
-D 0
D

L

-L’

The bending of an elastic beam by a liquid drop

A variational approach

Sébastien Neukirch       dʼAlembert - CNRS & UPMC - Paris, France
Arnaud Antkowiak         dʼAlembert - CNRS & UPMC - Paris, France
Jean-Jacques Marigo    LMS - Ecole Polytechnique - Palaiseau, France



State of the art



http://journals.cambridge.org Downloaded: 18 Jun 2009 IP address: 134.157.34.229

Minimal liquid bridges in buckled elastic tubes 319

x

y z

(a) (b)

(c) (d )

Figure 3. Sequence of uniformly collapsed tubes containing a single meniscus. As the tube’s collapse
increases, the meniscus develops a long finger along the tube’s centreline. The contact angle is
γ = 10◦. (a) vctrl = −0.450, pext = 3.41; (b) vctrl = −0.720, pext = 4.06; (c) vctrl = −0.833, pext = 4.46;
(d) vctrl = −0.875, pext = 4.65. A lengthscale is provided by the circumferential lines on the tube
wall which are spaced ∆z = 0.526 apart.

the external pressure beyond the buckling pressure leads to a rapid collapse of the
tube: for pext = 4, the control point has collapsed radially inwards by about 70% of
the tube’s undeformed radius; for pext = 5.15 the opposite walls come into contact
when vctrl = −(1 − h/(2R0)) = −0.975. The computation could only be carried out
up to the first occurrence of opposite wall contact since the contact problem is not
included in the present numerical model.

Figure 3 shows how the shape of the meniscus, which meets the tube wall at
a constant contact angle of γ = 10◦, varies with the tube’s deformation. For an
axisymmetric tube (not shown), the meniscus is a spherical cap which meets the tube
wall along the line z = −0.818. During the early stages of the tube’s post-buckling
deformation, when the cross-sections are approximately elliptical, the contact line
moves in the negative z-direction in the plane x = 0 where the wall curvature is
higher; it moves in the positive z-direction in the plane y = 0 where the tube wall
is relatively flat. If the tube’s cross-sections were to remain elliptical throughout the
deformation then this trend would continue and two long thin ‘tongues’ would develop
in the two regions of high wall curvature.

Figure 3 shows that this trend is reversed when the tube’s cross-section begins
to change to a dumb-bell shape: in the plane x = 0, the contact line moves in the
positive z-direction and a narrow meniscus finger begins to develop in the most
strongly collapsed part of the tube. This finger grows very rapidly along the tube’s
centreline in the negative z-direction as the tube’s collapse increases.

The development of this finger is closely related to the fact that the meniscus
is a surface of constant mean curvature. To explain this, we express the meniscus’
curvature in terms of its principal radii of curvature on the tube’s axis, i.e. κ =
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Fig. 2. (A) Beetle withstanding a 2-g pull; brush strokes are causing the beetle to adhere with its tarsi. (B) Ventral view of beetle, showing yellow tarsi. (C) Tarsus
(numbers refer to tarsomeres). (D) Tarsus in contact with glass (polarized epi-illumination). (E) Same as preceding, in nonpolarized light; contact points of the
bristles are seen to be wet. (F) Bristle pads, in contact with glass. (G) Droplets left on glass as part of a tarsal ‘‘footprint.’’ (H and I) Apparatus diagrammed in Fig.
1. In H, beetle is on platform, before lift is applied (horizontal trace on oscilloscope); in I, the lift has been applied (ascending green trace) to point where beetle
has detached (return of trace to baseline). [Bars � 1 mm (B), 100 �m (C), 50 �m (D), 10 �m (F), and 50 �m (G).]
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spreading of oil onto the bristle tips may be facilitated by the
terminal bifurcation of the shafts. In fact, the bristle endings, by
being bunched, could act in the manner of a physical sponge that
draws the oil and ensures that the bristles are terminally wetted.
Addition of a droplet of oil (lubricant oil, from a vacuum
diffusion pump) to a tarsus that had been cleaned beforehand
with solvent caused the wetted bristles to become clumped again
(Fig. 4G). Another role of the bifurcation is that it bestows
stability on the bristles when the tarsus bears down, preventing
the bristles from being deflected.

The mechanism by which we presume the tarsal bristles to be
wetted with oil is illustrated in Fig. 5. When the tarsus is lifted,
the bristles clump together and oil f lows to the clustered tips,
wetting the bristle pads. When the tarsus then touches down, the
bristles are splayed, and the prewetted pads make contact with

the substrate; because of the splaying, additional oil is prevented
from seeping to the bristle tips and spilling onto the substrate.
When the tarsus is then lifted up again, the bristles clump
together and the pads are rewetted.

