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Elastic filaments

climbing plants

; : : . = Fﬂ . . G. A. Costello
(& e applications
NH2 COOH COOH NH,

\ DNA super-coiling




p(s) = external force
gravity, contact,

Elastic rod in equilibrium

electrostatic, ...
) p(s) r(s+ds)
r(s
_F(s M(s+ds)
F(s+d
_M(s) (s+ds)

force p(s)os+F(s+6s)—F(s)=0
balance

p(s)+F'(s)=0

momentum M (s+86s)—M (s)+I1,|F(s+6s)|+I1,|—F(s)|=0
balance M(s+6s)—M(s)+0 +(r(s)—r(s+6s))A(—F(s))=0
M'(s)+r'(s)ANF(s)=0




Cosserat model for 1D elasticity

e b —_— ‘

3 directors d,,d,,d; onthetopof 7(s)

no shear N
E no extension >- F(s)=d,(s)

[ — .
d, d,'(s)=u(s)Ad,
. zz '(S)Zﬁ(S)Ac_i; evolution in SO(3)
1
kd3’(s)=171(s)/\a,’3

ﬁ(S):{ul, U, Us }671,072,073

Z‘(S):{KL K, T};z’l,zfz,;z;

u ,u :curvature and u,: twist



Linear Constitutive Relations

KO =FE]
I : moment of 1nertia
E : Young's modulus

Bending stiffness : K. |

T filament E

d =K. u

— —i_ o Microtubule 1 GPa

M-d,=K,u,

DNA 1 GPa
Actine 2 GPa
Collagen 2 GPa

Twist stiffness : K3 Rubber 2 GPa
Steel 200 GPa

A_Z-CZZK3 U,




Courbure et torsion sont liées

Expérience de translation sans rotation
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Courbure et torsion sont liées

Expérience de translation sans rotation
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vues de dessus
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Kirchhoff equ ations boundary conditions

21 ODEs with variable : s - how the I‘.Od 1s held o
|21 unknowns - few solutions are admissibles
ordinary differential equations
d =_- F(s)
S M (s)
d — - - 7(s)
— M=FA —
ds . d3 (S )
d ) . —_—
d_ r— d3 iz ( S )
s d,(s)
d - ., -— N
—a.=uNd, i(s)
ds
m=K.u, wiszﬁ

linear elasticity



Find admissible equilibrium solutions : shooting method

initial conditions

r(0)=(0,0,0) end conditions
d,(0)=(1,0,0) x(L)=0
d,(0)=(0,1,0) y(L)=0 o
d,(0)=(0,0,1) d,x(L)=0
parameters Z d;y(L)=0 )
s . y s=0 s=L

F(0),M(0)

solution of ODEs

/ N L
> 7 CIDEIR this defines a P-L

p . .
uelR solution manifold



1D solution manifold : path following predictor-corrector scheme

f

1D solution | P (“1 y Uy, M3)=0

manifold b, (u,,u,,u)=0 p
k 2
At each point :
1-(predictor) y
we take a guess : /. N corrector

l
2-(corrector)

we define a projection : predictor

Pi(“l’MZ)M3):O \

and we solve :

(
b, (”1’”2’”3)20
b, (M1’u2’u3):0

> U,
\Pi(’/‘l’uz’%)zo /
to obtain A 7,




Find admissible equilibrium solutions : discretization methods

discretization over N intervals

boundary conditions
d(U)=0 <

matching conditions

L L system of nonlinear algebraic equations

B(U)=8(U)+— = (Uy=U) ..

=0
1-we take a point U )

2-compute Jacobian
3-kernel is tangent plane 11
4-we project orthogonaly : U - U

Newton corrector



Pulling and twisting DNA

Z/L
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n=>0 data from Gilles Charvin (LPS-ENS)




Pulling and twisting DNA

Z /L

plectonemes

n>0
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Results : how a twisted rod coils

Z

1

\—-—'/

_—

0 contact(s)

Se————

-52095
L

_\\\

n=38.1turns



Results : how a twisted rod coils

1
0.8;
O.6;
0.4
| 1 contact(s)
0.2 4
—=0.72
L
2 4 e 8 10 127 n=4.3 turns



Bifurcation : 0 contact -> 1 contact

7/L
< Z/L
H n

/ \

1.5 -1 -0.5 0 0.5 1 1.5

—

1 1.1 1.2 1.3 1.4 1.5 1.6




Hard-wall contact, no friction

force from strand at s,

p(s) <& acting on strand at s
| E, L
e F =p+F,
- _ ) _ -7
- __[d) -
5 Fs,)=7(s,)
el 7 (s,)—7(s,)]
<- ?(Sz) T~
— e )
|7 (s,)—7(s,)|=thickness
touching conditions : (?(Sl)—?(sz))__a_’;(sl)
(7(s,)—7(s,)) Ld;(s,)




