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Buckling of a beam

<latexit sha1_base64="dKbuQRX3NroUXb/rU5X9E7dO+1Y=">AAACC3icbVDLSgNBEJyNrxhfqx69DAmSiBJ2RdSLEPTiMYJ5QHYJs5PZZMjs7DLTK4SQuxd/xYsHRbz6A978GyePgyYWNBRV3XR3BYngGhzn28osLa+srmXXcxubW9s79u5eXcepoqxGYxGrZkA0E1yyGnAQrJkoRqJAsEbQvxn7jQemNI/lPQwS5kekK3nIKQEjte28Bz0GpFjEx7iKvRPsaS7xVCzpI3yFnbZdcMrOBHiRuDNSQDNU2/aX14lpGjEJVBCtW66TgD8kCjgVbJTzUs0SQvuky1qGShIx7Q8nv4zwoVE6OIyVKQl4ov6eGJJI60EUmM6IQE/Pe2PxP6+VQnjpD7lMUmCSTheFqcAQ43EwuMMVoyAGhhCquLkV0x5RhIKJL2dCcOdfXiT107J7XnbvzgqV61kcWXSA8qiEXHSBKugWVVENUfSIntErerOerBfr3fqYtmas2cw++gPr8wcmr5fx</latexit>

✓00 + P sin ✓(s) = 0

<latexit sha1_base64="vZiLnT8VpH3fLmh0BzYVl9rM8gY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXRL0IRRH0VsF+QLuUbJptQ7PZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz8/xYcG0c5xvllpZXVtfy64WNza3tneLuXkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB64jefmNI8kg9mFDMvJH3JA06JsVKrfHOHL7F73C2WnIozBV4kbkZKkKHWLX51ehFNQiYNFUTrtuvExkuJMpwKNi50Es1iQoekz9qWShIy7aXTe8f4yCo9HETKljR4qv6eSEmo9Sj0bWdIzEDPexPxP6+dmODCS7mME8MknS0KEoFNhCfP4x5XjBoxsoRQxe2tmA6IItTYiAo2BHf+5UXSOKm4ZxX3/rRUvcriyMMBHEIZXDiHKtxCDepAQcAzvMIbekQv6B19zFpzKJvZhz9Anz+UY45d</latexit>

(EI = 1)
<latexit sha1_base64="w7xoqE7EGeQ/v4r4GZlGu32cKtc=">AAACAXicbVDLSsNAFL3xWesr6kZwM1jEuimJiLosunFZwT6gCWUymbRDJw9nJoUS0o2/4saFIm79C3f+jdPHQlsPXDiccy/33uMlnEllWd/G0vLK6tp6YaO4ubW9s2vu7TdknApC6yTmsWh5WFLOIlpXTHHaSgTFocdp0+vfjv3mgArJ4uhBDRPqhrgbsYARrLTUMQ/Lo7NT5NDHlA2QEwhMMj/PfJl3zJJVsSZAi8SekRLMUOuYX44fkzSkkSIcS9m2rUS5GRaKEU7zopNKmmDSx13a1jTCIZVuNvkgRyda8VEQC12RQhP190SGQymHoac7Q6x6ct4bi/957VQF127GoiRVNCLTRUHKkYrROA7kM0GJ4kNNMBFM34pID+sYlA6tqEOw519eJI3zin1Zse8vStWbWRwFOIJjKIMNV1CFO6hBHQiM4Ble4c14Ml6Md+Nj2rpkzGYO4A+Mzx/LPJaA</latexit>

( )0 ⌘ d

ds
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Buckling of a beam

<latexit sha1_base64="dKbuQRX3NroUXb/rU5X9E7dO+1Y=">AAACC3icbVDLSgNBEJyNrxhfqx69DAmSiBJ2RdSLEPTiMYJ5QHYJs5PZZMjs7DLTK4SQuxd/xYsHRbz6A978GyePgyYWNBRV3XR3BYngGhzn28osLa+srmXXcxubW9s79u5eXcepoqxGYxGrZkA0E1yyGnAQrJkoRqJAsEbQvxn7jQemNI/lPQwS5kekK3nIKQEjte28Bz0GpFjEx7iKvRPsaS7xVCzpI3yFnbZdcMrOBHiRuDNSQDNU2/aX14lpGjEJVBCtW66TgD8kCjgVbJTzUs0SQvuky1qGShIx7Q8nv4zwoVE6OIyVKQl4ov6eGJJI60EUmM6IQE/Pe2PxP6+VQnjpD7lMUmCSTheFqcAQ43EwuMMVoyAGhhCquLkV0x5RhIKJL2dCcOdfXiT107J7XnbvzgqV61kcWXSA8qiEXHSBKugWVVENUfSIntErerOerBfr3fqYtmas2cw++gPr8wcmr5fx</latexit>

✓00 + P sin ✓(s) = 0

<latexit sha1_base64="CUQiVkR2Y6P5/QuEEwb4j3C6mBQ=">AAACG3icbVC7SgNBFJ2NrxhfUUubweCj0LAbRG2EoI1lBPOAbAizk5tkyOzsMnNXCCH/YeOv2FgoYiVY+DdOHoUmHhg4nHMud+4JYikMuu63k1pYXFpeSa9m1tY3Nrey2zsVEyWaQ5lHMtK1gBmQQkEZBUqoxRpYGEioBr2bkV99AG1EpO6xH0MjZB0l2oIztFIzW/CxC8iO6OEV9aMQOoz6fmbCxuIpLVH/hPpGKDrJNrM5N++OQeeJNyU5MkWpmf30WxFPQlDIJTOm7rkxNgZMo+AShhk/MRAz3mMdqFuqWAimMRjfNqQHVmnRdqTtU0jH6u+JAQuN6YeBTYYMu2bWG4n/efUE25eNgVBxgqD4ZFE7kRQjOiqKtoQGjrJvCeNa2L9S3mWacbR1ZmwJ3uzJ86RSyHvnee/uLFe8ntaRJntknxwTj1yQIrklJVImnDySZ/JK3pwn58V5dz4m0ZQzndklf+B8/QBzz530</latexit>

✓0 = !

!0 = �P sin ✓

<latexit sha1_base64="GZPAXPGxSTiQHQv7k1FNRr6SzC8=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgET8uuiHoMevEYwTwgu4TZyWwyZPbBTK8Ql3yJFw+KePVTvPk3TpI9aGJBQ1HVTXdXkEqh0XG+rdLa+sbmVnm7srO7t1+tHRy2dZIpxlsskYnqBlRzKWLeQoGSd1PFaRRI3gnGtzO/88iVFkn8gJOU+xEdxiIUjKKR+rWqJ3mIXk48JYYjtPu1umM7c5BV4hakDgWa/dqXN0hYFvEYmaRa91wnRT+nCgWTfFrxMs1TysZ0yHuGxjTi2s/nh0/JqVEGJEyUqRjJXP09kdNI60kUmM6I4kgvezPxP6+XYXjt5yJOM+QxWywKM0kwIbMUyEAozlBODKFMCXMrYSOqKEOTVcWE4C6/vEra57Z7abv3F/XGTRFHGY7hBM7AhStowB00oQUMMniGV3iznqwX6936WLSWrGLmCP7A+vwBaA6S7Q==</latexit>

{
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Buckling of a beam
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Oscillations of a pendulum

<latexit sha1_base64="PxENm/NTRPKAPnzJ2HACW9hYWGE=">AAACEHicbVDLS sNAFJ3UV62vqEs3g0WsKCURUTdC0Y3LCvYBTSiTybQdOpmEmRuhhH6CG3/FjQtF3Lp05984fSy09cCFwzn3cu89QSK4Bsf5tnILi0vLK/nVwtr6xuaWvb1T13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0b0Z+44EpzWN5D4OE+RHpSt7hlICR2vahF4YxZB70GJAhPsZd7J1gT3OJJ1oJjvAVdtp20Sk7Y+B54k5JEU1RbdtfXhjTNGISqCBat1wnAT8jCjgVbFjwUs0SQvuky1qGShIx7Wfjh4b4wCgh7sTKlAQ8Vn9PZCTSehAFpjMi0NOz3kj8z2ul0Ln0My6TFJikk0WdVGCI8SgdHHLFKIiBIYQqbm7FtEcUoWAyLJgQ3NmX50n9tOyel927s2LlehpHHu2hfVRCLrpAFXSLqqiGKHpEz+gVvVlP1ov1bn1MWnPWdGYX/YH1+QN205rs</latexit>

