
o

u
s 

le
s 

te
rm

e
s 

p
lu

s 
p

e
tit

s 
q

u
e

 
ε 1

2  
d

a
n

s 
le

s 
é

q
u

a
tio

n
s 

d
e

 N
a

vi
e

r 
S

to
ke

s 
m

is
e

s
so

u
s 

fo
rm

e
 a

d
im

e
n

si
o

n
n

e
lle

, 
o

n
 o

b
tie

n
t 

u
n

e
 f

o
rm

u
la

tio
n

 d
e

 t
yp

e
 c

o
u

ch
e

 l
im

ite (
o

u
 c

o
u

ch
e

m
in

ce
):

R
h

u t
R

h t
u

v R
u

u
u x

R
h x

u
p x

R
u

O

=
+

−
 

 
+

+
−

 
 

=
−

+
+

1

2

2

2
2

2
2

2
12 2

ε

∂ ∂
ε

η
∂ ∂

∂ ∂η
ε

∂ ∂η
∂ ∂

ε
η

∂ ∂
∂ ∂η

∂ ∂
π

α
η

∂ ∂η
η

∂ ∂η
ε α

(
)

(
)

(
)

∂ ∂η
ε

p
O

=
+

0
12

(
);

   
   

 
∂ ∂η

η
∂ ∂

η
∂ ∂

∂ ∂η
v

R
v R

u x
R

R x
u

+
+

−
=

0
.

N
ou

s 
av

on
s 

pr
és

en
té

 e
t d

is
cu

té
 n

os
 h

yp
ot

hè
se

s 
da

ns
 le

s 
pa

ra
gr

ap
he

s 
pr

éc
éd

en
ts

. P
ou

r 
ré

su
m

er
no

us
 d

iro
ns

 q
ue

 c
et

te
 f

or
m

ul
at

io
n 

tie
nt

 c
om

pt
e 

du
 c

ar
ac

tè
re

 p
ro

pa
ga

tif
 d

e 
l'o

nd
e 

de
 p

ou
ls

, 
de

so
n 

ca
ra

ct
èr

e 
no

n 
lin

éa
ire

 e
t d

e 
la

 d
is

si
pa

tio
n 

vi
sq

ue
us

e.
 N

ou
s 

ne
 p

ré
te

nd
on

s 
pa

s 
êt

re
 o

rig
in

au
x

ce
s 

éq
ua

tio
ns

 s
on

t b
ie

n 
co

nn
ue

s 
de

pu
is

 lo
ng

te
m

ps
 e

t s
on

t n
ot

am
m

en
t d

an
s 

Li
ng

 &
 A

ta
be

k 
72

,
no

tr
e 

ré
so

lu
tio

n 
s'

af
fr

an
ch

ira
 e

n 
re

va
nc

he
 d

e 
le

ur
s 

si
m

pl
ifi

ca
tio

ns
.

3-
 É

qu
at

io
ns

 i
nt

ég
ra

le
s 

da
ns

 l
e 

flu
id

e
3

-1
 

p
o

u
rq

u
o

i
La

 r
és

ol
ut

io
n 

co
m

pl
èt

e 
(e

n 
un

 la
ps

 d
e 

te
m

ps
 c

ou
rt

) 
de

 c
e 

sy
st

èm
e 

es
t e

nc
or

e 
tr

op
 c

om
pl

ex
e 

de
pa

r 
de

 la
 v

ar
ia

tio
n 

ra
di

al
e 

du
 p

ro
fil

 d
es

 v
ite

ss
es

 li
ée

 a
ux

 e
ffe

ts
 v

is
qu

eu
x.

P
o

u
r 

le
 s

im
p

lif
ie

r,
 n

o
u

s 
a

d
a

p
to

n
s 

le
s 

m
é

th
o

d
e

s 
in

té
g

ra
le

s 
d

e
 V

o
n

 K
'

a
rm

'a
n

 p
o

u
r 

le
 t

ra
ite

m
e

n
t

de
s 

co
uc

he
s 

lim
ite

s 
st

at
io

nn
ai

re
s 

en
 a

ér
od

yn
am

iq
ue

 (
Le

 B
al

le
ur

 (
19

82
))

 a
u 

ca
s 

in
st

at
io

nn
ai

re
d

é
fin

i p
lu

s 
h

a
u

t.
 À

 c
e

tt
e

 f
in

, 
o

n
 in

tè
g

re
 le

s 
é

q
u

a
tio

n
s 

p
a

r 
ra

p
p

o
rt

 à
 la

 v
a

ri
a

b
le

 r
a

d
ia

le
 

η 
e

n
tr

e

l'a
xe

 d
u 

tu
ya

u 
et

 la
 p

ar
oi

, c
'e

st
-à

-d
ire

 p
ou

r 
η 

co
m

pr
is

 e
nt

re
 0

 e
t 1

. L
a 

fo
rm

e 
in

té
gr

ée
 d

es
 d

eu
x

p
re

m
iè

re
s 

é
q

u
a

tio
n

 d
u

 s
ys

tè
m

e
 p

e
rm

e
t 

d
'é

ta
b

lir
 r

e
sp

e
ct

iv
e

m
e

n
t 

le
s 

b
ila

n
s 

g
lo

b
a

u
x 

d
e

 d
é

b
it-

m
a

ss
e

 e
t 

d
e

 q
u

a
n

tit
é

 d
e

 m
o

u
ve

m
e

n
t.

 S
i 

d
e

s 
in

fo
rm

a
tio

n
s 

re
la

tiv
e

s 
à

 l
a

 d
yn

a
m

iq
u

e
 s

o
n

t
é

vi
d

e
m

m
e

n
t 

p
e

rd
u

e
s 

p
a

r 
ce

tt
e

 
in

té
g

ra
tio

n
, 

o
n

 
 

p
e

u
t 

n
é

a
n

m
o

in
s 

e
sp

é
re

r 
ce

rn
e

r 
le

s
co

m
po

rt
em

en
ts

 e
ss

en
tie

ls
 q

ui
 r

ég
is

se
nt

 l'
év

ol
ut

io
n 

du
 p

ou
ls

 à
 l'

ai
de

 d
e 

ce
tte

 a
pp

ro
ch

e.

3
-2

 c
o

n
se

rv
a

tio
n

 d
e

 l
a

 m
a

ss
e

3-
2.

1 
éq

ua
tio

n 
no

n 
tr

an
sf

or
m

ée
N

o
u

s 
d

é
ta

ill
o

n
s 

p
o

u
r 

m
é

m
o

ir
e

 l
'é

ta
b

lis
se

m
e

n
t 

d
e

 l
'é

q
u

a
tio

n
 d

e
 c

o
n

se
rv

a
tio

n
 d

e
 l

a
 m

a
ss

e
.

L'
éq

ua
tio

n 
de

 d
ép

ar
t (

ic
i n

on
 "

m
ap

pé
e"

):
∂ ∂x

u 
 +

  r
-1

 ∂ ∂r
 v

r 
=

 0
.

es
t i

nt
ég

ré
e 

de
 r

=
0 

à 
R

 (
le

 r
ay

on
) 

ap
rè

s 
av

oi
r 

so
us

tr
ai
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 c
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 ⌡⌠ 0

R
∂ ∂x

(U
0-

u
) 

rd
r 

 -
 ⌡⌠ 0

R ∂ ∂r
rv

 d
r=

  
∂ ∂x

(U
0)

 (
R

2  
- 

O
)/

2.

À
 p

ar
tir

 d
e 

m
ai

nt
en

an
t U 0

 r
ep

ré
se

nt
e 

la
 v

al
eu

r 
de

 la
 v

ite
ss

e 
ad

im
en

si
on

né
e 

au
 c

en
tr

e 
du

 tu
ya

u.
 O

r
pa

r 
dé

riv
at

io
n 

d'
in

té
gr

al
e:

 ⌡⌠ 0

R
∂ ∂x

(F
) 

d
y 

=
 

∂ ∂x
 ∫ 0R (F

) 
d

y 
-(

 ∂ ∂x
R

) 
F

.

d'
où

 il
 r

es
te

:

2 
R

∂ ∂t
R

 +
  

∂ ∂x
((

R
2 U

0 
- 

2
∫ 0R (U

0
 -

 u
) 

r 
d

r)
=

0
.

