PHYSICAL REVIEW E VOLUME 58, NUMBER 4 OCTOBER 1998

COMMENTS

Comments are short papers which criticize or correct papers of other authors previously publishedRhysieal Review. Each
Comment should state clearly to which paper it refers and must be accompanied by a brief abstract. The same publication schedule as
for regular articles is followed, and page proofs are sent to authors.

Limit cycles of polynomial Liénard systems

Jaume Llibre
Departament de Matertigues, Universitat Autotoma de Barcelona, Bellaterra, 08193-Barcelona, Spain

Luis Pizarro and Enrique Ponce
Departamento de Matertiaa Aplicada Il, E. S. Ingenieros, Camino de los Descubrimientos, 41092-Sevilla, Spain
(Received 26 January 1998

Recently[H. Giacomini and S. Neukirch, Phys. Rev5k, 3809(1997], an algorithm to obtain the number
of limit cycles of Lienard systems has been proposed. The quoted paper also includes a method to approximate
the eventual limit cycles and a conjecture on the behavior of the algorithm. The algorithm is reviewed and
some examples, which show that the algorithm is really efficient, are given. However, these examples indicate
that the aforementioned conjecture may have been incorrectly stated. A different conjecture is proposed and
some open questions are formulatE81063-651X98)16809-5

PACS numbeg(s): 05.45+b, 02.30.Hq, 02.60.Lj, 03.2@.

I. INTRODUCTION Il. THE GIACOMINI-NEUKIRCH ALGORITHM

As the quoted algorithm is mainly explained by examples
(see[2,3)), in order to be more precise the following result
will be useful. We remark that our notation differs slightly
from that used if3]. In what follows, the prime will denote

In this Comment, we are concerned with the family of
Liénard systems

x=y—F(x), a derivative with respect to the variabte
(1.1 Proposition 1.Consider a Lieard system
- x |
Y x=y—F(x),

whereF(x) is an odd polynomial. As usual, the dot denotes 2.3

a derivative with respect to the tinte Obviously, these sys- y==9(x),
tems have only one equilibrium at the origin. As it is well
known, systemg1.1) are a particular case of the more gen-
eral Lienard equation

and, fork e N, define functionspg, ¢4, - . ., With the fol-
lowing properties:

. . ()DO(X):]-!
x+f(xX)x+g(x)=0,

e1(x)=0, @5(x)=2kg(x), @3(Xx)=F(X)@s(X),

for it suffices to takeF (x)=J§f(s) ds, g(x)=x, andy=x , , . 2.2

FE(X). ¢/ (0 =F(X)¢]_1(x)+(2k—=j+2)g() ¢ 2(X),
Recently, Giacomini and Neukirdl2,3] have developed _

an algorithm to determine the number of limit cycles of sys- j=45,.. k&

tem (1.1), along with a method to approximate such limit )
cycles by means of algebraic curves. It is remarkable that the Then the function
Giacomini-Neukirch algorithm is nonperturbative and seems oK
to work very well. However, it lacks a firm theoretical basis _ 2k— |
and so it still needs additional research in order to clarify its V"(X’y)_;o @i()y=
possibilities and general scope.

In this paper, we first review the Giacomini-Neukirch al- verifies
gorithm. After that, we give some examples that seem to
indicate that a conjecture related with the algorithm should Vi(X,Y) = — Ry(X),
be corrected as indicated below, and formulate some open
questions about the algorithm. where
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R(X) = F (X) @21(X) +9(X) @2k~ 1(X).

Proof. It suffices to consider the expression

2k
ViOay) =ly=F0012 ¢ (0y*

2k
—g<x>go (2k—])e;(x)y?* i1,

and do straightforward manipulations.

The crucial point in the above proposition is that the
Lyapunov-like functionV, has an orbital derivative that does
not depend at all oiy. Wheng(x)=x andF(x) is an odd
polynomial, the functions in Eqg2.2) can be obtained as

even or odd polynomials accordingly with the evenness or .

oddness of the indek. In such a case, thR, polynomial
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turns out to be even. Clearly, it is possible to formulate the FIG. 1. The four limit cycles numerically obtained for the first

following algorithm.