✓̈ + g sin ✓(t) = 0
<latexit sha1_base64="dzeHVZgbELR9RfmHq0X2ESroVrI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURUZdFNy4r2Ae0oUwmk3bo5OHMTaGEuHHjr7hxoYhbv8Gdf+O0zUJbD1w4nHPvzL3HjQVXYFnfRmFpeWV1rbhe2tjc2t4xd/eaKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nD64nfGjGpeBTewThmTkD6Ifc5JaClnnnY9SJIKw8nGe6y+4SPcNeXhKZelnqQ9cyyVbWmwIvEzkkZ5aj3zC/9Hk0CFgIVRKmObcXgpEQCp4JlpW6iWEzokPRZR9OQBEw56fSMDB9rxcN+JHWFgKfq74mUBEqNA1d3BgQGat6biP95nQT8SyflYZwAC+nsIz8RGCI8yQR7XDIKYqwJoZLrXTEdEB0D6ORKOgR7/uRF0jyt2udV+/asXLvK4yiiA3SEKshGF6iGblAdNRBFj+gZvaI348l4Md6Nj1lrwchn9tEfGJ8/fFuZJw==</latexit>

˙( ) ⌘ d

dt
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Kirchhoff static-dynamic analogy

but a limited analogy …

Elastica

Boundary 
Value 
Problem

(BVP)

Pendulum

Initial 
Value 
Problem

(IVP)

Roman+Gay+Clanet arXiv:2006.02742
Nizette+Goriely J Math Phys 2001see e.g.

(1824-1887)

�6

G. Kirchhoff 1877, A. Love 1927



Oscillations of a pendulum

<latexit sha1_base64="IjoKThhvPRj/B/gjlWiQxCNGM94=">AAAB+nicdVDLTgIxFO3gC/E16NJNIzHBDZlBEWZBQnTjEhN5JEBIpxRo6DzS3tGQkU9x40Jj3Pol7vwbO4CJGj3JTU7PuTe997ih4Aos68NIrayurW+kNzNb2zu7e2Z2v6mCSFLWoIEIZNslignuswZwEKwdSkY8V7CWO7lM/NYtk4oH/g1MQ9bzyMjnQ04JaKlvZrswZkDyULVOcBVbhWLfzFkFp1IqnVb007KcolPWxHEcu2xjWysJcmiJet987w4CGnnMByqIUh3bCqEXEwmcCjbLdCPFQkInZMQ6mvrEY6oXz1ef4WOtDPAwkLp8wHP1+0RMPKWmnqs7PQJj9dtLxL+8TgTDSi/mfhgB8+nio2EkMAQ4yQEPuGQUxFQTQiXXu2I6JpJQ0GlldAhfl+L/SbNYsM8L9vVZrnaxjCONDtERyiMblVENXaE6aiCK7tADekLPxr3xaLwYr4vWlLGcOUA/YLx9AtXiknE=</latexit>

✓(t = 0) = 0.2
<latexit sha1_base64="htAALgj7QYAv6hc2VLUFRwxOVBM=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFqJsy01rbWRSKblxWsA9oh5JJ0zY08yC5I5RhNv6KGxeKuPUz3Pk3pg9BRQ8ETs659yb3uKHgCkzzw0itrK6tb6Q3M1vbO7t72f2DlgoiSVmTBiKQHZcoJrjPmsBBsE4oGfFcwdru5Grmt++YVDzwb2EaMscjI58POSWgpX72qDcIIO7BmAFJ8lAzz3ANm4VSP5szC3a1XC5V9dU07aJd0cS2batiYUsrM+TQEo1+9l1PopHHfKCCKNW1zBCcmEjgVLAk04sUCwmdkBHrauoTjyknni+Q4FOtDPAwkPr4gOfq946YeEpNPVdXegTG6rc3E//yuhEMq07M/TAC5tPFQ8NIYAjwLA084JJREFNNCJVc/xXTMZGEgs4so0P42hT/T1rFgnVRsG7Oc/XLZRxpdIxOUB5ZqILq6Bo1UBNRlKAH9ISejXvj0XgxXhelKWPZc4h+wHj7BNtolUk=</latexit>

✓̇(t = 0) = 0.3

initial-time values

Cauchy problem : solution is unique
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Buckling of a beam

{

<latexit sha1_base64="TMktsuCmfTAMixlq8x5P05zqoko=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSDGy7IbQxIPgaAXDx4imAckS5idTJIhsw9megNhyZ948aCIV//Em3/jbBJBRQsaiqpuuru8SHAFtv1hrKyurW9sZray2zu7e/vmwWFThbGkrEFDEcq2RxQTPGAN4CBYO5KM+J5gLW98nfqtCZOKh8E9TCPm+mQY8AGnBLTUM80ujBiQs7yq3p7jKrZ7Zs62LiulQrGEbcu2y07BSUmhXLwoYkcrKXJoiXrPfO/2Qxr7LAAqiFIdx47ATYgETgWbZbuxYhGhYzJkHU0D4jPlJvPLZ/hUK308CKWuAPBc/T6REF+pqe/pTp/ASP32UvEvrxPDoOImPIhiYAFdLBrEAkOI0xhwn0tGQUw1IVRyfSumIyIJBR1WVofw9Sn+nzQLllOynLtirna1jCODjtEJyiMHlVEN3aA6aiCKJugBPaFnIzEejRfjddG6YixnjtAPGG+fTJaSJg==</latexit>

✓0(s = L) = 0

<latexit sha1_base64="R49wjDfUpzFHGp+k1nIM5p/ILGs=">AAAB+XicdVBNSwMxEM36WevXqkcvwSLqpSRF2nooFr14rGBVaJeSTbM2NPtBMlsoi//EiwdFvPpPvPlvzLYVVPTBwOO9GWbm+YmSBgj5cObmFxaXlgsrxdW19Y1Nd2v72sSp5qLNYxXrW58ZoWQk2iBBidtECxb6Stz4w/PcvxkJbWQcXcE4EV7I7iIZSM7ASj3X7cJAADs4NA1yhBv4tOeWSJkQQinFOaG1KrHk5KReoXVMc8uihGZo9dz3bj/maSgi4IoZ06EkAS9jGiRX4r7YTY1IGB+yO9GxNGKhMF42ufwe71ulj4NY24oAT9TvExkLjRmHvu0MGQzMby8X//I6KQR1L5NRkoKI+HRRkCoMMc5jwH2pBQc1toRxLe2tmA+YZhxsWEUbwten+H9yXSnTapleHpeaZ7M4CmgX7aFDRFENNdEFaqE24miEHtATenYy59F5cV6nrXPObGYH/YDz9gklPZIN</latexit>

✓0(s = 0) =?

