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Looking for “special things” in flows
using optimization

J. Fluid Mech. (2002), vol. 463, pp. 163-171. @ 2002 Cambridge University Press 163
Three-dimensional optimal perturbations in viscous shear flow DOI: 10.1017/S002211200200873X  Printed in the United Kingdom

Kathryn M. Butl d Brian F. Farrell oy . . . .
Diauf'.\-lznnof Applll:'ede;'c?e:ces. rfllaar:vard g:;l;fersity. Cambridge, Massachusetts 02138 On the Stablllty Of a falllng hquld Clll'taln

(Received 28 May 1991; accepted 6 April 1992)
By PETER J. SCHMID't axp DAN S. HENNINGSON?

! Laboratoire d’Hydrodynamique (LadHyX), Ecole Polytechnique, F-91128 Palaiseau, France
*Department of Mechanics, Royal Institute of Technology, S-10044 Stockholm, Sweden

N

>y
t =0 t = 4.35 NS ¥ | - 0
191 aax™ | 89/0% | goax = 1.0 1V | spax™ 4704
E/E = 10 E/E, = 28 3 Me1)

/
t =870 t = 1306 [/ P

1% | mar= 18.540 19 = 4472 || Air castion / 0%

By /By = 13.0 E /By = 23 )

FIG. 2. Development of the p i function ¢ for the best 10y ‘9
growing 2-D energy optimal in Couette flow with R=1000, located at | . 44 Do 03
a=121, r=8.7. The streamfunction 1 is defined by —dy/dp=u and 0.

ap/axmv. FIGURE 1. Sketch of the geometry for a falling liguid shect. T

Fovme 5. Curtamn shape vorsus bme lor xS x 10° and (' 0A starung wab (he opvmal mnal
condipon, 1€ (be sunal condbom (hat reselis W 1the maumum encrg)y amphbcanon acar ae
wm gure 4(g)

J. Fluid Mech. (2005), vol. 528, pp. 43-52.  © 2005 Cambridge University Press 43
doi:10.1017/S0022112005003307  Printed in the United Kingdom
Peter J. Schmid
Dan S. Henningson
w253 | Stability and Transient growth in two-phase mixing layers
Sciences | Transition in
Shear Flows By P. YECKO!2 AND S. ZALESKD
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Flow and wall dynamics

N: wall displacement:

d BA2_ 4+ TA ,+ K 4
MmNt + —eﬂt o i 2D 2D n= ( ) P|wall

T

mass,
acceleration

Tension T, rigidity
\ B, spring stiffness

Forcing by the

Damping K pressure
u + Uug + Uyv = —p, + Au/Re,
Navier-Stokes, linearized v: + Uv, = —p, + Av/Re,

about Poiseuille U: us + Uwy = —p, + Aw/Re,

Uz +Vy +w, =0

Boundary conditions:
U(l) =2iops;  u(—1) = —2mpors v(El)=1n w(El)=0.



Energy

Flow energy+wall kinetic and potential energy:
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Flow response to random inital conditions

x 10

K=10' Random initial condition: 1/4




Decrease
wavelength
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the free wall:
Bk*

Wall waves
Pulsation of
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Fluid effect: added mass

sinuous: mé = (1 —e %) /k
varicose: m¥ = (1 — e %) /k + 1/k?
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Optimization of the initial
conditions

|) Projection on eigenmodes:

k=Ak, Q=UHQU =F"F

2) Optimality: o ” s “
K € Ko .
G(t) = max © — max 2 = lettllg = | F~te™F ||,
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=0, stable



Optimization results

There are clearly two

i Emergy evolution of the initial mechanisms, with
condition optimal for t=500 different growth and
e, ) o / different time scales
{Ertergy evolution of the initial /
condition optimal for t=400 /
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Optimization results -~

Optimal at t=400
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Growth enveloppe

Time of largest energy

Two mechanisms:
sinuous and varicose




Optimization results

L 9.

« :Varying stiffness
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Maximum growth, varying
spanwise wavelength, compare
to rigid growth

K :Varying stiffness
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Candidate mechanisms

By

Channel moving up&down Up&down sinuous Up&down varicose

u(y) =1—-y°+2ny w(y)=1-9y*+2ny o'(y)=Q0+n)—-y*/(1+n)

Energy evolution (perturbation to Poiseuille):

2FE [e* = 2 (% - Rgm) cos(wt)? + 2 (w?(m + 1)) sin(wt)?

Oscillatory energy:

i 4 Re? T _7rRe m—+ 1
B k=0T "o VT




Model/computations

K :Varying stiffness

¥ :Varying stiffness

Sinuous u&d:

) 4 Re?
& _1+§Bk4+Tk2+K

Varicose u&d:

; Re?
G _1+15Bk4+Tk2+K




X #0, instabilities



Modal instability, Re/X

Exponential growth=100 at t=100
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Modal instability, &/f8

With Re=15000




Growth + Modal instability

Modal growth: exponential Even when the flow is unstable,

. mechanism is active to initially
Optimal propel the modal instability.
\\\ Rigid channel
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From the

Energy evolution:

oLf—@ =
0 S000 10000
’ |
10110
[o)
w 5 4 »
K=10
: ]
0/ . \WAR\V 'S FEN
0 5000 10000
4
exIO \
2
4
w
2% K=10"
.

0 5000 10000

random initial conditions

Fields at time of
maximum energy



Extra slides



where we have accounted for the kinetic and potential energy of both walls. The contri-
bution of v’ is

fu”dy-/(l-(y n)?)’ dy = +0( W,

The kinetic energy in u is thus constant in time up to orda 4 in the wall displacement.
Usingv = = ewsin(wt) we have

2E'(t) = — + 2¢° [w’(m + 1) sin{wt)® + % cos(wt)? | + O(c*)

This total energy should be conserved in time, thus the coefficients of the sinus and the
cosinus should be equal, This leads to ,

K
w? = Re?(m+ 1)

thus the added mass at infinite wavelength is 1 a discussed in §3. Turning now to the
energy in the perturbation to the static Poiseuille profile U = 1 — y*, we have

[ udy = cos(en) [ (29)dy = G confen
v v

The energy evolution of the pert.urbation is thus

2E/ =2 (; Rem ) cos(wt)® + 2 (w*(m + 1)) sin(wt)*

which is the radius of an ellipse at an angle w from its principal axis. Expressing w as in
(3.1), we obtain the energy growth along one fourth of the rotation period

4 Re* aRe [m+1
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