L
a

 f
o

n
ct

io
n

 U
0 

e
st

 l
a

 v
ite

ss
e

 a
u

 c
e

n
tr

e
 e

t 
q

 t
ra

d
u

it 
la

 p
e

rt
e

 d
e

 d
é

b
it-

m
a

ss
e

 d
u

e
 a

u
x 

e
ff

e
ts

vi
sq

ue
ux

 (
an

al
og

ue
 d

e 
l'é

pa
is

se
ur

 d
e 

dé
pl

ac
em

en
t 

δ 1
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ie
n 
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ue
 e

n 
aé

ro
dy

na
m

iq
ue
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q
 =

 R
2  

(U
0

 -
 R

-2
 ∫ 0R  2
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 r

 d
r)

 o
u

 q
R

U
u

d
q

R
U

u
d

=
−

∫
=

−
∫

2
0

01
2

2
02

2
01

2
2

(
);

(
)

η
η

η
η

el
le

 s
e 

ré
éc

rit
:

2 
R

∂ ∂t
R

 +
  

∂ ∂x
(R

2 U
0 

- 
q

) 
=

 0
.
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éq

ua
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"m
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pé

e"
P

o
u
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m

é
m

o
ir

e
, 

la
 

d
é

m
a

rc
h

e
 

e
st

 
la

 
m

ê
m

e
, 

o
n

 
in

tè
g

re
 

d
e

 
η

=
0

 
à

 
1

 
l'é

q
u

a
ti

o
n

 
d

e
l'i

nc
om

pr
es

si
bi

lit
é 

du
 fl

ui
de

:
∂

η η∂
η

∂ ∂
η

∂ ∂
∂ ∂η

(
)v

R
u x

R
R x

u
+

−
=

0

en
 fa
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an

t a
pp
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aî

tr
e 

pa
r 

in
té

gr
at

io
ns

 p
ar

 p
ar

tie
s:

R
v

x
R

u
R x

u
∂

η ∂η
∂ ∂

η
∂ ∂

∂ ∂η
η

(
)

(
)

(
)

=
−

+
2

2
2

1 2
 l

'a
st

u
ce

 d
e

 l
a

 t
ra

n
sf

o
rm

a
tio

n
 d

e
s 
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o

rd
o

n
n

é
e

s 
p

e
rm

e
t 

d
'é

vi
te

r 
la

 d
é

ri
va

tio
n

 d
'in

té
g
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le
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e 
la

 b
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 η=

1 
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t f
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e.

3-
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e 

fin
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e
E
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po

sa
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 R
=

1+ε
2h

, l
'é

qu
at

io
n 

pe
ut

 a
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si
 s

e 
lir

e:

∂ ∂
ε

∂ ∂
ε

∂ ∂
ε

∂ ∂
h t

U
h x

h
U x

h
q x

+
+

+
−

+
=

2
0

2
0

2

1
2

1
2

1
0

/

(L
a

 
co

n
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it
é

 
s'

in
tr

o
d

u
it

 
a

lo
rs
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m
m

e
 

u
n
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rm
e

 
so

u
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a
u

 
se
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n

d
 

m
e

m
b

re
 

é
g
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l 
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−
+

U
R

R x
h

0
02

02
1

1
2

∂ ∂
ε

(
) . 

S
i 
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n
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e

u
t 

e
n

 t
e

n
ir

 c
o

m
p
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n
 s

u
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u

e
 

β
∂ ∂
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−

1 0

0

R
R x
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u

m
oi
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us
si

 g
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 q

ue
 

ε 2
).

3
-3

 c
o

n
se

rv
a
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n
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e
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a
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u

a
n

tit
é

 d
e
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o

u
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m
e

n
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Le
s 
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l'é
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at
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ua
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 d
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m
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m
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gl
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q
R

U
u

d
q

R
U

u
d

=
−

∫
=

−
∫

2
0

01
2

2
02
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2
2

(
);

(
)

η
η

η
η

∂ ∂
ε

∂ ∂
∂ ∂

π
α

∂ ∂η
α

∂ ∂η
η

η

q t
x

q
U

x
q

u
u

+
−

=
−

+
 

 
=

=
2

2
0

2
1

2

2 2
0

2
2

2
(

)

où
 q
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t u
n 

te
rm

e 
no

n-
lin

éa
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 a
ss

oc
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u 

te
rm

e 
de

 c
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ve
ct

io
n 
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 N
av

ie
r-

S
to

ke
s.

 O
n 

ex
tr

ai
t
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ss

i l
'e

xp
re

ss
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n 
de

 la
 v

ite
ss

e 
au

 c
en

tr
e 

du
 tu

ya
u 

no
té

e 
U

0:

∂ ∂
ε

∂ ∂
ρ

π
α

∂ ∂η
η

U t
U

x
U

dp dx
R

u
0

2
0

0
2

2

2 2
0

2
2

+
=

−
+

 
 

=

.

C
e

 s
o

n
t 
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s 
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o
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 d

e
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s 
é

q
u

a
tio

n
s 

q
u

i r
e

p
ré
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n

te
n

t 
la

 m
o

d
é
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a

tio
n

 d
u
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id
e

. 
M

a
is

 il
 f

a
u

t
e

n
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 f

e
rm

e
r 

ce
 s

ys
tè

m
e

. 
U

n
e

 d
e

s 
o

ri
g

in
a

lit
é

s 
d

e
 n

o
tr

e
 a

p
p

ro
ch

e
 e

st
 d

'a
vo

ir
 d

é
co

u
p

é
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e
n

d
e

u
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q
u

a
tio

n
 i

n
té

g
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a
n
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u

a
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n
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e
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u
a
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 d
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o
u
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m
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n
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 E

n
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e

t 
le

s
pr
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en
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ut

eu
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 n
e 
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rd

ai
en

t q
u'

un
e 

éq
ua

tio
n 

po
rt

an
t s

ur
 le

 fl
ux

 (
H

or
st

en
 &

 a
l 8

9,
 Z

ag
zo

ul
e

e
t 

a
l 9

1
 Z

a
g

zo
u

le
 e
t 

a
l 8

6
).

 N
o

u
s,

 n
o

u
s 

e
n

 a
vo

n
s 

u
n

e
 s

u
r 

la
 v

ite
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e
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u
 c

e
n
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e

 e
t 

l'a
u
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e
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u

r 
le
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 d
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A
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 c
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r 
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p
e
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n
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n
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 d
e
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o

m
e
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n
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e
u

t 
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u

d
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ve

c 
le

s 
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m
en

si
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 le

 p
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e 
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∂ ∂

ρ
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∂ ∂
∂ ∂

u t
dp dx

u r
r
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−
+
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)
2

2

1
,
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 c
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e 
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t s
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l e
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ex
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i c
p
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∂
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1
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 d
e 

W
om
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 d
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i
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p c
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−
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− −−
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/
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1 1

0
3

2

0
3

2

2

1
4

1
3

4

0
3

4

O
n 

éc
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=
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 p
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te
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 d

e 
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i d

e 
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i:

 p
=

kh
 e
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J
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/
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0
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 c
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 c
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S
on

 tr
ac

é 
(p

ar
tie

 r
ée

lle
 e

t p
ar

tie
 im

ag
in

ai
re

) 
ai

ns
i q

ue
 la

 v
al

eu
r 

lim
ite

 1
/

√2
 e

n 
fo

nc
tio

n 
de

 α 
so
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pr
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en
té

s 
su

r 
le

 g
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e 

su
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an
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2
4

6
8

1
0

1
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1
4

0
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.
2
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.
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0
.
4

0
.
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0
.
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0
.
7 pa
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ai
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 d
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 e
n 
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n 
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α
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e 

c(
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k ρ )1
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0

6
5

3
8

 +
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.0
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9
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8
0

7
 i)

C
'e
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 c

e
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e
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o
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n
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a
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b
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 d

a
n

s 
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 c
a

d
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 l
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é
a

ir
e
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u

i 
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o

u
s 

se
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o
u

r 
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n
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ru
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e
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e
s

fe
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et
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 e
t 

tu
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i q
u

a
n

ti.