<latexit sha1_base64="0ov4+B7GIEhHKBg4QM9GHeg9D34=">AAAB+HicdVBNS0JBFJ1nX2YfvmrZZkgC28iMhB8LQWrT0iBTUJF546iD8z6YuS8w8Ze0aVFE235Ku/5N89Sgog5cOJxzL/fe40VKGiDkw0mtrW9sbqW3Mzu7e/tZ9+Dw1oSx5qLJQxXqtseMUDIQTZCgRDvSgvmeEi1vcpn4rTuhjQyDG5hGouezUSCHkjOwUt/NdmEsgOVNjZzhGiZ9N0cKhBBKKU4ILZeIJdVqpUgrmCaWRQ6t0Oi7791ByGNfBMAVM6ZDSQS9GdMguRLzTDc2ImJ8wkaiY2nAfGF6s8Xhc3xqlQEehtpWAHihfp+YMd+Yqe/ZTp/B2Pz2EvEvrxPDsNKbySCKQQR8uWgYKwwhTlLAA6kFBzW1hHEt7a2Yj5lmHGxWGRvC16f4f3JbLNBSgV6f5+oXqzjS6BidoDyiqIzq6Ao1UBNxFKMH9ISenXvn0XlxXpetKWc1c4R+wHn7BKpmkc0=</latexit>

✓(s = 0) = 0

Boundary

Boundary

�8

<latexit sha1_base64="dKbuQRX3NroUXb/rU5X9E7dO+1Y=">AAACC3icbVDLSgNBEJyNrxhfqx69DAmSiBJ2RdSLEPTiMYJ5QHYJs5PZZMjs7DLTK4SQuxd/xYsHRbz6A978GyePgyYWNBRV3XR3BYngGhzn28osLa+srmXXcxubW9s79u5eXcepoqxGYxGrZkA0E1yyGnAQrJkoRqJAsEbQvxn7jQemNI/lPQwS5kekK3nIKQEjte28Bz0GpFjEx7iKvRPsaS7xVCzpI3yFnbZdcMrOBHiRuDNSQDNU2/aX14lpGjEJVBCtW66TgD8kCjgVbJTzUs0SQvuky1qGShIx7Q8nv4zwoVE6OIyVKQl4ov6eGJJI60EUmM6IQE/Pe2PxP6+VQnjpD7lMUmCSTheFqcAQ43EwuMMVoyAGhhCquLkV0x5RhIKJL2dCcOdfXiT107J7XnbvzgqV61kcWXSA8qiEXHSBKugWVVENUfSIntErerOerBfr3fqYtmas2cw++gPr8wcmr5fx</latexit>

✓00 + P sin ✓(s) = 0



Buckling of a beam

<latexit sha1_base64="95Gbvm/Prug7jsUCxvmRi1RRtvI=">AAAB9HicdVDLSkMxEM2tr1pfVZdugkWom5IU6WMhFN24rGAf0F5Kbpq2obkPk7mFUvodblwo4taPceffmNtWUNEDA4dzZpiZ40VKGiDkw0mtrW9sbqW3Mzu7e/sH2cOjpgljzUWDhyrUbY8ZoWQgGiBBiXakBfM9JVre+DrxWxOhjQyDO5hGwvXZMJADyRlYye3CSADLk3N8iUkvmyMFQgilFCeElkvEkmq1UqQVTBPLIodWqPey791+yGNfBMAVM6ZDSQTujGmQXIl5phsbETE+ZkPRsTRgvjDubHH0HJ9ZpY8HobYVAF6o3ydmzDdm6nu202cwMr+9RPzL68QwqLgzGUQxiIAvFw1ihSHESQK4L7XgoKaWMK6lvRXzEdOMg80pY0P4+hT/T5rFAi0V6O1Frna1iiONTtApyiOKyqiGblAdNRBH9+gBPaFnZ+I8Oi/O67I15axmjtEPOG+f1BKQ2A==</latexit>

✓(0) = 0

<latexit sha1_base64="Hjh0DKZrLD8a8pnAuDzL1ZkMZAA=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBDjZZmNIYkHIejFg4cI5gFJDLOT2WTI7IOZXiWE/IcXD4p49V+8+TfOJhFUtKChqOqmu8uNpNBAyIe1sLi0vLKaWkuvb2xubWd2dus6jBXjNRbKUDVdqrkUAa+BAMmbkeLUdyVvuMOLxG/ccaVFGNzAKOIdn/YD4QlGwUi3bRhwoEe5q2N8hkk3kyX2abmYLxQxsQkpOXknIflS4aSAHaMkyKI5qt3Me7sXstjnATBJtW45JILOmCoQTPJJuh1rHlE2pH3eMjSgPted8fTqCT40Sg97oTIVAJ6q3yfG1Nd65Lum06cw0L+9RPzLa8XglTtjEUQx8IDNFnmxxBDiJALcE4ozkCNDKFPC3IrZgCrKwASVNiF8fYr/J/W87RRt57qQrZzP40ihfXSAcshBJVRBl6iKaoghhR7QE3q27q1H68V6nbUuWPOZPfQD1tsnddGRMQ==</latexit>

✓0(L) = 0

<latexit sha1_base64="95Gbvm/Prug7jsUCxvmRi1RRtvI=">AAAB9HicdVDLSkMxEM2tr1pfVZdugkWom5IU6WMhFN24rGAf0F5Kbpq2obkPk7mFUvodblwo4taPceffmNtWUNEDA4dzZpiZ40VKGiDkw0mtrW9sbqW3Mzu7e/sH2cOjpgljzUWDhyrUbY8ZoWQgGiBBiXakBfM9JVre+DrxWxOhjQyDO5hGwvXZMJADyRlYye3CSADLk3N8iUkvmyMFQgilFCeElkvEkmq1UqQVTBPLIodWqPey791+yGNfBMAVM6ZDSQTujGmQXIl5phsbETE+ZkPRsTRgvjDubHH0HJ9ZpY8HobYVAF6o3ydmzDdm6nu202cwMr+9RPzL68QwqLgzGUQxiIAvFw1ihSHESQK4L7XgoKaWMK6lvRXzEdOMg80pY0P4+hT/T5rFAi0V6O1Frna1iiONTtApyiOKyqiGblAdNRBH9+gBPaFnZ+I8Oi/O67I15axmjtEPOG+f1BKQ2A==</latexit>

✓(0) = 0

<latexit sha1_base64="Hjh0DKZrLD8a8pnAuDzL1ZkMZAA=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBDjZZmNIYkHIejFg4cI5gFJDLOT2WTI7IOZXiWE/IcXD4p49V+8+TfOJhFUtKChqOqmu8uNpNBAyIe1sLi0vLKaWkuvb2xubWd2dus6jBXjNRbKUDVdqrkUAa+BAMmbkeLUdyVvuMOLxG/ccaVFGNzAKOIdn/YD4QlGwUi3bRhwoEe5q2N8hkk3kyX2abmYLxQxsQkpOXknIflS4aSAHaMkyKI5qt3Me7sXstjnATBJtW45JILOmCoQTPJJuh1rHlE2pH3eMjSgPted8fTqCT40Sg97oTIVAJ6q3yfG1Nd65Lum06cw0L+9RPzLa8XglTtjEUQx8IDNFnmxxBDiJALcE4ozkCNDKFPC3IrZgCrKwASVNiF8fYr/J/W87RRt57qQrZzP40ihfXSAcshBJVRBl6iKaoghhR7QE3q27q1H68V6nbUuWPOZPfQD1tsnddGRMQ==</latexit>

✓0(L) = 0

generally, there are multiple solutions
�9



Buckling of a beam
There is always the trivial solution
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Buckling of a beam
Is there always a buckled solution?
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Buckling of a beam
Is there always a buckled solution?
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Buckling of a beam