Results : how a twisted rod coils %:170
2
) 41T K,
0.8

O.6;
0.4
| 2 contact(s)
0.2
| gz0.62
L

2 4 & 8 10 12 n=23.2 turns



Results : how a twisted rod coils

Z

1

) —

3 contact(s

20,57
L

n=3.7 turns



Results : how a twisted rod coils %:170
2
Z p— Tf :6
) 41T K,
0.8
0.6;
0.4
f 1L1 contact(s)
0.2
7
| £-038
L
2 4 n=>5.7 turns




Filaments coiled in helical structures

Previous work : Fraser & Stump (1998) , Coleman & Swigon (2000)

Lk =6
Tw=6
Wr=0

Lk =6
Tw =2.35
Wr =3.65

2 K,nsin’@cosf+enK, RTcos20+R’ Fsin@—eRM cos0=0

.2 2 €=+-1 : handedness
3 sin” 0 .2 R F RM . n : nb of strands
pR = K,sm 0+ cosf@—e——sino E M - external sress
cos20 n n , M




Slope of linear part : fonction of ¢t and L/R

7/ L
-
.8

| L2
.0

| L/2R = 1700 and t=6
4

: L/2R =170 and t=6
. 2 B / /

L/2R = 170 and t=1.62 e —




(Sur-)Enroulement : géométrie / topologie

Az~L

PLECTO

Wr : vrillage
Wr ~ nb croisements

n—Tw = Wr (=3.2)

@ (1 —cos0)ds=1.2=Wrmod 1

(+¢)ds=3 =Lkmod 1

- 5=
=
Oy Oy

[\
=



Vrillage d’une courbe : writhe

(r(sl)—r(sz))'(t(sl)Xt(sz))

. W ER

* invariant géométrique

* PAS invariant topologique

* nombre moyen de croisements

vus sous tous les angles

3 ds, ds,

|I"(S1)—I’(S2)|




Topology : Writhe

Wr is given by a double integral, hence not additive (a priori).

But there 1s Fuller theorem (1978) : ff’”deS '—>f s
0 0 0

Wr=Wr +Wr

Loop—l_ WrTalls ( wE negleCt Wr et WrTails )

Plecto

Loop

LPlecto .
Wr~Wr, =—¢ - sin(20)

Plectonemes

Z(n) (or ply)

Tail 1




Twist of a curve

T (S) rotation of the section arount the tangent

L

1 1
Tw=——1|1tds=——T7L
27T 21T

TwelR

Tw not topologically invariant
Tw 1s additive (single integrale)



Topology : Twist

Tw:—deszz—TL (T constant % s)

Plectonemes
Z(n) (or ply)

Tail 1




Nombre d’enlacements d’un ruban : Link

C,:s—r(s)+ €d,(s)
C,:s—r(s)—€d,(s)
s€[0, L]

e normalement L L € /

e invariant géométrique

* invariant topologique

e nombre de rotations d’une boucle autour de 1’ autre



Topology : Twist, Writhe and Link

Calugareano, White, Fuller 4
n=Lk=Tw+ Wr
L k .
Tw=—¢ L (tan29—sm29)
4R K, 2R] S
Ly, : e Loop
Wr~—¢ P sin(20 Plectonemes
' 4 TR (26) Z(n) (or ply)
Tail 1
v
L:LPlecto-l_%LTails L KO 7
n= (tan29—sin29)+sin29 | —
L 4 TR | K, Z(0)
LTails:Z.—
Z(0)

=1



Writhe (and hnk) slenderness ratio: %: 170
2
WI Ong fOI' mlﬂa constant tension: = L =6

2
41" K,




Helical angle O : fonction of t and L/R

Helix angle 0 is almost constant for all configurations in the linear part
of the response curve (same for Twist)

0 does not depend on K3 (centre line r(s) does not depend on Ks)
0=06(,L/R)

7 /L A

*;—EJHE

—ht

Plectonémes

Z(n) (or ply)

c Tail 1

0.4 // \

-0.04 -0.02 0 0.02 0.04 0.06 0.08




o O o O

Helical angle O : fonction of ¢t and L/R

we vary ¢ while keeEing L /R fixed

£ 1700
2R
0
Z/L
) | | |
A
ol f
4 L 4 0.1 r
5 | |
0 : : ‘ n
O :I-O 20 30 40 1‘0 2‘0 5‘0 1(50 260 560 lO‘OO
TL’

= >
(2 )" K,



Helical angle O : fonction of ¢t and L/R

we vary L. / R while keeping t fixed

TL
t= ——=0
Z/L
1 0.2
0.8 R
0.6 | | 0.1 L
0.4 |
0.2 ] 0.05 |
’ e N . JRr/L
0 10 20 30 40 0.0002  0.0005 0.001 0.002 0.005 0.01 0.02
2
- . R°T 4
polynomial interpolation : —— = ¢ (0) = 1.66 0
K
0