O
n

 t
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u
e
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u

e
s 

p
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p
o

u
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=

6
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e
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p
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0
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h
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u
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g
a

u
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1
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h
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u
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d
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it)
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=
(.

1
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=
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0
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.
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.
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.
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0
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.
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O
u,

 s
i o

n 
pr

éf
èr

e,
 s

ur
 u

ne
 d

em
i p

ér
io

de
 o

n 
a 

re
po

rt
é 

to
ut

es
 le

s 
vi

te
ss

es
:

0
.
2

0
.
4

0
.
6

0
.
8

1

-
1

-
0
.
50

0
.
51

3
-5

 f
e

rm
e

tu
re

 d
u

 s
ys

tè
m

e
 i

n
té

g
ra

l.

C
om

m
e 

en
 a

ér
od

yn
am

iq
ue

, l
e 

sy
st

èm
e 

d'
éq

ua
tio

ns
 g

lo
ba

le
s:

∂ ∂
ε

∂ ∂
ε

∂ ∂
ε

∂ ∂
h t

U
h x

h
U x

h
q x

+
+

+
−

+
=

2
0

2
0

2

1
2

1
2

1
0

/
,

∂ ∂
ε

∂ ∂
∂ ∂

π
α

∂ ∂η
α

∂ ∂η
η

η

q t
x

q
U

x
q

u
u

+
−

=
−

+
 

 
=

=
2

2
0

2
1

2

2 2
0

2
2

2
(

)
,

∂ ∂
ε

∂ ∂
ρ

π
α

∂ ∂η
η

U t
U

x
U

dp dx
R

u
0

2
0

0
2

2

2 2
0

2
2

+
=

−
+

 
 

=

.

n
'e

st
 p

a
s 

u
n

 s
ys

tè
m

e
 f

e
rm

é
. 

P
o

u
r 

ré
so

u
d

re
 c

e
tt

e
 d

iff
ic

u
lté

, 
u

n
e

 m
é

th
o

d
e

 o
ri

g
in

a
le

, 
d

u
e

 à
P

oh
lh

au
se

n 
(S

ch
lic

ht
in

g 
(1

98
7)

) 
co

ns
is

te
 à

 s
e 

do
nn

er
 u

n 
ch

am
p 

de
s 

vi
te

ss
es

 a
pp

ro
xi

m
at

if.
 C

e
d

e
rn

ie
r 

re
sp

e
ct

e
 l

e
s 

co
n

d
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o
n

s 
a

u
x 
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ite

s 
d

'a
d

h
é

re
n
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 e

t 
a

p
p

ro
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e
 a

u
 m
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u

x 
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s 
p
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pé
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en
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N
o

u
s 

g
a

rd
o

n
s 
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i 

l'e
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t 

d
e

 l
a

 m
é

th
o

d
e
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a
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u

s 
l'a

d
a

p
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n
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a
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 c
a
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a
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n
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ir
e
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D

a
n

s 
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re
ch

e
rc

h
e

 d
'u

n
 p
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fil
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e
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in

e
n
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u

s 
so

m
m

e
s 

g
u
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é
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p

a
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l'é
tu

d
e

 d
u

  
p

ro
b
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m

e
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n
é

a
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p
o

u
r
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qu
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 n
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s 
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on

s 
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 s

ol
ut

io
n 

an
al

yt
iq

ue
 d

e 
W

om
er
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ey
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ite
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n 
fo

rm
ul

at
io

n 
co

m
pl

ex
e

(W
om

er
sl

ey
 (

19
55
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 s

ou
s 
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o
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U
F

x
t

iG
x

t
j
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W

om
er

sl
ey

r
i

=
+

+
(
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)
(

,
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(
(

)
(
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αη

αη
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n 

a 
sé

pa
ré
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 d

ép
en

da
nc

e 
en

 x
 e

t t
 d

e 
la

 d
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en
da
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 le
 r
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on
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t 
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R
.
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(
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)
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(

(
))

/
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)
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x
t

iG
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t
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J
i

ei
t
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+

=
−

−
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α

ω
1

1
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(
(

)
(
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(
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)
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)

)
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J
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=

− −

1 1
1

0
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 d
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e 
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 d
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 c
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tr
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 d
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n
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ê
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 d
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n

d
a

n
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ra
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al
e η

. C
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ne
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an
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re
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 c

'e
st
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od
e 
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en
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l q

ui
im

p
o

se
 l

a
 s

tr
u
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u

re
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a
d
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 d
e
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'é

co
u

le
m

e
n

t.
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e
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rd
in

e
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a
va
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a

n
ti 
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9

9
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 p
ro

p
o

se
n

t 
u

n
e

dé
co

m
po

si
tio

n 
su

r 
de

s 
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of
ils

 d
e 

vi
te

ss
e 

qu
i n

e 
so

nt
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 p

hy
si

qu
es

 s
au

f d
an

s 
le

 c
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se
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lle
.
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se
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 d
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s 
fo
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ci
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m
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t s
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se
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lle
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 d
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 d
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o
u
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 u
 =

 1
/2

 (
 [

(F
+

iG
) 

(j r+
i j

i)
]+

 [
(F

+
iG

) 
(j

r+
i j

i)
]*

) 
=

 (
F

 j
r 
- 

G
 j i

).
o

ù
 F

(x
,t

) 
e

t 
G

(x
,t

) 
so

n
t 

d
e

u
x 

fo
n

ct
io

n
s 

in
co

n
n

u
e

s 
d

é
cr

iv
a

n
t 

l'é
vo

lu
tio

n
 s

p
a

tio
-t

e
m

p
o

re
lle

 d
u

po
ul

s.
 O

n 
vé

rif
ie

 q
ue

 la
 fo

nc
tio

n 
F

(x
,t)

 c
or

re
sp

on
d 

à 
la

 v
ite

ss
e 

au
ce

nt
re

 d
e 

l'a
rt

èr
e 

U
0(

x,
t)

 (
qu

i
jo

ue
 le

 r
ôl

e 
de

 la
 v

ite
ss

e 
ex

té
ri

eu
re

 e
n 

aé
ro

dy
na

m
iq

ue
) 

et
 q

ue
 la

 f
on

ct
io

n 
G

(x
,t

) 
s'

ex
pr

im
e 

en
fo

nc
tio

n 
du

 d
éf

au
t d

e 
flu

x 
q 

et
 d

e 
la

 v
ite

ss
e 

au
 c

en
tr

e 
ap

rè
s 

in
té

gr
at

io
n:

G
x

t
q

R
U

U
j

d

j
d

r

i

(
,

)
/

=
−

+
∫

∫

2
0

0
01

01

2

2

η
η

η
η

À
 l

'a
id

e
 d

u
 l

o
g

ic
ie

l 
M

a
th

e
m

a
tic

a
™

 o
n

 c
a

lc
u

le
 l

a
 f

o
n

ct
io

n
 q

2 
le

 c
is

a
ill

e
m

e
n

t 
p

a
ri

é
ta

l τ 
e

t 
le

ci
sa

ill
em

en
t 

au
 c

en
tr

e τ 0
 e

n 
fo

nc
tio

n 
de

 F
 e

t G
 e

t d
es

 in
té

gr
al

es
 e

t d
es

 d
ér

iv
ée

s 
de

s 
j

i e
t d

es
 j r.