<latexit sha1_base64="fhr1uwxqOjS/WtLnLcKjK3sYngo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuxKUCsJ2lhYRMgLskuYncwmQ2YfzNwVw7KNjb9iY6GIrf9g5984SbbQxAMXDufcy733eLHgCizr2ygsLa+srhXXSxubW9s75u5eS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdD3x2/dMKh6FDRjHzA3IIOQ+pwS01DMPHWAPkHIfZ9jxJaFpo2dlaTXDl/i2Z5atijUFXiR2TsooR71nfjn9iCYBC4EKolTXtmJwUyKBU8GykpMoFhM6IgPW1TQkAVNuOv0iw8da6WM/krpCwFP190RKAqXGgac7AwJDNe9NxP+8bgL+hZvyME6AhXS2yE8EhghPIsF9LhkFMdaEUMn1rZgOic4CdHAlHYI9//IiaZ1W7LOKfVct167yOIroAB2hE2Sjc1RDN6iOmoiiR/SMXtGb8WS8GO/Gx6y1YOQz++gPjM8fNXmXug==</latexit>

if
T0

4
> L

<latexit sha1_base64="q0VvLWMX2alKrisQCufoSj1jogA=">AAACDnicbVC7SgNBFJ31GeNr1dJmMASswm4QtZKgjYVFFPOA7BJmJ7PJkNmHM3eVsOwX2PgrNhaK2Frb+TdOki008cCFwzn3cu89Xiy4Asv6NhYWl5ZXVgtrxfWNza1tc2e3qaJEUtagkYhk2yOKCR6yBnAQrB1LRgJPsJY3vBj7rXsmFY/CWxjFzA1IP+Q+pwS01DXLzg3vD4BIGT1gx5eEpk7Ms7TqqDsJaT3L8Bm+6polq2JNgOeJnZMSylHvml9OL6JJwEKggijVsa0Y3JRI4FSwrOgkisWEDkmfdTQNScCUm07eyXBZKz3sR1JXCHii/p5ISaDUKPB0Z0BgoGa9sfif10nAP3VTHsYJsJBOF/mJwBDhcTa4xyWjIEaaECq5vhXTAdGZgE6wqEOwZ1+eJ81qxT6u2NdHpdp5HkcB7aMDdIhsdIJq6BLVUQNR9Iie0St6M56MF+Pd+Ji2Lhj5zB76A+PzB2V4nE8=</latexit>

) ⇡

2
p
P

> L

<latexit sha1_base64="dsn08AwEG4ggx3bO0VfUVWi9R+8=">AAACDnicbVC7SgNBFL3rM8ZX1NJmMAQsJOyGoFYStLGwiGIekF3D7GQ2GTI7u8zMKmHJF9j4KzYWitha2/k3Th6FJh4YOJxzLnfu8WPOlLbtb2thcWl5ZTWzll3f2Nzazu3s1lWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th9y9GfuOeSsUicasHMfVC3BUsYARrI7VzBfeGdXsaSxk9IDeQmKRuzO5Kw7TsHqErQ9AZqrZzebtoj4HmiTMleZjC5L/cTkSSkApNOFaq5dix9lIsNSOcDrNuomiMSR93actQgUOqvHR8zhAVjNJBQSTNExqN1d8TKQ6VGoS+SYZY99SsNxL/81qJDk69lIk40VSQyaIg4UhHaNQN6jBJieYDQzCRzPwVkR42nWjTYNaU4MyePE/qpaJzXHSuy/nK+bSODOzDARyCAydQgUuoQg0IPMIzvMKb9WS9WO/WxyS6YE1n9uAPrM8fVnWa+w==</latexit>

) ⇡2

4L2
> P

no solution! 

Is there always a buckled solution?
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Buckling of a beam

<latexit sha1_base64="8z4DOoABnxdloDEv31B/3KsaokA=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIWEjYDUGtJGhjYRHBXCC7htnJbDJk9sLMWTEs+wQ2voqNhSK21na+jZNLoYk/DHz85xzOnN+LBVdgWd9Gbml5ZXUtv17Y2Nza3jF395oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecPLcb11z6TiUXgLo5i5AemH3OeUgLa6ZskB9gAp93GG6/gcO74kNHViflfJ0qpzjK814K5ZtMrWRHgR7BkU0Uz1rvnl9CKaBCwEKohSHduKwU2JBE4FywpOolhM6JD0WUdjSAKm3HRyToZL2ulhP5L6hYAn7u+JlARKjQJPdwYEBmq+Njb/q3US8M/clIdxAiyk00V+IjBEeJwN7nHJKIiRBkIl13/FdEB0IKATLOgQ7PmTF6FZKdsnZfumWqxdzOLIowN0iI6QjU5RDV2hOmogih7RM3pFb8aT8WK8Gx/T1pwxm9lHf2R8/gC6MZqe</latexit>

if P >
⇡2

4L2

solution only  
for the right 
value

<latexit sha1_base64="JYEtPaD8Zh6+Gt1Sgi4p8TtmjvY=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBaxXkoSQ1tvRS8eK9gPbEvZbLft0s0m7E6EEvovvHhQxKv/xpv/xk1bQUUfDDzem2Fmnh8JrsG2P6zMyura+kZ2M7e1vbO7l98/aOowVpQ1aChC1faJZoJL1gAOgrUjxUjgC9byJ1ep37pnSvNQ3sI0Yr2AjCQfckrASHddGDMgp0X7rJ8v2KWLatn1ytgu2XbFcZ2UuBXv3MOOUVIU0BL1fv69OwhpHDAJVBCtO44dQS8hCjgVbJbrxppFhE7IiHUMlSRgupfML57hE6MM8DBUpiTgufp9IiGB1tPAN50BgbH+7aXiX14nhmG1l3AZxcAkXSwaxgJDiNP38YArRkFMDSFUcXMrpmOiCAUTUs6E8PUp/p803ZJTLjk3XqF2uYwji47QMSoiB1VQDV2jOmogiiR6QE/o2dLWo/VivS5aM9Zy5hD9gPX2CaM9kEA=</latexit>

✓0(0)

<latexit sha1_base64="iryIjUDwHqzyLr/In6d62QgM6Sc=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA9hZ0gedyCXjxGMA9JljA7mU2GzM4uM71CWPIVXjwo4tXP8ebfOJtEUNGChqKqm+4uP5bCgOt+OCura+sbm7mt/PbO7t5+4eCwbaJEM95ikYx016eGS6F4CwRI3o01p6EvecefXGV+555rIyJ1C9OYeyEdKREIRsFKd30Yc6BnAzooFN2S67qEEJwRUq24ltTrtTKpYZJZFkW0RHNQeO8PI5aEXAGT1JgecWPwUqpBMMln+X5ieEzZhI54z1JFQ268dH7wDJ9aZYiDSNtSgOfq94mUhsZMQ992hhTG5reXiX95vQSCmpcKFSfAFVssChKJIcLZ93goNGcgp5ZQpoW9FbMx1ZSBzShvQ/j6FP9P2uUSqZTIzUWxcbmMI4eO0Qk6RwRVUQNdoyZqIYZC9ICe0LOjnUfnxXldtK44y5kj9APO2yfH8pBp</latexit>

✓0a

<latexit sha1_base64="SRq+297ZpyN/oMez/pkOQ0zcFws=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA9hZ0gedyCXjxGMA9JljA7mU2GzM4uM71CWPIVXjwo4tXP8ebfOJtEUNGChqKqm+4uP5bCgOt+OCura+sbm7mt/PbO7t5+4eCwbaJEM95ikYx016eGS6F4CwRI3o01p6EvecefXGV+555rIyJ1C9OYeyEdKREIRsFKd30Yc6BnAzYoFN2S67qEEJwRUq24ltTrtTKpYZJZFkW0RHNQeO8PI5aEXAGT1JgecWPwUqpBMMln+X5ieEzZhI54z1JFQ268dH7wDJ9aZYiDSNtSgOfq94mUhsZMQ992hhTG5reXiX95vQSCmpcKFSfAFVssChKJIcLZ93goNGcgp5ZQpoW9FbMx1ZSBzShvQ/j6FP9P2uUSqZTIzUWxcbmMI4eO0Qk6RwRVUQNdoyZqIYZC9ICe0LOjnUfnxXldtK44y5kj9APO2yfK+pBr</latexit>

✓0c

we must take

�14

<latexit sha1_base64="COd6JuKFgyCsExqq2ZIMolyA5/c=">AAACDHicbVDLSgMxFM34tr6qLt0Ei9huyoyIuhGKblxWsCp0hpLJ3LbBzGRI7ohl6Ae48VfcuFDErR/gzr8xrbNQ64HAyTnnktwTplIYdN1PZ2p6ZnZufmGxtLS8srpWXt+4NCrTHFpcSaWvQ2ZAigRaKFDCdaqBxaGEq/DmdORf3YI2QiUXOEghiFkvEV3BGVqpU6742Adku1W3Ro9pcen4CHeY95SKhtVmzabcujsGnSReQSqkQLNT/vAjxbMYEuSSGdP23BSDnGkUXMKw5GcGUsZvWA/aliYsBhPk42WGdMcqEe0qbU+CdKz+nMhZbMwgDm0yZtg3f72R+J/XzrB7FOQiSTOEhH8/1M0kRUVHzdBIaOAoB5YwroX9K+V9phlH21/JluD9XXmSXO7VvYO6d75faZwUdSyQLbJNqsQjh6RBzkiTtAgn9+SRPJMX58F5cl6dt+/olFPMbJJfcN6/AHfZmgE=</latexit>

