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Piano soundboard

acoustic radiation from the soundboard (not the strings)
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Model: pre-stressed beam

vibrations slender elastic beam  1n the plane
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Elastic beam in the plane

L : length in unstressed state
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Model : do we need extensibility ?

curvature extension
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Kirchhoff equations eview

apply to :
- slender bodies
- not too bent




Kirchhoff equations
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Kirchhoff equations




Kirchhoff equations




Kirchhoff equations

\p(s) ds




Kirchhoff equations

\p(s) ds

Dynamics (linear momentum):

ds,t) — F(s,t) + p(s,t)ds
F'(s,t) + p(s,t)
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Kirchhoff equations

\p(s) ds

W
M(s) > U

Dynamics (angular momentum):
M'(s,t) +7'(s,t) x F(s,t) = plw(s,t)
d




Kirchhoff equations: kinematics

Cosserat frame
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curvatures twist




Kirchhoff equations: constitutive relations
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Special Cosserat theory of rods

S.Antman, Nonlinear problems of elasticity, (2004).
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Strength of materials notations




Equilibrium equations (adim)

- ML
- BT

v : Poisson

cost + € (fzcos — 2(1 + v) f1 sinb)
sinf + e (fssinf + 2(1 4+ v) f1 cos 6)

-
m boundary conditions

—f1+efifs(l—2v)
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i osind 4 f ) e — (0 Euler-Bernoulli beam
— JzSInb + y COS

fucosf + f,sin e > () Timoshenko beam




Resultats




Equilibrium (numerical study)




Equilibrium (numerical study)




Equilibrium (numerical study)




Dynamics e >0  Timoshenko

L

with shear, extension, and rotational inertia 0<c— 1 1 h\° <1
T ALz T 12

[ 2 cosf 4+ € (fz3cosf — 2(1 + v) f1 sin )
sin @ + € (f3sinf + 2(1 + v) f1 cos 6)
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boundary conditions

r(0,1) =0 1,t)=1—4d
y(0,t) =0 1,t) =0
0(0,t) =0 1,t) =0
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—fzsinf + f, cos 6
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Vibrations

small amplitude vibrations around pre or post-buckled equilibrium

x(s,t) = x.(5) + 6 Z(s) ™" with |§] < 1

— —fsinf, +e¢ (fl cosf, —2(1 4+ v) fysin 06) + €0 (—fie sinf, — 2(1 + v) for cosb,)
— 46 cosf, + ¢ (fl sin, + 2(1 4 v) f cos 96) + €0 (+fie cosl, — 2(1 4 v) faesinb,)
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—fot e ((L+20)(fi foe + fre fo) — w?0)
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boundary conditions

o fi = +f,cos6. + fy sin@, + 0 (— fresin, + fye cosby)
Wi fo = —f,sinb. + fy cos b, + 9_(—]‘3je cos bl — fyesinf.)




Vibrations | (extensible case)
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Vibrations

(extensible case)




Vibrations

(extensible case)




Vibrations | (extensible case)
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Vibrations | (extensible case)
pre-buckling
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Vibrations | (inextensible)
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Vibrations

1
© 7 4800

(extensible)

post-buckling




Vibrations e — () - 1
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Vibrations

e = (

(Inextensible)
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Vibrations e = () c — 1
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Vibrations

L =20h

L =10h
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Vibrations
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Vibrations
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Vibrations
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Vibrations




ZLiegler Paradox

follower load

D2

D1

O. Bottema. Indagationes Math. 1956

O. Kirillov & F. Verhulst. ZAMM 2010




Vibrations

: dead load




Thank you