P
u

is
 e

n
 f

o
n

ct
io

n
 d

e
 l

a
 v

ite
ss

e
 a

u
 c

e
n

tr
e

 U
0 

d
e

 l
'a

rt
è

re
 e

t 
d

e
 l

a
 f

o
n

ct
io

n
 q

 o
n

 t
ro

u
ve

 d
e

s
ex

pr
es

si
on

s 
de

 la
 fo

rm
e 

su
iv

an
te

:

q
q R

qU
R

U
qq

qu
uu

2

2 2
0

2
02

=
+

+
γ

γ
γ

(
)

−
+

=
=

+
=

=

∂ ∂η
∂ ∂η

τ
τ

τ
η

η

u
u

q R
U

q
u

1

2 2
0

2
0
   

∂ ∂η
τ

τ
τ

η

2 2
0

0
0

2
0

0
u

q R
U

q
u

=

=
=

+
.

3
-6

 C
a

lc
u

l 
d

e
s 

co
e

ff
ic

ie
n

ts
 d

e
 f

e
rm

e
tu

re
 d

u
 s

ys
tè

m
e

 i
n

té
g

ra
l.

3-
6.

1 
ob

te
nt

io
n

L
e

s 
co

e
ff

ic
ie

n
ts

 (
(γ q

q 
, γ

q
u 

, γ
u

u)
, 

(τ
q,

 τ
u)

  
(τ

0
q,

 τ
0

u)
) 

so
n

t 
d

e
s 

fo
n

ct
io

n
s 

d
e

 
α 

q
u

i s
'e

xp
ri

m
e

n
t

pa
r 

de
s 

co
m

bi
na

is
on

s 
d'

in
té

gr
al

es
 e

t d
e 

dé
riv

ée
s 

de
s 

fo
nc

tio
ns

  j
i e

t  
j r.

.

on
 o

bt
ie

nt
 d

es
 r

el
at

io
ns

 a
ss

ez
 lo

ur
de

s 
du

 ty
pe

:

γ uu
i

i
r

i
i

r
i

r
i

i
r

r
i

i
r

i
j

j
j

j
j

j
j

j
j

j
j

j
j

j
j

j
=

−
−

−
+

+
−

∫
∫

∫
∫

∫
∫

∫
∫

∫
∫

∫
∫

∫
∫

1
2

2
2

2
2

2
2

2
2

2
/(

)
(

)/
(

)/
(

)
(

)/
(

(
)

)/
(

)

τ
∂

∂
∂

η
η

η
η

η
η

0
2

0

2

0

2

0
u

r
i

i
i

r
i

j
j

j
j

j
j

=
+

−
=

=
=

∫
∫

∫
/

(
)/

 e
tc

..
.

O
n

 t
ro

u
ve

, 
re

sp
e

ct
iv

e
m

e
n

t,
 p

o
u

r 
α 

p
e

tit
 (

é
co

u
le

m
e

n
t 

tr
è

s 
vi

sq
u

e
u

x:
 p

ro
fil

 d
e

 P
o

is
e

u
ill

e
 d

a
n

s

ch
a

q
u

e
 t

ra
n

ch
e

) 
e

t 
p

o
u

r α 
g

ra
n

d
 (

é
co

u
le

m
e

n
t 

d
e

 f
lu

id
e

 p
a

rf
a

it 
a

u
 c

e
n

tr
e

 à
 la

 v
ite

ss
e

 U
0 

u
n

e

co
u

ch
e

 l
im

ite
 d

'é
p

a
is

se
u

r 
1

/
α 

p
rè

s 
d

e
 la

 p
a

ro
i)

 le
s 

va
le

u
rs

 d
e

 (
(

γ q
q 

, γ
q

u 
, γ

u
u)

, 
(τ

q,
 τ

u)
  

(τ
0

q,

τ 0
u)

) 
so

nt
:

((
-6

/5
,1

1
/5

,-
2

/1
5

),
(2

4
,-

1
2

),
(-

1
2

,4
))

, 
 

re
sp

  
((

,
,

),
(

,
),

(
,

))
−

−
−

α
α

α
α

4
2

2
2

2
2

2
0

0
2

.

C
e

 c
o

m
p

o
rt

e
m

e
n

t 
a

sy
m

p
to

tiq
u

e
 e

st
 c

e
lu

i q
u

e
 l'

o
n

 r
e

tr
o

u
ve

 e
ff

e
ct

iv
e

m
e

n
t 

si
 o

n
 f

a
it 

le
 c

a
lc

u
l

an
al

yt
iq

ue
 à

 la
 m

ai
n.

3-
6.

2 
tr

ac
é

T
ac

é 
de

 τ q
(α

) 
(p

oi
nt

s)
 e

t τ u
(α

) 
(li

gn
e)

   
   

   
T

ac
é 

de
 τ 0
q(

α)
 (

po
in

ts
) 

et
 τ 0

u(
α)

 (
lig

ne
).

(F
ro

m
 o

u
t 

o
f 

th
e 

b
lu

e…
)

5
P

ag
e 



tu
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u
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tr
ac

é 
de

s 
ga

m
m

a 
in

di
ce

 q
q,

uu
...

 d
e 

ha
ut

 e
n 

ba
s 

(e
n 

pa
rt

an
t d

e 
la

 g
au

ch
e)

 o
n 

a:
  

γ q
u,

γ u
u,

 γ q
q

2
4

6
8

1
0

1
2

1
4

-
2

-
1
.
5

-
1

-
0
.
5

0
.
5

C
e

s 
va

le
u

rs
 s

o
n

t 
ta

b
u

lé
e

s 
p

o
u

r 
le

s 
va

le
u

rs
 e

n
tiè

re
s 

d
e

 
α 

d
a

n
s 

le
 c

o
d

e
 e

t 
in

te
rp

o
lé

e
s 

p
o

u
r 

le
s

au
tr

es
 v

al
eu

rs
.

3-
6.

3 
re

m
ar

qu
es

->
 P

ou
r 

m
ém

oi
re

, 
il 

es
t 

re
m

ar
qu

ab
le

 d
e 

co
ns

ta
te

r 
qu

e 
ce

s 
co

ef
fic

ie
nt

s 
va

ri
en

t 
pe

u 
po

ur
 

α<
 5

,

to
u

te
 la

 d
é

p
e

n
d

a
n

ce
 e

n
 

α 
e

st
 d

a
n

s 
le

 c
o

e
ff

ic
ie

n
t 

2π/
α2

 e
n

 f
a

ct
e

u
r 

d
e

s 
te

rm
e

s 
vi

sq
u

e
u

x.
 C

e
tt

e
fa

ib
le

 v
a

ri
a

tio
n

 ju
st

ifi
e

 a
 p

o
st

e
ri

o
ri 

 q
u

e
 le

s 
a

p
p

ro
xi

m
a

tio
n

s 
a

ve
c 

u
n

e
 s

e
u

le
 é

q
u

a
tio

n
 p

o
u

r 
la

q
u

a
n

tit
é

 d
e

 m
o

u
ve

m
e

n
t 

 e
t 

u
n

e
 f

e
rm

e
tu

re
 d

e
 t

yp
e

 P
o

is
e

u
ill

e
, 

q
u

i s
o

n
t 

tr
è

s 
so

u
ve

n
t 

u
til

is
é

e
s,

so
ie

nt
 a

us
si

 e
ffi

ca
ce

s.
S

ur
 la

 c
ou

rb
e 

ci
 d

es
so

us
 o

n 
tr

ac
e 

la
 p

ar
tie

 r
ée

lle
 e

t l
a 

pa
rt

ie
 im

ag
in

ai
re

 d
e 

c 
is

su
e 

de
 la

 s
ol

ut
io

n
de

 W
om

er
sl

ey
 (

c=
 (

1-
F

(a
))1/
2  

en
 tr

ai
ts

 p
le

in
s.

