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10 kg

Stasiak et al, Science (1999)
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Stasiak et al, Science (1999)



Knots are everywhere

Long enough polymers are (almost) certainly knotted
Sumners+Whittington, J. Phys. A : Math. Gen. 1988

2/ 3 knotted proteins in the ProteinDataBank (%)

Single molecule experiment

with knotted F-Actin filaments
Aral et al, Nature (1999)

bR8 b Ab-Initio molecular simulations
P for alcane molecule (C10H22)

Saitta et al, Nature (1999)



- Length L

Elastic knots

/

self-contact

- Circular cross-section: radius h
- Bending rigidity : E |
- Twist rigidity : G |

E :Young’s modulus

G :shear modulus
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Elastic
filaments




Kirchhoff equations

apply to:
- slender bodies
- not too bent
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Kirchhoff equations
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Kirchhoff equations

\p(s) ds

F(S) TN e
— | L S
stds  r(s+ds)
F(s+ds) - F(s) +p(s) ds =0
Equilibrium

~(s) T p(s) =0
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Kirchhoff equations
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Equilibrium M+ r'x F =0



Kirchhoff equations

Cosserat frame

’1:u><d1
IQZUXdz
éZUng

u = {K1, /iQ,T}di

g

curvatures twist




Kirchhoff equations

constrtutive relations

curvature
E  Youngs modulus

M -d; = EI k; I second moment of area

M -dy = FEI Ko
twist
[t R | Tl (G shear modulus

M- -ds=GJT J  polar moment of area



| Kirchhoff equations | boundary conditions
21 unknowns - few solutions are admissibles

ordinary differential equations

d
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linear elasticity




S=-L/2

Boundary value problem

tY




Boundary value problem

3 contact Y

points ﬁ\

S S3 S=L/2
——
X

symmetries : — yA
X=>-X 5=0
=2 Shooting method (Mathemat
7 =>_7 - Shooting method (Mathematica)

- Gauss colocation (AUTO)



Hard-wall contact, no friction

- - _ Bry
<" (s,)
e B R . ,
7(s,)—F(s,)|=thickness
touching conditions : (7( g l) 7(' 57))__(_[:(_.5'1)
\ (_;'(Sl)—7”(.5'2))__(13(.5'2)
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Numerical Path Following : Results

TL?
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Planar Elastica




Distance of self-approach
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Distance of self-approach

0(Sq,Sp) — 2h
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner

/ \ *

\_/
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Zero thickness limit

A

singular
point

Bl
2 R?

equilibrium : T = Arai et al (1999)

singular

point
tensile force T bending moment %
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Total contact force

_)T

J —1/2

30+

—1/2 1x10°  2x10°  5x10°  1x10° 2x10° =
Y P~ 0.55(h/s2) " il B = o
i h/SQ




Kirchhoff Equations

( = - :
F' = —p forces equil.
= — —
< M = le t moments equil.
= —Mxt | °
o0 kinematics
\ R =t tangent def.
4 )
, o d
ds
. J
P(s) ext.pressure M (s) internal moment
F'(s) internal force R(s) position t(s) tangent

33



Perturbative problem

Y1
i @, I 2
| f— —
e =10
(h = 0)
L
& > ] =
small parameter O N
2h27T\ /*
— 1
€ ( o7 ) < \ h
N
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Matched asymptotic expansions

braid
/ \
tail tail
loop

2h2T\ "
small parameter : € = ( 7 ) <1
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Braid : self-contact zone

/ \
tail tail

loop
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Braid : linear superposition

-

-----------------
-
-

small deflections => linear problem

= =~ @m

/

. o o V
twice more rigid self-contact
1 1 =>

curvature:
2 R contact with obstacle

37



Braid : variational formulation

Kirchhoff equations => minimizing an energy

1 [
V== / (u”2 + v"2) do + v'(+00) + v’ (—0o0)

— OO0 W—j
work of external
with constraint: applied moments

uw?(o) +v?(o) > 1, Vo
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Braid : contact topology
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Braid : contact topology
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Braid : contact topology
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Results (

| B 1 h
R = o7 ‘S

¢=991h'2 (EN'* 71/

Contact pressure p(s)

¢
Total contact force P = / p(s)ds = 0.82 h=/2 (EI)Y/* T3/
0
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Experiments : [Ifll] T 'e['rﬁ]' = .
10 “t| o1}
— 0= Wﬂ
m VAR [m]
. 00025 0005 __ 2
oh = 0.26 um
1074 h =(0.17mm
°h = 0.36 mm
5.\ va b = 0.44 mm
10_ - 1 1 : e
107 100 107 10~ VhR [m]
Tong et al., Nature 2003
_ [
VT
silica wire o%%:““tz”w%“;zln lea N . 0z ql
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Experiments




Experiences

sans frottement )
1 BT
T —
2 R2
TR 1w
EI 2 R2

avec frottement

-

| h
si T'= 0 :glissement jusqu’a R = Ry tel que: p = 1.02 o
0
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F-Actin

Cytoskelton filament
Active network
Locomotion

: : 1.6
Single molecule experiment d

with knotted F-Actin filaments
Aral et al, Nature (1999) 10
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Tension (pN)

Diameter (um)



F-Actin : bending rigidity

<

T T

— ET = 1300 um kT
Aral et al, Nature (1999)




F-Actin :self- friction coefficient
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do stable open trefoil knotted configurations exist ?

Langer + & Singer (J. London Math. Soc) 1984 conjecture that no.
(for closed configurations though)
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Variational formulation

+00
E = / ( K> 48 r)ds+TDoo—URoo,

-where k and 7 stand for the curvature
and the twist of the rod.

K = [t'(5)|.

r(s1) — r(s2)| = 2h,

for any s; and s, such that |s; — sy |>4h.



Twist Instability

numerical simulations : M. Bergou, M. Wardetzky, S. Robinson, B. Audoly, and E. Grinspun.

ACM Transactions on Graphics (SIGGRAPH), 2008
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Twisted rods : the ideal case

T rod I1s uniform, isotropic, naturally straight

system reduction
21 D =>6D

Q
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Planar Elastica

[E[é’” = Tsiné’J
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Planar Elastica

large T

El
— 0" =siné

singular
perturbation
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Planar Elastica

- -y
L I
------

EIQ,, . { sinf ~ 0= 6(s) ~0
— 0" = sin
1

A

singular
perturbation
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Planar Elastica

A A
EI sinf ~ 0= 6(s)~0
— 0" =sin0

T .
A
singular >
perturbation
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Kirchhoff Equations

- jﬁ 3 forces e
= I Xt

1 iy g .
= 7y Mxt  kinemat
= 1 tangent

quil.

moments equil.

ICS
def.

.
constitutive relations:

M, = FElIk
\MT = GJT1

curvature K

twist 7

eXt. pressure

(s) internal force

—

M (s) internal moment
R(s) position
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t(s) tangent



: boundary value problem (BVP)

_A
~
u'(—o00) = 0
v (—00) = +1
UN,(—OO) — O
"' (—0) = 0

boundary conditions

111/
U = 0

111
v
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moments

forces

/7

u” (400)
U//(—|_OO)
u/,/(—|_OO)
"' (+0) = 0

boundary conditions




Braid : first kind of solutions

boundary conditions
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Braid : second kind of solutions

Ps Ps
%

/\ boundary conditions
09 03 u’(+03) = 0
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Braid : third kind of solutions
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