✓0(0) = ✓0good(P )

<latexit sha1_base64="2Qtgp/nqFG0I1LTKy7jtf1tDQZQ=">AAAB/HicdVBNSwMxEM36WevXao9egkX0VDZFtN5ELx4rWBXaUrLptA3NbpZkVixL/StePCji1R/izX9jtlZQ0QcDj/dmmJkXJkpaDIJ3b2Z2bn5hsbBUXF5ZXVv3NzYvrU6NgIbQSpvrkFtQMoYGSlRwnRjgUajgKhye5v7VDRgrdXyBowTaEe/HsicFRyd1/FILB4B8t9NCuMWsr3V33PHLQSUIAsYYzQk7PAgcOTqqVVmNstxyKJMp6h3/rdXVIo0gRqG4tU0WJNjOuEEpFIyLrdRCwsWQ96HpaMwjsO1scvyY7jilS3vauIqRTtTvExmPrB1FoeuMOA7sby8X//KaKfZq7UzGSYoQi89FvVRR1DRPgnalAYFq5AgXRrpbqRhwwwW6vIouhK9P6f/kslphBxV2vl8+PpnGUSBbZJvsEUYOyTE5I3XSIIKMyD15JE/enffgPXsvn60z3nSmRH7Ae/0AiqaVXw==</latexit>

✓0good



All solutions: bifurcation diagram
( with no loss of generality, we set L = 1 )

�15

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



All solutions: bifurcation diagram

the solution:

boundary condition:

�16

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good

Newton-Raphson
Recipe 

+ fix P 
+ seed 
+ newton steps 
+ solution found!

<latexit sha1_base64="JTpMBgNfQOHm1pUpZl3axjENHUA=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB6WnZDiB6DXjxGMA9IQpiddJIhszvLTK8YlvgrXjwo4tUP8ebfOHmBihY0XVR1Mz0VxFIY9LxPZ2V1bX1jM7OV3d7Z3dvPHRzWjUo0hxpXUulmwAxIEUENBUpoxhpYGEhoBKOrqd+4A22Eim5xHEMnZINI9AVnaKVuLt/GISA77bYR7jEdKNWbdHMFzy17U1DPLS1JcU58d9a9Almg2s19tHuKJyFEyCUzpuV7MXZSplFwCZNsOzEQMz5iA2hZGrEQTCedHT+hJ1bp0b7StiKkM/X7RspCY8ZhYCdDhkPz25uKf3mtBPsXnVREcYIQ8flD/URSVHSaBO0JDRzl2BLGtbC3Uj5kmnG0eWVtCMuf0v9Jvej6Zde/KRUql4s4MuSIHJMz4pNzUiHXpEpqhJMxeSTP5MV5cJ6cV+dtPrriLHby5Aec9y9PUJU1</latexit>

✓0good

( L = 1 )

Boundary Value Problem

<latexit sha1_base64="Xvi9Q6O8Uo4OCTBULxMwetF5tjM="></latexit>

✓(0) = 0 , ✓0(1) = 0

<latexit sha1_base64="UjJx4ueTBDw36vZan2CU2SKVFRI="></latexit>

EI ✓00 + P sin ✓(s) = 0
Initial Value Problem

<latexit sha1_base64="v0Mt3scmXgzA06X3HiljFGQPPzk=">AAACEXicbVDLSgMxFM3UV62vUZdugkVaUcqMiLoRiiLoroJ9QGcomTS1oZnMkNwRSukvuPFX3LhQxK07d/6NaTsLbT1w4eSce8m9J4gF1+A431Zmbn5hcSm7nFtZXVvfsDe3ajpKFGVVGolINQKimeCSVYGDYI1YMRIGgtWD3uXIrz8wpXkk76AfMz8k95J3OCVgpJZdvLrB3iH2oMuAFAr4AFfGb81lKhb1Pj7HTsvOOyVnDDxL3JTkUYpKy/7y2hFNQiaBCqJ103Vi8AdEAaeCDXNeollMaI/cs6ahkoRM+4PxRUO8Z5Q27kTKlAQ8Vn9PDEiodT8MTGdIoKunvZH4n9dMoHPmD7iME2CSTj7qJAJDhEfx4DZXjILoG0Ko4mZXTLtEEQomxJwJwZ0+eZbUjkruScm9Pc6XL9I4smgH7aIictEpKqNrVEFVRNEjekav6M16sl6sd+tj0pqx0plt9AfW5w8+HZmD</latexit>

EI ✓00 + P sin ✓(s) = 0
<latexit sha1_base64="lUbw1kq/u6gOApLYG//uk8vpJV4=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBAVQtgVURECohePCkYD2RBmZzvJkNmddaZXDEv+xYu/4sWDIl48+C9OHoKvgoaaqm6mu4JECoOu++5MTE5Nz8zm5vLzC4tLy4WV1SujUs2hypVUuhYwA1LEUEWBEmqJBhYFEq6D7unAv74FbYSKL7GXQCNi7Vi0BGdopWbhyMcOINt2d2jFpX6Jlqh/k7KQ0pGxNXBo5evV9BHuMGsrFfabhaJbdoegf4k3JkUyxnmz8OqHiqcRxMglM6buuQk2MqZRcAn9vJ8aSBjvsjbULY1ZBKaRDW/s002rhLSltK0Y6VD9PpGxyJheFNjOiGHH/PYG4n9ePcXWYSMTcZIixHz0USuVFBUdBEZDoYGj7FnCuBZ2V8o7TDOONta8DcH7ffJfcrVb9vbL3sVe8fhkHEeOrJMNsk08ckCOyRk5J1XCyT15JM/kxXlwnpxX523UOuGMZ9bIDzgfn5F2oUE=</latexit>

✓(0) = 0 , ✓0(0) = ✓0good

<latexit sha1_base64="y3iQFkP8UCLtw6t7ah5+UKt6ux0=">AAACFXicbVDLSgNBEJyN7/iKevQyGNQEQtgVUS+C6MVjBKNCNoTZSScZMruzzPSKYclPePFXvHhQxKvgzb9x8jhoYkFDUdVNd1cQS2HQdb+dzMzs3PzC4lJ2eWV1bT23sXljVKI5VLmSSt8FzIAUEVRRoIS7WAMLAwm3Qfdi4N/egzZCRdfYi6EesnYkWoIztFIjV8r62AFkBVOke/SU+nFHFEypUhrJ+w0f4QHTtlLNfrGRy7tldwg6TbwxyZMxKo3cl99UPAkhQi6ZMTXPjbGeMo2CS+hn/cRAzHiXtaFmacRCMPV0+FWf7lqlSVtK24qQDtXfEykLjemFge0MGXbMpDcQ//NqCbZO6qmI4gQh4qNFrURSVHQQEW0KDRxlzxLGtbC3Ut5hmnG0QWZtCN7ky9Pk5qDsHZW9q8P82fk4jkWyTXZIgXjkmJyRS1IhVcLJI3kmr+TNeXJenHfnY9SaccYzW+QPnM8fcrudLw==</latexit>