 O
n 

tr
ac

e 
au

ss
i e

n 
tr

ai
ts

 p
oi

nt
ill

és
 la

 s
ol

ut
io

n 
c 

de
l'é

q
u

a
tio

n
 d

e
 d

is
p

e
rs

io
n

, 
o

b
te

n
u

e
 p

o
u

r 
n

o
tr

e
 s

ys
tè

m
e

 i
n

té
g

ra
l 

e
t 

ca
lc

u
lé

e
 e

n
 s

u
p

p
o

sa
n

t 
le

s
co

ef
fic

ie
nt

s 
de

 fr
ot

te
m

en
t τ 
co

ns
ta

nt
s 

et
 é

ga
ux

 à
 le

ur
 v

al
eu

r 
en
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.

R
e(

c)
 e

t I
m

(c
) 

en
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nc
tio

n 
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α

c

2
4

6
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1
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1
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1
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.
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0
.
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0
.
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0
.
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0
.
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0
.
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α

O
n 

no
te

 q
ue

 l'
ac

co
rd

 e
st
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 ju
sq

ue
 v

er
s 

α=
4.

->
C

el
a 

pe
rm

et
 d

e 
co

m
pr

en
dr

e 
la

 g
ra

nd
e 

ro
bu

st
es

se
 q

ue
 l'

on
 p

eu
 o
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er

ve
r 

su
r 

no
s 

ré
so

lu
tio

ns
:

en
 e

ffe
t 

si
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n 
m
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nt
ré

e 
en

 m
et
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nt

 s
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πϖ
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 p

ou
r α

 d
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né
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au
 li

eu
 d

e 
si

n(
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 a
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c ϖ
di

ffé
re

nt
 d

e 
1,
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n 

re
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ou
ve
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si
m

en
t l

es
 m

êm
es

 r
és

ul
ta

ts
 n

um
ér

iq
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s 
qu

e 
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ur
 u

ne
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ré

e 
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ec
si

n(
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) 

et
 u

n 
no

m
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e 
de

 W
om

er
sl

ey
 é

ga
l à

 
α√

ϖ
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r 
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pr
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e,
 p
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ns
 p
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xe
m
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e:
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u
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o
u

p
le
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2
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2
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+
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+
(
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)
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)
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ce
tte

 é
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at
io

n 
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ar
ia

nt
e 

pa
r 

la
 tr

an
sf

or
m

at
io

n 
t-

>
t/

ϖ
, x

->
x/

ϖ
, 1

/α
2  

->
1/

(α
√ϖ

)2
 s

i

ef
fe

ct
iv

em
en

t τ 0
u 

et
 τ 0

q 
ne

 d
ép

en
de

nt
 p

as
 d

e α.
..

->
 L

a 
m

ét
ho

de
 "

st
an

da
rd

" 
au

ra
i é

té
 d

e 
po

se
r:

Q
 =

 ∫ 0R  2
 u

 r
 d

r,
  

 Q
2=

 2
 ∫ 0R ru

2 d
r 

  i
e

  Q
=

U
0R

2 -
q

2 
R

∂ ∂t
R

 +
  

∂ ∂x
(Q

) 
=

 0
, e

t  
 ∂ ∂t

Q
 +

  
∂ ∂x

 Q
2 

+
 =

  
-(

 ∂ ∂x
 p

)R
2  

+
 1 R

 (
 ν

 2
 R

 (
 ∂ ∂r

 u
) r=

R
),

et
 d

e 
"f

er
m

er
" 

av
ec

 P
oi

se
ui

lle
 e

n 
re

lia
nt

  (
 

∂ ∂r
 u

) r=
R
 e

t Q
 p

ui
s 

Q 2
 e

t Q
. e

tc
.

4-
 D

es
cr

ip
tio

n 
du

 M
od

èl
e 

de
 l

a 
pa

ro
i.

S
on

 c
om

po
rt

em
en

t a
 d

éj
à 

ét
é 

an
tic

ip
é 

da
ns

 le
s 

pa
ra

gr
ap

he
s 

pr
éc

éd
en

ts
 o

ù 
le

 c
ar

ac
tè

re
 li

né
ai

re
 a

ét
é 

su
pp

os
é 

po
ur

 é
va

lu
er

 le
s 

or
dr

es
 d

e 
gr

an
de

ur
 e

t t
ro

uv
er

 la
 s

ol
ut

io
n 

de
 W

om
er

sl
ey

. N
ou

s
re

ve
no

ns
 s

ur
 c

et
te

 h
yp

ot
hè

se
 m

ai
nt

en
an

t.

À
 l'

in
ve

rs
e 

de
 l'

hy
dr

od
yn

am
iq

ue
 o

ù 
le

s 
lo

is
 d

e 
co

m
po

rt
em

en
t s

on
t b

ie
n 

dé
fin

ie
s,

 la
 d

yn
am

iq
ue

de
 la

 p
ar

oi
 a

rt
ér

ie
lle

, c
on

st
itu

ée
 d

e 
pl

us
ie

ur
s 

co
uc

he
s,

 e
st

 p
ar

tic
ul

iè
re

m
en

t d
él

ic
at

e 
à 

m
od

él
is

er
,

ce
tt

e
 é

tu
d

e
 n

'e
st

 p
a

s 
le

 b
u

t 
d

e
 n

o
tr

e
 t

ra
va

il.
 T

ro
is

 c
a

ra
ct

é
ri

st
iq

u
e

s 
se

m
b

le
n

t 
to

u
te

fo
is

pr
ép

on
dé

ra
nt

es
:

a)
 L

es
 p

ro
pr

ié
té

s 
gé

om
ét

riq
ue

s 
et

 d
yn

am
iq

ue
s 

de
s 

va
is

se
au

x 
va

rie
nt

 e
n 

fo
nc

tio
n 

de
 la

 d
is

ta
nc

e,
c'

es
t l

a 
co

ni
ci

té
;

b
) 

le
s 

a
rt

è
re

s 
so

n
t 

 m
é

ca
n

iq
u

e
m

e
n

t 
lié

e
s 

a
u

x 
tis

su
s 

e
n

vi
ro

n
n

a
n

ts
 c

e
 q

u
i 

se
m

b
le

 e
m

p
ê

ch
e

r
fo

rt
em

en
t l

es
 m

ou
ve

m
en

ts
 lo

ng
itu

di
na

ux
 d

e 
la

 p
ar

oi
;

c)
 L

es
 p

ro
pr

ié
té

s 
él

as
tiq

ue
s 

du
 v

ai
ss

ea
u 

dé
pe

nd
en

t d
es

 p
ro

pr
ié

té
s 

 m
éc

an
iq

ue
s 

in
di

vi
du

el
le

s 
de

se
s 

co
m

p
o

sa
n

ts
 (

co
lla

g
è

n
e

, 
 é

la
st

in
e
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re
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m
u

sc
u

la
ir

e
s)

. 
G

lo
b

a
le

m
e

n
t 

il 
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u
t 

p
re

n
d
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n
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m
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e 
de
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 e

ffe
ts
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l'a

m
or

tis
se

m
en

t 
st
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el

 e
t 

le
 c

om
po

rt
em

en
t 

de
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e 

m
at

ér
ia

u 
él

as
tiq

ue
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n-
lin

éa
ire

 d
e 
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 p
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oi
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rt

èr
ie
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.

P
a

r 
a

ill
e

u
rs

, 
o

n
 p

e
u
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 d

a
n

s 
l'a

p
p

ro
xi

m
a

tio
n

 d
e
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ra

n
d

e
s 

o
n

d
e

s 
q

u
e
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o

n
 a

d
o

p
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n
é

g
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e
r 
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te
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e

 d
e
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e

n
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o
n
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n

g
itu

d
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a
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 la

q
u

e
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o

n
t 
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u

m
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e
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s 

a
rt

è
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s
 in

-v
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o
u

r 
d

e
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ra
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o
n

s
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al
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l'i
ne
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ie

 d
e 
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om
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es
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eu
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 c
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e 
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p
e

n
d

a
n

t 
d

e
 d

é
g

a
g

e
r 

d
e

s 
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tio

n
s 
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u
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rm
e

 d
e
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o
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o

n
s 

P
a

q
u

e
ro

t 
&

 R
e

m
o

is
se

n
e

t 
9

4
 e

t
Y

o
m

o
sa
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7

).
  