Algorithm (Giacomini and Neukirch)ror system(1.1),
take keN and define the polynomialsej(x), ]
=0,1,...,%, such that

Po(X)=1,
¢1(x)=0,
@2(x) =k,
@3(X)=2kxF(x), ¢3(0)=0,

¢/ ()=F(X)@]_1(X)+(2k— ] +2)x¢;_5(X),

¢j(0)=0, j=4,5,....k.

Compute the even polynomial
Ri(X) =F (X) @2(X) + Xy 1(X)

and determine the number of positive rootsRyf that have
odd multiplicity. Letr, be this number.

If degF(x)=m, it is easy to conclude that deg(x)
<(2k—1)m+1.

As will be seen, Giacomini and Neukirch postulate that
has a direct relation with the number of limit cycles of sys-
tem(1.1). In fact, it is not difficult to arrive at the following
result(see[1,3)]).

Proposition 2.If there existske N such thatr,=0, then
the systen(1.1) has no limit cycles.

Proof. Suppose that the systefh.1) has a limit cycle of
period T, and let(x(t),y(t)) be a parametrization of this
cycle, fort e [0,T]. Integrating with respect to the tiniehe

function V(x,y) along the cycle, we get
T,
fo Vix(1),y (1)) dt=Vy(x(T),y(T))— Vi(x(0),y(0))=0,

but, sinceV,(x,y)=—Ry(x), we should have the contradic-
tion

counterexample, witl(x) given in Eq.(3.2).

T
f Re(x(t)) dt+0,
0
sinceRy does not change its sign.

IIl. CONJECTURES ON THE NUMBER OF LIMIT
CYCLES

In [2,3], the following conjecture appears.

Conjecture 1.Let L be the number of limit cycles of
system(1.1). Then, by applying the above algorithm, the
following statements hold.

(i) L=<r, for all ke N.

(ii) If k;>kz, thenr, —r, =0 and even.

So, it is claimed that the sequenfig} is decreasing and
lower bounded by. In fact, they analyze a number of dif-
ferent examples getting that the sequercg ultimately
equalsL for moderated values &.

In the quoted works, it is also implicitly conjectured that
the functionsV,(x,y) are local Lyapunov functions at the
origin, so that the curves defined by(x,y)=C, C>0, are
always closed. In fact, they propose the following scheme to
approximate the different limit cycles of systdih1).

(i) For every odd positive root* of R,(x), compute the
valueK™* such that the curv¥(x,y) =K* has the maximun
value ofx equal tox*.

(i) The curveV,(x,y)=K* gives an algebraic curve that
is close to a limit cycle.

TABLE I. The number of odd positive roots, of the even
polynomial R, for the first five steps of the Giacomini-Neukirch
algorithm for the systenil.1) with F(x) given in Eq.(3.D).
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(i) The above approximations improve lasncreases. (see[4], p. 263, which also have four limit cycles. We ob-
We have investigated other examples and the above alg®ain r=2 andr,=4. _
rithm essentially works, but the conjecture is not true, as the In view of these counterexamples we propose a different

following counterexample demonstrates. conjecture.
Consider the systertl.1) with Conjecture 2.Let L be the number of limit cycles of
system(1.1). Then, by applying the algorithm of Giacomini
F(x)=e X ix7+@x5— §x3+ 297 and Neukirch, there exists;e N such thatL=r, for all k
63 35 8000 800 12800 |’ =K.
(3. We end by suggesting some open questions that deserve

. . o additional investigation.
(seef4], p. 263. We have taker =1 and confirmed numeri- yajyes greater than a certain constant related mo
cally that the four limit cycles persigsee Fig. 1. We have =ded (x).
computed some steps of the algorithm and the results ob- (jj) Are the functionsV,(x,y) local Lyapunov functions
tained appear in Table I. Fd&=5, ry seems to be always \th simple closed level curves for &P
equal to 4. From Table I, both statements in conjecture 1 are jji) |n view of proposition 1, there is some freedom in the

not true. , determination ofp; with j even. Possibly, using this idea one
In fact, we have found another counterexample with can get better algebraic approximations to limit cycles.
(iv) The algorithm also could work for systertis.1) with

F(x)= X_g_ ix7+ 307 x5 193 3, 11 a more general fur]g:tiqg (maybe even for the case with
63 70" ' 8000° 16000° ' 16 000" more than one equilibriupm
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