Approximate equation for the linear part

\

(

K() | 4 TR Z(O) O n
z=2z(0){1+ -1 | == n TR
0 K, |cos20 sSn20 L wor
— _ H=357
—— ~ am
ZB X z=7/L
o A
R°T 4
—. =p(0)=1.660 _
= K, (P< ) Zg
=
= 4 mR z(0) L -
2 sin20 L
» K 1
= =2(0) | 1+— ~1
= < 2(0) K, \cos20 )]
\
3 unknowns : (R, 6,K /K ) 0 > n




Repulsive force in the plectonemic part ~—T 20

3 . 4
Mechanical equilibrium implies £ R _smn 0
K, cos26

careful :
T and R
are related

2
. T
h XL _ 660" this yields p=

wit
K, 1.66 R

How does this compare with Debye Huckel electrostatic
repulsion of two charged (straight) helices ?

L (=2 R/A,) L : Bjerrumlength (0.7 nm)
~4 k. T B 2 C A, : Debye length (0.8 nm)
p= B v * Poi — Bolt tive ch
AD \/ 7R /AD v : Poisson— Boltzmann effec n;ec arge

perunitlength10—40 nm
Ubbink + Odijk [1999] also in Marko+Siggia [1995]



ReSllltS buffer solution = monovalent salt (phosphate) 10mM

molecule ~ 48kb

data from Vincent Croquette (LPS-ENS)

B= K, =51 nm  (worm-like chain)
k,T
T(on) 0(rad) R(nm) [CB P pN/um
025 042 6,73 175 28
0,33 044 646 1,71 39
044 045 6,02 1,72 b6
057, 045 533 1,64 82
0,74 048 537 1,71 108
1,100 047, 4100 162 208
131 045 354 141 284
2,200 048 311 140 556
o =25 80 410 nm
T

B




Results

000000

data from Gilles Charvin (LPS-ENS)

buffer solution = monovalent salt (PB) 10mM

molecule ~ 6kb

_ KO _ . )
B= KT =46 nm (worm-like chain)
Tn) | 8(rad)R(wm) CB [P pNium
045| 043 503 1,13 64
090 046 414 093 145
3000 054 337 121 646
K3
C= =50 =5 nm
k,T



Results

ooooo

¢
\\\\

K,

buffer solution = monovalent salt (PB) 100mM

molecule ~ 6kb

data from Gilles Charvin (LPS-ENS)

B= =49 nm (worm-like chain)
k,T
T(pn) | 6(rad)R (nm) |C/B [P pN/um
0200 037 550 1,35 26
045 0371 3,72 1,31 87
090 037 267 1,19 242
3000 044 2120 154 1007
K,
C= =66 =8 nm
k,T
n
o=—*
ny



Results

buffer solution = monovalent salt (phosphate) 150mM

K,

+ divalent salt (magnésium) SmM

molecule ~ 11kb

\

-0.04 -0.02

0

0.02 0.04 0.06 0.08

data from Gilles Charvin (LPS-ENS)

B= KT =57 nm  (worm-like chain)
T(on) B(rad) R(nm) [C/B [P pN/jum
049 031 281 1,08 114
145 032 1,68 1,01 615
4300 035 1,16 0,99 2690
K3
C= =59 £2.5nm
k,T




ReSlﬂtS buffer solution = monovalent salt (NaCl) 500mM

Z /L

0.025 0.05 0.075 0.1 0.125 0.15

data from par R. Fulconis (Institut Curie)

molecule ~ 9kb
K,
=40 nm (worm-like chain)
k,T
6(rad) |R(nm) |C/B [P pN/um
0,34 238 202 187
036 223 2,121 310
0377 199 202 485
038 1,81 1,900 729
041 1,760 1,921 1150
C=—72-=80 =4 nm
k,T
n
ny



Futur work

> Include :
* chirality and twist-extension coupling
* clectrostatic repulsion
> Model other experiments :
* DNA braids (Gilles Charvin)
* Chromatin (10 nm) fiber (A. Bancaud & J.-L. Viovy)
* DNA+RecA complex (R. Fulconis & J.-L. Viovy)

’v L L e #v — T T 1
3 PR
.4’5”"" ""\'ii,-
[ 257 A ‘E{;. 7
& i RN
. P ;‘.’4? "..;;;“7 . -
P o ) R
L 3 i e |
— & ) R )
8 49 \
3 2 £> B ‘::‘ >
(> o
. X >
:(_:‘3 < \
op
=
| Q
—
.




Relation between n and G

n H
g=———=—n—
n, L

L = 0.34 nbp nm

O : super-coiling ratio
n : number of turns applied on the magnetic bead
n =L/ H :intrinsic twist of the DNA double helix

H=3.57 nm : pitch of the DNA double helix
L : total contour length of the DNA molecule