U
n

e
 lo

i p
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é
n

o
m

é
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o
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g
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u
e
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u

i c
o

n
tie

n
t 
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s 

d
iv

e
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g
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d

ie
n

ts
 e

st
 la
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u

iv
a

n
te

(é
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ite
 s
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s 

fo
rm

e 
ad

im
en

si
on

ne
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p
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h
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=
+

+
(

)
1

3
4

ε
ε

∂ ∂
.

Le
 c

od
e 
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m

ér
iq

ue
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st
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 d
e 

m
an
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ou
vo

ir 
m

od
ifi

er
 fa

ci
le

m
en

t c
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 lo
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q(
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x,

t)

h 
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x

R
0

h
R

0
ε 2

ε 1
λ

=

u

u0

q
O

n 
ci

te
ra

 K
ui

ke
n 

84
 q

ui
 ti

en
t c

om
pt

e 
de

 l'
in

er
tie

 d
e 

la
 v

is
co

él
as

tic
ité

 d
e 

la
 te

ns
io

n 
ax

ia
le

 e
t d

e
l'o

rt
ho

tr
op

ie
 d

e 
la

 p
ar

oi
 (

de
 m

êm
e 

M
a 

&
 a

l. 
92

 a
ve

c 
en

 p
lu

s 
le

 fr
ot

te
m

en
t p

ar
ié

ta
l).

 H
or

st
en

 &
al

. 8
9 

qu
i t

ie
nn

en
t c

om
pt

e 
de

 la
 v

is
co

él
as

tic
ité

.

5-
 R

és
ol

ut
io

n 
nu

m
ér

iq
ue

 d
u 

pr
ob

lè
m

e 
de

 p
ro

pa
ga

tio
n.

5-
1 

R
és

ol
ut

io
n 

nu
m

ér
iq

ue
 d

an
s 

le
 c

as
 d

e 
la

 m
ét

ho
de

 i
nt

ég
ra

le
:

E
n 

ré
su

m
é,

 n
ou

s 
ré

so
lv

on
s:

∂ ∂
ε

∂ ∂
ε

∂ ∂
ε

∂ ∂
h t

U
h x

h
U x

h
q x

+
+

+
−

+
=

2
0

2
0

2

1
2

1
2

1
0

/
,

∂ ∂
ε

∂ ∂
ρ

α
τ

τ
U t

U
x

U
dp dx

R
q R

U
q

u
0

2
0

0
2

2
0

2
0

0

2
+

=
−

+
+

(
)2

π,

∂ ∂
ε

∂ ∂
∂ ∂

α
τ

τ
q t

x
q

U
x

q
q R

U
q

u
+

−
=

−
+

2
2

0
2

2
0

2
(

)
(

)2
π,

p
kh

h
h t

=
+

+
(

)
1

3
4

ε
ε

∂ ∂
.

av
ec

 q 2
 =

 γ u
u 

U
02 R

2  
+

 γ q
u 

U
0 

q 
+

 γ q
q 

q2
/R

2

O
n 

do
it 

do
nc

 r
és

ou
dr

e 
un

 p
ro

bl
èm

e 
de

 ty
pe

:
∂ ∂

ϕ
∂ ∂

σ
f t

F x
=

+

di
sc

ré
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é 
(a

u 
te

m
ps

 n∆t
 a

u 
po

in
t d

'e
sp

ac
e 

i
∆x

) 
pa

r 
un

 s
ch

ém
a 

de
 ty

pe
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sa
ut

e 
m

ou
to

n"
 a

ve
c

te
rm

e 
so

ur
ce

 a
u 

te
m

ps
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n-
1)

 d
u 

se
co
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 o

rd
re

 e
n 

∆t
 e

t ∆
x.

f
f

t
F

F x
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in
in

in
in
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+

−
+

−
−

=
+

−
+

1
1

1
1

1
∆

∆
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)
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σ
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n 

se
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m
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 A
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m
s 

B
as
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 d

eu
x 
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m
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a 
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é 

ut
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:

f
f

t
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in
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−
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−−
−

=
+

−
+

−
−

+
1

1
1

1
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1

3
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1
2

∆
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∆
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/
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=
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n∆
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 s
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t 
im

po
sé

s 
(p

 e
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 d
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u 0

 e
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 s
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s 

au
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∆t
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u
u

t
p x

q
q

t
n

n
in

u
in

n
n

in
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1
0

1
0

1
0

0
1

0
2

02
+

−
+

−
=

+
+

+
=

+
∆

∆ ∆
∆

(
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(
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τ
τ

- 
on

 p
eu

t e
xt

ra
ire

 u
ne

 p
se

ud
o 

fo
rm

e 
ca

ra
ct

ér
is

tiq
ue

 e
n 

so
rt

ie
 e

n 
re

m
pl

aç
an

t d
/d

x 
pa

r 
(k

r+
ik

i) 
où

k 
es

t l
e 

no
m

br
e 

d'
on

de
 a

ss
oc

ié
 a

u 
fo

nd
am

en
ta

l d
u 

si
gn

al
 d

'e
nt

ré
e.

lim
ite

 d
e 

st
ab

ili
té

: C
as

 A
da

m
s 

B
as

hf
or

d 
(li

né
ai

re
),

 c
'e

st
 la

 c
on

di
tio

n 
de

 C
F

L
d

t<
=

.0
0

6
 p

o
u

r 
d

x=
.0

1
2

5
d

t=
.0

1
0

  
 p

o
u

r 
 d

x=
.0

2
d

t<
=

.0
2

7
 p

o
u

r 
d

x=
.0

5

5
-2

 R
é

so
lu

tio
n

 p
a

r 
d

iff
é

re
n

ce
s 

fin
ie

s:
5-

2.
1 

éq
ua

tio
ns

N
ou

s 
ré

so
lv

on
s 

m
ai

nt
en

an
t l

e 
sy

st
èm

e 
co

m
pl

et
:

R
R

x
h

x
t

=
+

0
(

)
(

,
);

∂ ∂
η

∂ ∂
∂ ∂η

∂ ∂η
∂ ∂

η
∂ ∂

∂ ∂η
∂

ρ
∂

ν η
∂ ∂η

η
∂ ∂η

u t
R

h t
u

v R
u

u
u x

R
h x

u
p x

R
u

−
 

 
+

+
−

 
 

=
−

+
(

)
/

(
)

2
;

∂
η ∂η

η
∂ ∂

η
∂ ∂

∂ ∂η
(

)
(

)
v

R
u x

R
R x

u
=

−
+

v
x

R t
(

,
)

η
∂ ∂

=
=

1

p
K

R
R

x
/

(
(

))
ρ

=
−

0
;

5-
2.

2 
S

ch
ém
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N

o
u

s 
ré

so
lv

o
n

s 
d

'a
b

o
rd

 l
a

 v
ite

ss
e

 l
o

n
g

itu
d

in
a

le
 p

a
r 

u
n

 s
ch

é
m

a
 d

u
 p

re
m

ie
r 

o
rd

re
 e

n
 t

e
m

p
s,

a
ve

c 
ité

ra
tio

n
 s

u
r 

u
n

 i
n

d
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e
 i

n
te

rn
e

 d
e

 m
a

n
iè

re
 à

 b
ie

n
 p

re
n

d
re

 e
n

 c
o

m
p

te
 l

e
s 

te
rm

e
s 

n
o

n
lin

éa
ire

s:

−
+

=
− 

 
+

+
−

 
 

−
−

−
+

+
u

t
R

u
R

R t
u

v R
u

u
u x

R
R x

u
p x

u
t

iN

N

N

i

iN

iN

iN
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1

2

1

∆
∆ ∆

∆ ∆
∆ ∆

∆ ∆
∆ ∆

∆ ∆
∆ ∆

∆
ν

η
∂ ∂η

η
∂ ∂η

η
η

η
η

η
ρ

(
)

(
)

(
)

(
/

)