✓(s) = �(s, P, ✓0good)
<latexit sha1_base64="tu0tlX5J7dIjyzWYmL0r3i4qyiE=">AAACMHicbVDLSgMxFM34tr6qLt0Ei1ihlBkRdSOILnRZwbZCpwyZ9LYNzUyG5E6xDP0kN36KbhQUcetXmNYufB0IHM45l5t7wkQKg6777ExNz8zOzS8s5paWV1bX8usbNaNSzaHKlVT6JmQGpIihigIl3CQaWBRKqIe985Ff74M2QsXXOEigGbFOLNqCM7RSkL/I+UlXBFnJDIteqVLysQvIdgMf4RazjlKt4R49oX6faZsr/h84oW6QL7hldwz6l3gTUiATVIL8g99SPI0gRi6ZMQ3PTbCZMY2CSxjm/NRAwniPdaBhacwiMM1sfPCQ7lilRdtK2xcjHavfJzIWGTOIQpuMGHbNb28k/uc1UmwfNzMRJylCzL8WtVNJUdFRe7QlNHCUA0sY18L+lfIu04yj7ThnS/B+n/yX1PbL3mHZuzoonJ5N6lggW2SbFIlHjsgpuSQVUiWc3JFH8kJenXvnyXlz3r+iU85kZpP8gPPxCRfOqG8=</latexit>

�,s(1, P, ✓
0
good) = '(P, ✓0good) = 0



<latexit sha1_base64="FLmIyDLkKBJGMSCZJa29LRHj2Qs=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1qte8rNRv8jqKcAKncA4eXEEd7qABLWCA8Ayv8OY8Oi/Ou/OxiBacfOYY/sD5/AGrkYza</latexit>

P

Bifurcation diagram: cloud search
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<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



<latexit sha1_base64="FLmIyDLkKBJGMSCZJa29LRHj2Qs=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1qte8rNRv8jqKcAKncA4eXEEd7qABLWCA8Ayv8OY8Oi/Ou/OxiBacfOYY/sD5/AGrkYza</latexit>

P

Bifurcation diagram: cloud search
20 000 points (few seconds)
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<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



<latexit sha1_base64="FLmIyDLkKBJGMSCZJa29LRHj2Qs=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1qte8rNRv8jqKcAKncA4eXEEd7qABLWCA8Ayv8OY8Oi/Ou/OxiBacfOYY/sD5/AGrkYza</latexit>

P

Bifurcation diagram: cloud search
20 000 points (few seconds)

�19

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



<latexit sha1_base64="FLmIyDLkKBJGMSCZJa29LRHj2Qs=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1qte8rNRv8jqKcAKncA4eXEEd7qABLWCA8Ayv8OY8Oi/Ou/OxiBacfOYY/sD5/AGrkYza</latexit>

P

Bifurcation diagram: fractal bassin boundaries

�20

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



wikipedia.orgCubic roots of unity
<latexit sha1_base64="0AGE0w7T2IktKeU9fZDMY6b50YQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjBPOAZA2zk95kyOzsMjMrxCUf4cWDIl79Hm/+jZPHQRMLGoqqbrq7gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGN2O/8YhK81jem2GCfkR7koecUWOlxtPDKbkiXqdYcsvuBGSReDNSghmqneJXuxuzNEJpmKBatzw3MX5GleFM4KjQTjUmlA1oD1uWShqh9rPJuSNyZJUuCWNlSxoyUX9PZDTSehgFtjOipq/nvbH4n9dKTXjpZ1wmqUHJpovCVBATk/HvpMsVMiOGllCmuL2VsD5VlBmbUMGG4M2/vEjqJ2XvvOzdnZUq17M48nAAh3AMHlxABW6hCjVgMIBneIU3J3FenHfnY9qac2Yz+/AHzucPstCOfw==</latexit>

z3 = 1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="6IMaAoH+Ebdc0/JJSlJTAjTouqU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8xd0o6jHoxWME88BkDbOT3mTI7OwyMyuEJX/hxYMiXv0bb/6Nk8dBEwsaiqpuuruCRHBtXPfbWVpeWV1bz23kN7e2d3YLe/t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQxuxn7jCZXmsbw3wwT9iPYkDzmjxkoP+JiV2wk/PRt1CkW35E5AFok3I0WYodopfLW7MUsjlIYJqnXLcxPjZ1QZzgSO8u1UY0LZgPawZamkEWo/m1w8IsdW6ZIwVrakIRP190RGI62HUWA7I2r6et4bi/95rdSEV37GZZIalGy6KEwFMTEZv0+6XCEzYmgJZYrbWwnrU0WZsSHlbQje/MuLpF4ueRcl7+68WLmexZGDQziCE/DgEipwC1WoAQMJz/AKb452Xpx352PauuTMZg7gD5zPH+NlkGg=</latexit>

e2⇡/3

<latexit sha1_base64="YGpSUxuItZFtkyeExq8kSU1C1iw=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHerqMeiF48V7Ads15JNZ9vQbLIkWaEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qWWqKDSo5FK1Q6KBMwENwwyHdqKAxCGHVji8nfitJ1CaSfFgRgkEMekLFjFKjJV8eMxOq52EnZ2Pu6WyW3GnwIvEy0kZ5ah3S1+dnqRpDMJQTrT2PTcxQUaUYZTDuNhJNSSEDkkffEsFiUEH2fTkMT62Sg9HUtkSBk/V3xMZibUexaHtjIkZ6HlvIv7n+amJroOMiSQ1IOhsUZRybCSe/I97TAE1fGQJoYrZWzEdEEWosSkVbQje/MuLpFmteJcV7/6iXLvJ4yigQ3SETpCHrlAN3aE6aiCKJHpGr+jNMc6L8+58zFqXnHzmAP2B8/kDTxeQnw==</latexit>

e�2⇡/3



Numerical path following (continuation)
when number of unknowns in large (>10), cloud search is too long

path #2

path #1

�22

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Numerical path following (continuation)
compute path#1, then path#2, etc

path #1

�23

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Numerical path following (continuation)
compute path#1, then path#2, etc

path #1

�24

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Numerical path following (continuation)

A and B are known points 
C is taken such  
       that AC = stepsize AB

<latexit sha1_base64="GZPAXPGxSTiQHQv7k1FNRr6SzC8=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgET8uuiHoMevEYwTwgu4TZyWwyZPbBTK8Ql3yJFw+KePVTvPk3TpI9aGJBQ1HVTXdXkEqh0XG+rdLa+sbmVnm7srO7t1+tHRy2dZIpxlsskYnqBlRzKWLeQoGSd1PFaRRI3gnGtzO/88iVFkn8gJOU+xEdxiIUjKKR+rWqJ3mIXk48JYYjtPu1umM7c5BV4hakDgWa/dqXN0hYFvEYmaRa91wnRT+nCgWTfFrxMs1TysZ0yHuGxjTi2s/nh0/JqVEGJEyUqRjJXP09kdNI60kUmM6I4kgvezPxP6+XYXjt5yJOM+QxWywKM0kwIbMUyEAozlBODKFMCXMrYSOqKEOTVcWE4C6/vEra57Z7abv3F/XGTRFHGY7hBM7AhStowB00oQUMMniGV3iznqwX6936WLSWrGLmCP7A+vwBaA6S7Q==</latexit>

{
2 equations 
2 unknowns

Newton is started  
with C as seed

path #1

A

B

C

M

Recipe

see e.g. books by Keller 1976, Allgower 1990, Ascher 1995, Dankowicz 2013
�25

<latexit sha1_base64="XhK3lUyffs/OUP8Tk5ohgcnmD3o="></latexit>

'(P, ✓0good) = 0

CM ·AB = 0

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Numerical path following (continuation)

A

B

C

M

this works fine if 
the seed (point C) 
is inside the basin  
of attraction  
of Newton method

path #1

�26

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Numerical path following (continuation)

if basin of attraction  
is narrower 
=> small step sizes

�27

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Numerical path following (continuation)

ODEs system gets 
 numerically stiff

�28

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Domokos’ ghost solutions

Discretization of differential equations 
e.g. finite differences, collocation, spectral, finite 
elements, etc