An additional observation was made on tarsi that were
submerged in water. First, it was noted that the contact surface
of the tarsi was water repellant. But in places in which water did
seep into the spaces between clustered bristles, the clusters were
seen to be wetted by a fluid that did not mix with water. Again,
we presume that fluid to be tarsal oil.

We have evidence that what we call tarsal oil is indeed an oil.
Chemical extracts of tarsi, or of glass surfaces to which H. cyanea

had clung, yielded mixtures of saturated and unsaturated linear
hydrocarbons, of C20 to C28 chain length, with (Z)-9-pentacosene
as the principal component (A. Attygalle and T.E., unpublished
data).

Fig. 4. (A–C) Normal tarsus, and details thereof; the pads are stuck together in clusters (C), which are arranged in rows (A). (D–F) Comparable with
preceding, but of a tarsus cleaned of oil by treatment with methanol�chloroform solution. (G) Comparable with E but with some of the bristles clustered
where a droplet of oil has been applied. (H) Portion of tarsus where tips of bristles have been cut off, showing how bristle shafts are stuck together in
groups; a substance, presumed to be oil, is seen between the bases of the bristles (upper arrow). Lower arrows point to pores from which tarsal oil is
presumed to be secreted. (I) Bristles, in profile view, showing the component parts (shaft, bifurcated tip, pads) and oil pores between their bases. [Bars �
100 �m (A), 20 �m (B), 5 �m (C), 10 �m (I).]

Eisner and Aneshansley PNAS � June 6, 2000 � vol. 97 � no. 12 � 6571

E
C

O
L
O

G
Y

F

Lung’s airway closure  

Beetle

Meniscus

Insect adhesion

e.g. Heil, J. Fluid Mech 380, 1999

Eisner et al., PNAS, 2000

Elastocapillarity in Biology

Duprat, Protière, Beebe and Stone, Nature (2012)

Wet feathers



LETTERS

nature materials | VOL 2 | JULY 2003 | www.nature.com/naturematerials 461

The amazing climbing ability of geckos has attracted the interest of
philosophers and scientists alike for centuries1–3.However,only in
the past few years2,3 has progress been made in understanding the

mechanism behind this ability,which relies on submicrometre keratin
hairs covering the soles of geckos.Each hair produces a miniscule force
≈10–7N (due to van der Waals and/or capillary interactions) but millions
of hairs acting together create a formidable adhesion of ≈10 N cm–2:
sufficient to keep geckos firmly on their feet,even when upside down on
a glass ceiling. It is very tempting3 to create a new type of adhesive by
mimicking the gecko mechanism. Here we report on a prototype of
such ‘gecko tape’ made by microfabrication of dense arrays of flexible
plastic pillars, the geometry of which is optimized to ensure their 
collective adhesion. Our approach shows a way to manufacture self-
cleaning, re-attachable dry adhesives, although problems related to
their durability and mass production are yet to be resolved.

In principle, any submicrometre object—whether it is the tip of an
atomic force microscope (AFM), a small piece of dust or a single gecko
hair—sticks to a solid surface with an adhesive force in the range 10 to
1,000 nN, depending on the exact geometry and materials involved2–6.
In the case of hydrophilic materials, it is often an atomic layer of
absorbed water (capillary force) that is responsible for the adhesion4,5.
The capillary force decreases with decreasing a characteristic size Rof an
object, and can be estimated as Fc ≈ σR where σ is the surface tension of
water. On a submicrometre scale, van der Waals interaction is also no
longer negligible and can compete with the capillary force. A typical
value of van der Waals forces for a submicrometre object is ≈100nN,and
this force becomes dominant in the case of hydrophobic surfaces2–5. It is
interesting to note that diameters of gecko foot-hair (0.2 to 0.5 µm) 
fall exactly in the range where the two forces become comparable3.
This probably indicates that, in the course of evolution, geckos have
developed their foot hairs to be of the most appropriate diameter to
exploit both the van der Waals and capillary forces,and to climb surfaces
of various hydrophilicities.

Based on the understanding of the gecko’s climbing mechanism,an
AFM tip has been used to produce a set of dimples on a wax surface,
which was then used as a mould for making a number of mesoscopic
polymer pyramids3.With the help of another AFM cantilever with a flat
tip,the adhesive force to an individual pyramid was measured.The force

Microfabricated adhesive mimicking 
gecko foot-hair
A. K. GEIM*1, S. V. DUBONOS1,2, I. V. GRIGORIEVA1, K. S. NOVOSELOV1, A. A. ZHUKOV2
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Figure 1 Scanning electron micrographs of microfabricated polyimide hairs.
a,A small area near the edge of a 1 cm2 array of polyimide hairs.This array was later
used to evaluate macroscopic adhesive properties of the mimetic material.b, Bunching
is found to be one of the mechanisms responsible for the reduction of adhesive strength
of the artificial hair.This micrograph also demonstrates the high flexibility of polyimide
pillars. Both scale bars are 2 µm.
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surface tension forces are responsible
for the collapse of microstructures during 
removal of sacrificial layers

collapse
during
evaporation

suspended micromachined structures
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rotate hinged joints for the
self-assembly of 3D microstructures

re-solidification

melting of solder

Elastocapillarity in Industry: Microfabrication
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spontaneous folding of 2D structures
under the influence of the
surface tension of liquid solder