O
n 

a 
bi

en
 e

nt
en

du
 uN
=

0 =
un

, e
t à

 c
on

ve
rg

en
ce

 un+
1 =

uN
+

1 .
L

a
 d

é
ri

vé
e

 s
e

co
n

d
e

 e
st

 i
m

p
lic

ité
e

 e
t 

ce
n

tr
é

e
 e

n
 y

, 
le

s 
te

rm
e

s 
n

o
n

 l
in

é
a

ir
e

s 
e

t 
d

e
 g

ra
d

ie
n

t 
d

e
pr

es
si

on
 s

on
t m

is
 e

n 
te

rm
e 

so
ur

ce
 e

xp
lic

ite
, 

∆/
∆x

 r
ep

ré
se

nt
e 

un
e 

di
ffé

re
nc

e 
ce

nt
ré

e 
(i+

1)
-(

i-1
);

∆/
∆η

 r
ep

ré
se

nt
e 

un
e 

di
ffé

re
nc

e 
ce

nt
ré

e 
(j+

1)
-(

j-1
);

 
∆R

/∆
t e

st
 l'

ac
cr

oi
ss

em
en

t à
 l'

ét
ap

e 
N

; u
-  

e
st

la
 m

oy
en

ne
 d

e 
u 

su
r 

le
s 

de
ux

 p
oi

nt
s 

i+
1 

et
 i-

1.

P
ui

s 
on

 o
bt

ie
nt

 la
 v

ite
ss

e 
tr

an
sv

er
se

 p
ar

 in
té

gr
at

io
n 

pa
r 

sc
hé

m
a 

d'
E

ul
er

 d
e:

∂
η ∂η

η
η

η
(

)
(

)
v

R
u

x
R

R x
u

N
N

N
N

N
+

+
+

=
−

+
1

1
1

∆ ∆
∆ ∆

∆ ∆
,

d'
où

 l'
ac

cr
oi

ss
em

en
t d

e 
ra

yo
n,

 e
t l

a 
no

uv
el

le
 p

re
ss

io
n:

∂
∂

η
R

t
v

x
N

N
+

+
=

=
1

1
1

(
,

),
  

R
R

R
t

N
n

N
+

+
=

+
1

1
(

/
)

∂
∂

   
 (

/
)

(
(

))
p

K
R

R
x

N
N

ρ
+

+
=

−
1

1
0

;

L'
ité
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tio

n 
se

 p
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t j
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qu
'à

 c
e 

qu
e 

la
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ar
ia

tio
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du
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, d
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is
ée

 p
ar

 l'
am
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e

so
it 
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fé

rie
ur

e 
à 

51
0-5
 p

ou
r 

to
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s 

po
in

ts
.

C
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m
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(F
ro

m
 o

u
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o
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e 
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->
 h

 (
do

nc
 p

) 
do

nn
é 

au
x 

bo
rn

es
.

->
 e

xt
ra

po
la

tio
n 

lin
éa

ire
 d

e 
u 

et
 v

. p
ar

 e
xe

m
pl

e 
la

 n
ou

ve
lle

 v
al

eu
r 

de
 la

 v
ite

ss
e 

en
 0

, e
st

 o
bt

en
ue

à 
pa

rt
ir 

de
 la

 v
ite

ss
e 

en
 

∆x
 e

t 2
∆x

, v
al

eu
rs

 q
ui

 s
on

t e
lle

s 
ca

lc
ul

ée
s 

pa
r 

co
nv

ec
tio

n 
di

ffu
si

on
:

un
+

1 (
x=

0
,y

)=
2

*u
n

+
1 (

∆x
,y

)-
un

+
1 (

2
*∆

x,
y)

 id
e

m
  à
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 s

o
rt

ie
.

C
e

 s
ch

é
m

a
 n

e
 p

e
rm

e
t 

p
a

s 
d

e
 c

a
lc

u
le

r 
d

e
 c

h
o

cs
 (

o
sc

ill
a

tio
n

s)
, 

o
r 

ce
u

x 
ci

 a
rr

iv
e

n
t 

 l
o

rs
q

u
e

 l
a

lo
n

g
u

e
u

r 
d

u
 t

u
ya

u
 e

st
 c

o
m

p
a

ra
b

le
 à

 l
a

 l
o

n
g

u
e

u
r 

d
'o

n
d

e
 (

R
u

d
in

g
e

r 
7

0
, 

C
o

w
le

y 
8

2
).

 B
ie

n
en

te
nd

u,
 c

e 
ph

én
om

èn
e 

es
t t

rè
s 

pa
th

ol
og

iq
ue

, l
e 

fa
it 

de
 c

ap
te

r 
le

s 
ch

oc
s 

n'
es

t p
as

 u
ne

 p
rio

rit
é.

D
e

 m
ê

m
e

 l
e
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ite
m

e
n

t 
d

e
 c

o
n

d
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o
n

s 
d

e
 s

o
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ie
s 

n
'e

st
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a
s 

u
n

 p
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b
lè

m
e

 i
m

p
o
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a

n
t 

a
ve
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n

o
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e
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ue
 l'
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a 
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m
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n 
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t e
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ie
.
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s 
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s 

en
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nt
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té
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en

tr
ée
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n 
a 

vu
 q

ue
 c

'é
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it 
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e 
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e 
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ox
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io

n 
lo

rs
 d

u 
ch
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e
su

r 
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o

u
ch

e
 li

m
ite

 in
te

ra
ct

iv
e

).
 L

e
 c

e
n

tr
a

g
e
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st

 b
é

n
é

fiq
u

e
 a

u
x 
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s 

o
ù

 il
 y

 a
 d

e
s 
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u
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n
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 d
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re
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ur
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at
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xe
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 d
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lu
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ér
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é

so
lu

tio
n
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u

m
é
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q

u
e

 d
a

n
s 

le
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a
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d
e
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a

 m
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e
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ra
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a
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e
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 d
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 l'
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 c
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! c
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 D
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=
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dj
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r)
:

E
  =

   
∫   dx
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E

m
 h∗
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∫   dx
 (

E
c 

u*
) 

+
 ∫   dx

 (
E

q 
q*

),

pu
is

 o
n 

dé
fin

it 
un

 L
ag

ra
ng

ie
n:

L=
 ∫   dt

E
 +

 J

O
r,

 p
ou

r 
to

ut
e 
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tio
n 
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 s
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tè

m
e 

E
 e

st
 n
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 e

t l
e 

La
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 s

e 
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it 
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 c
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L
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),

q
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U
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α
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p

(α
,k
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+

J(α
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)
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 d
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r 
un

e 
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tio
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t d
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c 
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:

δJ
 =

 ∂ ∂h
L

 δ
h

 +
  ∂ ∂q

L 
δq
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∂
 

∂U
0L 
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L
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 d
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 d
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 ∂ ∂h
L

 δ
h

 +
  ∂ ∂q

L 
δq

  +
  

∂
 

∂U
0L 

δU
0 

=
 0

 p
ou

r 
to

ut
 δh

 δ
q 

δU
0.

do
nc

 le
 p

ro
bl

èm
e 

de
 r

ét
ro

pr
op

ag
at

io
n 

po
rt

an
t s

ur
 le

s 
va

ria
bl

es
 a

dj
oi

nt
es

 s
'é

cr
it:

 ∂ ∂h
L

 =
 0

, 
  ∂ ∂q

L 
=

 0
, 

 ∂
 

∂U
0L

 =
 0

.

C
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e 
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e 
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ns
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ue

r.
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u
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1.

R
ap

pe
l d

es
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qu
at

io
ns

:
Le

s 
éq

ua
tio
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 c

om
pl

èt
es

 s
on

t, 
av

ec
 R

=
R

0+
ε 2

h:
E

m
=

0

2
0

0
2

0
R

h t
x

R
U

∂ ∂
∂ ∂

+
(

)=
0

E
c=

0
∂ ∂

∂ ∂
π

α
τ

τ
U t

k
h x

R
q R

U
q

u
0

2
2

0
2

0
0

2
2

+
−

+
(

)=
0

,

E
q=

0
∂ ∂

π
α

τ
τ

q t
q R

U
q

u
+

+
2

2 2
2

0
(

)=
0

.