<latexit sha1_base64="OODPgFzhMDqfpTsBPStt9LVUs28="></latexit>

k
✓i+1 � 2✓i + ✓i�1

h2
+ P sin ✓i = 0

<latexit sha1_base64="v0Mt3scmXgzA06X3HiljFGQPPzk=">AAACEXicbVDLSgMxFM3UV62vUZdugkVaUcqMiLoRiiLoroJ9QGcomTS1oZnMkNwRSukvuPFX3LhQxK07d/6NaTsLbT1w4eSce8m9J4gF1+A431Zmbn5hcSm7nFtZXVvfsDe3ajpKFGVVGolINQKimeCSVYGDYI1YMRIGgtWD3uXIrz8wpXkk76AfMz8k95J3OCVgpJZdvLrB3iH2oMuAFAr4AFfGb81lKhb1Pj7HTsvOOyVnDDxL3JTkUYpKy/7y2hFNQiaBCqJ103Vi8AdEAaeCDXNeollMaI/cs6ahkoRM+4PxRUO8Z5Q27kTKlAQ8Vn9PDEiodT8MTGdIoKunvZH4n9dMoHPmD7iME2CSTj7qJAJDhEfx4DZXjILoG0Ko4mZXTLtEEQomxJwJwZ0+eZbUjkruScm9Pc6XL9I4smgH7aIictEpKqNrVEFVRNEjekav6M16sl6sd+tj0pqx0plt9AfW5w8+HZmD</latexit>

EI ✓00 + P sin ✓(s) = 0

<latexit sha1_base64="V1Bvs9ju/6Ql/tX/cR6H+SXBWGk=">AAACA3icbVDLSgNBEJyNrxhfq970MhiECBJ2RdSLEBRBwUME84DsEmYnk2TI7IOZXjUsAS/+ihcPinj1J7z5N06SPWhiQUNR1U13lxcJrsCyvo3MzOzc/EJ2Mbe0vLK6Zq5vVFUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzeudDv3bHpOJhcAv9iLk+6QS8zSkBLTXNrYID7AGSew5dPMAXV/gU97Czj6/3mmbeKloj4GlipySPUpSb5pfTCmnsswCoIEo1bCsCNyESOBVskHNixSJCe6TDGpoGxGfKTUY/DPCuVlq4HUpdAeCR+nsiIb5Sfd/TnT6Brpr0huJ/XiOG9omb8CCKgQV0vKgdCwwhHgaCW1wyCqKvCaGS61sx7RJJKOjYcjoEe/LlaVI9KNpHRfvmMF86S+PIom20gwrIRseohC5RGVUQRY/oGb2iN+PJeDHejY9xa8ZIZzbRHxifP8H1laU=</latexit>

(with EI = k L)

Rigid bars linked with torsional springs

�29



Domokos’ ghost solutions

�30

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



see e.g.  
Domokos+Holmes(1993) 
Karolyi+Domokos(1999)

Domokos’ ghost solutions

�31

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>
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Domokos’ ghost solutions

if ghost solutions 
 did not exist

�32

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>

✓0good



Domokos’ ghost solutions

with ghost 
solutions

two problems: 
- newton basins are smaller 
- convergence on ghost sol. 

�33

<latexit sha1_base64="GPPWuXSNoRK1ay5ertka+xVzQVA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbRU0lE1GPRi8cK9gPaEDbbabt0kw27EzGE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAiu0XW/rcLK6tr6RnGztLW9s7tn7x80tUwVgwaTQqp2SDUIHkMDOQpoJwpoFApohaObid96AKW5jO8xS8CP6CDmfc4oGimwy10cAtKToIvwiPlAyt44sCtu1Z3CWSbenFTIHPXA/ur2JEsjiJEJqnXHcxP0c6qQMwHjUjfVkFA2ogPoGBrTCLSfT48fO8dG6Tl9qUzF6EzV3xM5jbTOotB0RhSHetGbiP95nRT7V37O4yRFiNlsUT8VDkpnkoTT4woYiswQyhQ3tzpsSBVlaPIqmRC8xZeXSfOs6l1UvbvzSu16HkeRHJIjcko8cklq5JbUSYMwkpFn8krerCfrxXq3PmatBWs+UyZ/YH3+AD2wlSk=</latexit>
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Domokos’ ghost solutions
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Domokos’ ghost solutions<latexit sha1_base64="DQnAtw7HxPXnb3R3P96tPNlS8ZI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSRD0WvXisYD+giWWz3bRLN5uwuxFqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcjPzu49UKhaLez1NqB/hkWAhI1gbaWBXvVBikrXyzEvYQyMf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzQ/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhlZ8xkaSaCrJYFKYc6RjNUkBDJinRfGoIJpKZWxEZY5OENllVTAju8surpNOouxd19+681rwu4ijDMZzAGbhwCU24hRa0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP+25k0Q=</latexit>

P

⇡2
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Domokos+Holmes(1993)

N = 4 
bars



Domokos’ ghost solutions<latexit sha1_base64="DQnAtw7HxPXnb3R3P96tPNlS8ZI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSRD0WvXisYD+giWWz3bRLN5uwuxFqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcjPzu49UKhaLez1NqB/hkWAhI1gbaWBXvVBikrXyzEvYQyMf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzQ/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhlZ8xkaSaCrJYFKYc6RjNUkBDJinRfGoIJpKZWxEZY5OENllVTAju8surpNOouxd19+681rwu4ijDMZzAGbhwCU24hRa0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP+25k0Q=</latexit>

P

⇡2

�36

Domokos+Holmes(1993)

N = 4 
bars



<latexit sha1_base64="DQnAtw7HxPXnb3R3P96tPNlS8ZI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSRD0WvXisYD+giWWz3bRLN5uwuxFqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcjPzu49UKhaLez1NqB/hkWAhI1gbaWBXvVBikrXyzEvYQyMf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzQ/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhlZ8xkaSaCrJYFKYc6RjNUkBDJinRfGoIJpKZWxEZY5OENllVTAju8surpNOouxd19+681rwu4ijDMZzAGbhwCU24hRa0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP+25k0Q=</latexit>

P

⇡2
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bars



<latexit sha1_base64="DQnAtw7HxPXnb3R3P96tPNlS8ZI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSRD0WvXisYD+giWWz3bRLN5uwuxFqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcjPzu49UKhaLez1NqB/hkWAhI1gbaWBXvVBikrXyzEvYQyMf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzQ/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhlZ8xkaSaCrJYFKYc6RjNUkBDJinRfGoIJpKZWxEZY5OENllVTAju8surpNOouxd19+681rwu4ijDMZzAGbhwCU24hRa0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP+25k0Q=</latexit>

P

⇡2

N = 12 
bars
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An more elaborate example: Elastic ribbon

Victor Romero 
Raphaël Charrondière 
Florence Bertails-Descoubes 
     INRIA, Univ. Grenoble Alpes, CNRS, Grenoble-INP, LJK

Clamped-Free
naturally curved ribbon
sagging under its own weight

L = 29 cm
w = 3 cm
h = 0.1 mm
R_curv = 3.75 cm

PET : PolyEthylene Terephthalate

E = 3.4 Gpa
nu = 0.4
rho = 1250 kg/m3



Elastic ribbon

L � h,w
<latexit sha1_base64="aS8W0D9d1OkU8a1ZhEUdc1DhM+M=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhAsJNxFQcugjYVFBPMhyRH2NnuXJbt7x+6eEo78ChsLRWz9OXb+GzfJFZr4YODx3gwz84KEM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+00dp4rQBol5rNoB1pQzSRuGGU7biaJYBJy2guH1xG89UqVZLO/NKKG+wJFkISPYWOnhFnWjCA1On3qlsltxp0CLxMtJGXLUe6Wvbj8mqaDSEI617nhuYvwMK8MIp+NiN9U0wWSII9qxVGJBtZ9NDx6jY6v0URgrW9Kgqfp7IsNC65EIbKfAZqDnvYn4n9dJTXjpZ0wmqaGSzBaFKUcmRpPvUZ8pSgwfWYKJYvZWRAZYYWJsRkUbgjf/8iJpViveWaV6d16uXeVxFOAQjuAEPLiAGtxAHRpAQMAzvMKbo5wX5935mLUuOfnMAfyB8/kDkDGPmQ==</latexit>