Elastocapillarity in Industry: Microfabrication
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3D electrical components (here an inductor)
assembled by surface tension

inductor has to be
away from (metallic) substrate to 
prevent magnetic field loss

Elastocapillarity in Industry: Microfabrication
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microfan with polysilicon
180 rpm
micro-fluidic systems

folding by surface tension of Pb:Sn solder spheres

Elastocapillarity in Industry: Microfabrication



Py et al
Capillary origami

Phys. Rev. Lett.  2007

Guo et al., PNAS, 2009

Applications: non-spherical lenses, 3D electronic circuits, curved micro solar panels, 
wrapping of active substances for targeted drug delivery...

Elastocapillarity in Industry: Microfabrication
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Mechanisms: Aggregation
Wet hairs: elastic Jurin’s law and aggregation
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Mechanisms: Buckling
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Mechanisms: Wrinkling
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of the drop. For a given volume of liquid several equilibrium states may even coexist

as shown by the theoretical study of a 2D version of the problem [55]. For instance,

if the origami is formed after the impact of a droplet on an elastic template, the final

shape may depend on the initial kinetic energy as nicely shown in [108]. Figure 11a illus-

trates different final shapes obtained as the velocity of the impacting droplet is increased.

a b

c

d0 V

600 V

Figure 11. (a) Dynamical origami: different final shapes are obtained with the same

template as the velocity of the impacting droplet is increased (reprinted from [108],

with permission XXX). (b) Reopening actuated by an electric field: a voltage is applied

between the droplet and the substrate; beyond a critical value the structure reopens

[109] (image credit M.Piñeirua). (c) The corolla of a daisy closes as the flower is

progressively submerged (licensed under the Creative Commons Attribution ShareAlike

3.0 License). (d) Elasto-pipette: a flower shaped thin sheet is used to grab and deposit

a defined quantity of liquid [110, 111] (image credit J. Hure).

As a practical example, 3D photovoltaic cells with enhanced efficiency were

engineered through the spontaneous wrapping of wet beads by thin silicon films

(figure 10c) [105]. The reopening of a closed origami structure can also be actuated

with an electric field with a potential application to digital displays: the structure

opens beyond a critical voltage Uopen and closes back below a lower voltage Uclose. Both

critical voltages can be estimated from the size and the bending stiffness of the sheet and

the surface tension of the liquid. These voltages are proportional to
�
γh/�, a voltage

which compares capillary and electrostatic energies, � being the dieletric constant of the

sheet [109, 112].

In the botanical world, closing flowers can also be vital for aquatic plants that

rely on wind on aerial insects for dissemination. The corollas of certain varieties of

Nymphoides flowers, that usually float at the surface of pounds but are tethered to the

ground by their stem, are found to close hermetically if they sink after sudden increase

Mechanisms: Wrapping & Folding

Syms et al., J. of MEMS (2003),   
Py et al., PRL (2007),
Reis et al., Soft Matter (2010)



Bending an elastic beam with 
surface tension
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Bending an elastic beam with 
surface tension

Forces on the beam :
           - hydrostatic pressure
           - point force at meniscus



Direction of the force at meniscus ?

Marchand et al PRL 2012



Direction of the force at meniscus ?

Marchand et al PRL 2012



Question

γlv



Question

Γ



Goal : 
compute the forces

 via
 an energy approach



Variational approach
1- write potential energy of the system
2- minimize the energy => stable equilibrium

Advantages on the direct (force) approach:
- elegant, self-contained, powerfull
- only deals with energies : 
             no need to postulate where the forces are.



Variational approach

Gauss 1830

energy

E(β, r,D) =
�

i

γi Ai

min E(β, r,D) ⇒ Young-Dupré relation

Laplace pressure

i = lv, sv, slwith

γsl − γsv + γlv cosβ = 0

P =
γlv
r



Variational approach

one never sees forces
one only sees their effect (deformation)



Variational approach

energy E =
�

i

γi Ai +
1

2
Y I

� L

−L
[θ�(s)]

2
ds

E = E(β, r,D, x(s), y(s), θ(s))

interfaces bending



Variational approach

Young-Dupré relation: 

Equilibrium equations for the elastic beam with:
                     - Laplace pressure
                     - localized forces at triple points directed along the meniscus

γlvγlv

δE = 0 ⇒minimization

γsl − γsv + γlv cos θ = 0

θ
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