C
es

 é
qu

at
io

ns
 s

on
t n

ot
ée

s 
E

q 
E

c 
et

 E
m

 p
ou

r 
la

 s
ui

te
.

7
-3

.2
.c

ri
tè
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 m
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ur
e 

se
 fa

it 
au

 p
oi

nt
 x m
:

J
h

x
t

h
t

dt
m

m
=

−
∫(

(
,

)
(

))
2
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ai
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 d

e 
E

:

E
  =

   
∫   dx

 (
E

m
 h∗

)+
  

∫   dx
 (

E
c 

u*
) 

+
 ∫   dx

 (
E

q 
q*

).

O
n 

di
ffé

re
nc

ie
, 
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 a

 δE
, 

il 
fa

ut
 d
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c 
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lc

ul
er

 la
 d

iff
ér

en
tie

lle
 d

e 
ch

aq
ue
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qu

at
io

n.
 O

n 
se

 p
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en

 to
ut
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 p
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si

m
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:
R
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R
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ε 2
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 a

ve
c 
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en
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 R 0=
1 
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 c
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en
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r 
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 d
e 
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ci
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).
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 d
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 E
 e
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 d
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 l
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 d
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∂ ∂
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u
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+
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δE
 =

 ∫   dt
∫   dx

 (δ
E

m
 h

∗ )
+

 ∫   dt
∫   dx

 (δ
E

u 
u*

) 
+

∫   dt
∫   dx

 (δ
E

q 
q*

) 
+

∫   dt
∫   dx

 (δ
αE

u 
u*

) 
+

∫   dt
∫   dx

 (δ
αE

q 
q*

) 
+

∫   dt
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 (δ
kE

u 
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) 
.
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gr

at
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a 
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m
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 c
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e 
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'il
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y 
a 
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s 

d'
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ur
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n 
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0 
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 c
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e 
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t∂
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e 
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 s

on
 d

ua
l X
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ce
 q
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po
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 d
e 
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e 

to
ut
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 le

s 
va

rib
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s 
du
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es

 =
0 

en
 t=

1 
:

p
o

u
r 

to
u

t 
x:

 u*
(x

,t
=

1
)=

0
, 

h*
(x

,t
=

1
)=

0
, 

q*
(x

,t
=

1
)=

0
, 

p*
(x

,t
=

1
)=

0
.

D
an

s 
no

tr
e 
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s 
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 te

m
ps

 t=
0 
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u 
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m
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u 
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 d
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l l

e 
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m
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1 
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te
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 d
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s 
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s 
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 d
ém
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à 
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 d
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δE

 e
n 

se
s 

di
ffé

re
nt

es
 p

ar
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s:
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∫   dt

∫   dx
 (δ

E
m
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∗ )

 d
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dx
dt
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−

−
+

+
−

δ
∂ ∂

δ
∂ ∂

δ
∂ ∂

∂ ∂
δ

∂ ∂
δ

h
R
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U

R
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h
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x
h

x
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h
U

x
h

q
2

0
0

0
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0
2

0

*
*
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*

*
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)
(

)
[

]
[

]
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E
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) 
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e
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−
−

+
+

δ
∂ ∂
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∂ ∂

π
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τ
δ

τ
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∂ ∂
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U
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R

q
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u
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u
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0
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0
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0
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2

*
*

*
*

*
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)
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]
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E
q 
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 d
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ne dx
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−

+
+

δ
∂ ∂

π
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τ
δ

τ
δ

q
q t

q R
q

U
q
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u

*
*

*
(
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)

)
2

2 2
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0
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dx
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∫∫
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e
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δ

∂ ∂
k

h x
u*
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dt
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u 
u*

) 
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e
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R
q R

u
R

U
u

q
u

∫∫
−

−
δ

π
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τ
δ

π
α

τ
(

)
(

)
*

*
2

2
2

2
2

2
0

2
2

2
0

0
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dt
∫∫
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q 
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e
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q R
q

U
q

q
u

∫∫
+

δ
π

α
τ

δ
π

α
τ
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)
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)

*
*

2
2

2
2

2
2

2
0

.

**
(δ
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 d
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2δ
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h
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t
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m
m

(
(

,
)

(
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−
∫
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o
n

 r
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é
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e
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e

n
 f

a
is

a
n
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a
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u
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d
e
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e
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e
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s
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on
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e 
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!) 2

2 2

δ
δ

δ

δ
δ

h
h

x
t

h
t

dt
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h
x

t
h

t
x

x
dx

dt

h
h

x
t

h
t

dx
dt

m
m

m
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m
x

m

(
(

,
)

(
))

(
(

,
)

(
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)
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(

,
)

(
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−
=

−
−

=
−

∫
∫∫ ∫∫

ap
rè

s 
fa
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io
n 
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s δh

 δ
q 

e
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:
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δ
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δ

δ
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∂ ∂
π

α
τ

π
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τ

δ
∂ ∂

∂ ∂
π

α
τ

h
R

h t
k

u x
h

h

U
u t

R
x

h
R

u
q

q
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x
h

R
R

u

m
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u

q

m
(
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)

)

(
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)
(

))

(
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*
*

*
*

*
*

*
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−
−

+
−

+

+
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−
−

+
+

+
−
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−
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*
)
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(
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+
2

2
1

2
02

π
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τ q
R

q

+
∂ ∂

δ
δ

δ
δ

∂ ∂
x

R
h

U
h

q
k
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u

k
h x
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*
*

*
*

0
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0
−

+
+

+

+
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−
δ

π
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τ
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π
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τ
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*
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0
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τ
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τ
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)

*
*

2
2

2
2

2
2

2
0

q
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q R
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U
q

+
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 d
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L
(h

(α
,k
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q

(α
,k
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U

0(
α

,k
),

p
(α

,k
))

 =
 0

+
J(α

,k
)
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δJ
 =

 ∂ ∂h
L

 δ
h

 +
  ∂ ∂q

L 
δq

  +
  

∂
 

∂U
0L 

δU
0+

  
∂

 

∂α
L

 δ
α 

+
  ∂ ∂k

L
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k.
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e 
gr
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ie
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st
 d

on
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δ
∂ ∂α

δα
J

L
=
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∂ ∂k
L 
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δ
δ

π
α

τ
δ

π
α

τ
δ

π
α

τ
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π
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τ
J

dt
dx

R
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U
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U
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q
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−
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∫∫
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+
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k
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π
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τ
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π
α

τ
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π
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τ
∂ ∂α

π
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[
(

,
)

(
,

))
(

,
)

(
,

)
(

,
)]

*
*

R
U

x
t

q
x

t
h

x
t

k
h

x
t

u
x

t
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2
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−
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t 
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n

 s
o
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o
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r 
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ra
i 

p
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m
e
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D

o
n

c 
δh

=
0
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d

o
n

c δ
p

=
0

) 
e

n
 e

n
tr

é
e

 e
t 

e
n

 s
o

rt
ie

, 
u
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e
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 d

o
n

c 
lib
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; 

e
n
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e

va
n

ch
e
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0 
et

 δ
q

 s
o

n
t
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nn
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 c
ar
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i q

 n
i U 0

 n
e 

so
nt

 im
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sé
s.

 Il
 r
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 d
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(x
e,

t)
=

0
, 

h*
(x

s,
t)

=
0

,

 p
u

is
, 

a
n

n
u

le
r ∂ ∂h

L
 

δ
h

 +
  

∂
 

∂q
L

 
δ

q
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∂
 

∂U
0L
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U

0
 r
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e
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 c
a
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u
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s 
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a
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 d
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m
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∂ ∂
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∂ ∂

π
α

τ
π

α
τ

u t
R

x
h

R
u

q
u

u

*
*

*
*
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∂ ∂
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 p
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x 
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s:
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o
u
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u
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.
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 p
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 l'
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d d
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