L,w � h
<latexit sha1_base64="fVx9J0GXKeayvKas7zhWrrEr5K8=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhAsJNxFQcugjYVFBPMhyRH2NnuXJbt7x+6eEo78ChsLRWz9OXb+GzfJFZr4YODx3gwz84KEM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+00dp4rQBol5rNoB1pQzSRuGGU7biaJYBJy2guH1xG89UqVZLO/NKKG+wJFkISPYWOnh9vQJdaMIDXqlsltxp0CLxMtJGXLUe6Wvbj8mqaDSEI617nhuYvwMK8MIp+NiN9U0wWSII9qxVGJBtZ9NDx6jY6v0URgrW9Kgqfp7IsNC65EIbKfAZqDnvYn4n9dJTXjpZ0wmqaGSzBaFKUcmRpPvUZ8pSgwfWYKJYvZWRAZYYWJsRkUbgjf/8iJpViveWaV6d16uXeVxFOAQjuAEPLiAGtxAHRpAQMAzvMKbo5wX5935mLUuOfnMAfyB8/kDkF+PmQ==</latexit>

L � w � h
<latexit sha1_base64="cR0XwmPVb6XgEOXZaF1UH6awYkY=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJqUpKJRgrWBgYikQfUhtVjuukVh0n2E5RFfU7WBhAiJWPYeNvcNMM0HKke3V0zr3y9fFizpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHY9rChngrY005x2Y0lx6HHa8cY3c78zoVKxSDzoaUzdEAeC+YxgbST3DvWDAD1lfTQoV+yqnQGtEicnFcjRHJS/+sOIJCEVmnCsVM+xY+2mWGpGOJ2V+omiMSZjHNCeoQKHVLlpdvQMnRlliPxImhIaZervjRSHSk1Dz0yGWI/UsjcX//N6ifav3JSJONFUkMVDfsKRjtA8ATRkkhLNp4ZgIpm5FZERlphok1PJhOAsf3mVtGtV56Jau69XGtd5HEU4gVM4BwcuoQG30IQWEHiEZ3iFN2tivVjv1sditGDlO8fwB9bnDxMLkP8=</latexit>

rod

plate

ribbon L

w

h

Elastic energy for a plate

Ebend =
D

2

Z Z �
(1� ⌫) TrK2 + ⌫(TrK)2

 
dS

<latexit sha1_base64="zNc6TYX/FBDcjsEX9PySchW2RDw="></latexit>

Eext =
A

2

Z Z �
(1� ⌫) Tr ✏2 + ⌫(Tr✏)2

 
dS

<latexit sha1_base64="H6XJ1TcZ30SFWMrOk7OGXJyOSnQ="></latexit>
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Elastic energy for a plate

Ebend =
D

2

Z Z �
(1� ⌫) TrK2 + ⌫(TrK)2

 
dS

<latexit sha1_base64="zNc6TYX/FBDcjsEX9PySchW2RDw="></latexit>

Eext =
A

2

Z Z �
(1� ⌫) Tr ✏2 + ⌫(Tr✏)2

 
dS

<latexit sha1_base64="H6XJ1TcZ30SFWMrOk7OGXJyOSnQ="></latexit>

✏ =

✓
✏xx ✏xy
✏xy ✏yy

◆

<latexit sha1_base64="1Ql72wF9I6ljLaE4Qm7yJj8Oy68="></latexit>

K =

✓
Kx Kxy

Kxy Ky

◆

<latexit sha1_base64="fIUFhIrmMimWRFzMBkkk79iJbq0="></latexit>

D =
Y h3

12(1� ⌫2)
<latexit sha1_base64="8XOxoJQTvnK3IqFWBLNSIU3WQ3k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5YkFXQjFHXhsoJ9SJOWyXTSDp1MwsxEKKE7N/6KGxeKuPUX3Pk3TtsstHrgwuGce7n3Hj9mVCrL+jJyC4tLyyv51cLa+sbmlrm905BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7yc+M17IiSN+K0axcQLUZ/TgGKktNQ196/gOXQDgXB6Bwedyji1HViyj12edJyjcdcsWmVrCviX2Bkpggy1rvnp9iKchIQrzJCUbduKlZcioShmZFxwE0lihIeoT9qachQS6aXTP8bwUCs9GERCF1dwqv6cSFEo5Sj0dWeI1EDOexPxP6+dqODMSymPE0U4ni0KEgZVBCehwB4VBCs20gRhQfWtEA+QDkXp6Ao6BHv+5b+k4ZTtStm5OSlWL7I48mAPHIASsMEpqIJrUAN1gMEDeAIv4NV4NJ6NN+N91pozspld8AvGxzcu05b3</latexit>

A =
Y h

(1� ⌫2)
<latexit sha1_base64="tVM1mprI+3wZCMIC9uHoJzTaPks=">AAACA3icbVA9SwNBEJ2LXzF+Re20WQxCLAx3UdBGiNpYRjAfkothb7OXLNnbO3b3hHAEbPwrNhaK2Pon7Pw3bpIrNPpg4PHeDDPzvIgzpW37y8rMzS8sLmWXcyura+sb+c2tugpjSWiNhDyUTQ8rypmgNc00p81IUhx4nDa8weXYb9xTqVgobvQwou0A9wTzGcHaSJ38zjk6Q64vMUluUX+UoKJz6Ir4rnww6uQLdsmeAP0lTkoKkKLayX+63ZDEARWacKxUy7Ej3U6w1IxwOsq5saIRJgPcoy1DBQ6oaieTH0Zo3yhd5IfSlNBoov6cSHCg1DDwTGeAdV/NemPxP68Va/+0nTARxZoKMl3kxxzpEI0DQV0mKdF8aAgmkplbEeljE4g2seVMCM7sy39JvVxyjkrl6+NC5SKNIwu7sAdFcOAEKnAFVagBgQd4ghd4tR6tZ+vNep+2Zqx0Zht+wfr4BgObldg=</latexit>

Elastic ribbon

 41



Elastic energy for a plate

Ebend =
D

2

Z Z �
(1� ⌫) TrK2 + ⌫(TrK)2

 
dS

<latexit sha1_base64="zNc6TYX/FBDcjsEX9PySchW2RDw="></latexit>

Eext =
A

2

Z Z �
(1� ⌫) Tr ✏2 + ⌫(Tr✏)2

 
dS

<latexit sha1_base64="H6XJ1TcZ30SFWMrOk7OGXJyOSnQ="></latexit>

Sadowsky 1930 
Wunderlich 1962 
Starostin 2008 
Dias 2014

Assume inextensibility:  
=> developable surface 
=> generatrices

Elastic ribbon
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no geodesic curvature

no shear

Elastic ribbon
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Equations for elastic ribbons

kinematics

dynamics

Dias & Audoly (JMPS) 2014

nonlinear 
constitutive 
relations

m1 = K

✓
1� u4

3

u4
1

◆
u1

u2 = 0

m3 = 2K

✓
1 +

u2
3

u2
1

◆
u3

<latexit sha1_base64="OITupexDTUzqV1mZT0WIsOlXnTo="></latexit><latexit sha1_base64="OITupexDTUzqV1mZT0WIsOlXnTo="></latexit><latexit sha1_base64="OITupexDTUzqV1mZT0WIsOlXnTo="></latexit><latexit sha1_base64="OITupexDTUzqV1mZT0WIsOlXnTo="></latexit>
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Goal: obtain K=10, G=100Elastic ribbon

adim natural curvature adim weight

Shooting: 42 pts (8sec)
 
 

20 40 60 80 100
G

0.05

0.10

0.15

0.20

0.25

0.30

|u3(0)|



Goal: obtain K=10, G=100
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G
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|u3(0)|

Elastic ribbon

adim natural curvature adim weight

Shooting: 42 pts (8sec)
AUTO: 30 pts (0.11sec) ( NTST=10, NCOL=4 )
 



Shooting & AUTO:
            sequence of equilibrium
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Elastic ribbon Goal: obtain K=10, G=100

Shooting: 42 pts (8sec)
AUTO: 30 pts (0.11sec) ( NTST=10, NCOL=4 )
IPOPT: 11 pts (0.09sec) ( high order elem. 10 seg. )

adim natural curvature adim weight
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IPOPT: non equilibrium states
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IPOPT: non equilibrium states
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