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Global force-torque phase diagram for the DNA double helix:
Structural transitions, triple points, and collapsed plectonemes
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We present a free energy model for structural transitions of the DNA double helix driven by tensile and torsional
stress. Our model is coarse grained and is based on semiflexible polymer descriptions of B-DNA, underwound
L-DNA, and highly overwound P-DNA. The statistical-mechanical model of plectonemic supercoiling previously
developed for B-DNA is applied to semiflexible polymer models of P- and L-DNA to obtain a model of DNA
structural transitions in quantitative accord with experiment. We identify two distinct plectonemic states, one
“inflated” by electrostatic repulsion and thermal fluctuations and the other “collapsed,” with the two double
helices inside the supercoils driven to close contact. We find that supercoiled B and L are stable only in the
inflated form, while supercoiled P is always collapsed. We also predict the behavior and experimental signatures
of highly underwound “Q”-DNA, the left-handed analog of P-DNA; as for P, supercoiled Q is always collapsed.
Overstretched “S”-DNA and strand-separated “stress-melted” DNA are also included in our model, allowing
prediction of a global phase diagram for forces up to 1000 pN and torques between ±60 pN nm, or, in terms of
linking number density, from σ = −5 to +3.
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I. INTRODUCTION

Relaxed double-stranded DNA (dsDNA) in physiological
aqueous solution (pH 7.5, 150 mM univalent ion concentration,
25 to 40 °C) is found in the double helix B form, with a
right-handed helical repeat of nB = 10.5 base pairs (bp) (helix
rotation angle ψB = 2π/nB = 0.60 radians per base pair) and
a contour length of aB = 0.34 nm per base pair (nm/bp).
The B form is stabilized by hydrogen bonding between
complementary bases on the two strands and hydrophobic
stacking interactions between adjacent bases on each strand.
Relatively small variations of the basic B structure occur
with varied base sequence, making B-DNA described well at
mesoscopic scales as a semiflexible polymer with a persistence
length of A ≈ 50 nm [1]. An example of the utility of this
coarse-grained description is its ability to describe polymer
stretching elasticity of B-DNA under forces up to ≈10 pN [2].
Addition of harmonic twisting elasticity allows supercoiling,
the wrapping of the molecule around itself in response to
sufficient torsional stress, to be quantitatively described [3–9].

This simple picture of B-DNA quickly breaks down when
one considers situations where the double helix is put under
large tensile or torsional stress. Such situations include highly
constrained bending or twisting, as occur during cyclization
experiments on short DNAs or in other situations where
strong local constraints are put on the double helix to force
local elastic failure (e.g., kinks or local regions of DNA
denaturation) [10,11]. Alternately, one might drive structural
reorganization of dsDNA by applying sufficient static torsional
or tensile stresses. The soft (noncovalently bonded) nature of
the base-pairing and stacking interactions combined with the
strong, covalently bonded backbones with plenty of stored
length in the B form (the backbones have a contour length
approximately twice as long as that of the B form) suggest that

a wide range of possible reorganizations of the double helix
might be possible.

The most basic reorganization of B-DNA is separation
of the two strands from one another. Strand separation has
long been studied using thermal “melting” of dsDNA, which
occurs at temperatures ranging from 50 to 80°C depending
on base-pair composition. Such experiments provide data
for the free energy difference per base pair εM between B
and single-stranded DNA, as a function of sequence. Given
the sequence-averaged value of εM ≈ 2.5kBT /bp one can
anticipate that when under force of roughly εM/aB ≈ 30 pN
or torques on the order of εM/ψB ≈ ±17 pN nm, B-DNA
will undergo transformations to other dsDNA structures (recall
that near room temperature, kBT ≈ 4.1 pN nm). We note the
appreciable sequence dependence of εM , which varies from 1
for AT-rich sequences to 4 kBT for GC-rich sequences [12].

Single-molecule experiments carried out over the past
20 years have discovered a menagerie of dsDNA structural
states, connected by first-order-like pseudo phase transitions
occurring at approximately these force and torque scales. One
of the first of these alternative structures to be characterized,
“overstretched,” or S-DNA, was found to be about 1.7 times
longer than B-DNA and was observed to form via a constant-
force “plateau” at about 65 pN for molecules under no
torsional constraint (zero torque) [13,14]. The sharp force
plateau suggested description in terms of a first-order-like
phase transition between a low-free energy B state and a longer
but higher-free energy S state, in analogy with the constant
pressure between coexisting liquid and gas phases seen as
volume is changed. A number of two-state models have been
used to interpret the B-S transition in terms of a model of
S-DNA as an at least partially base-paired state [13,15–18]. An
alternative hypothesis was that S-DNA was essentially force
melted [19–21]; an important idea needed to understand the
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JOHN F. MARKO AND SÉBASTIEN NEUKIRCH PHYSICAL REVIEW E 88, 062722 (2013)

experimental data was consideration of competition between
S-DNA and “unpeeling” of one strand from the other, which
occurs in experiments with “nicked” molecules (double helices
with one or more breaks in the sugar-phosphate backbones)
[18,22,23]. In the past few years, a series of experiments aimed
at discerning base-unpaired from base-paired DNA structures
have gradually strengthened the hypothesis that overstretched
DNA is at least partially base paired [22–26].

Other researchers succeeded in “unzipping” the two strands
of B-DNA by pulling them away from one another [27].
Unzipping was observed to occur via a force plateau of
≈12 pN, and with fine structure reflecting the known variation
of εM with sequence. Combining the known elastic response of
the unzipped single-stranded DNAs (ssDNA) and the known
sequence variation of εM led to models able to quantitatively
describe DNA unzipping [28,29].

The variety of structural transformations possible for
dsDNA was greatly increased by experiments with torsionally
constrained molecules, which measured dsDNA extension
versus force for experimentally controlled linking number
[30]. Further work has established methods to measure
DNA torque, leading to experiments where extension versus
force and linking number versus torque (i.e., both pairs of
extensive and intensive variables in a DNA stretching-twisting
experiments) can be simultaneously measured [31–37].

A relaxed B-DNA of contour length L has a double helix
linking number of approximately one right-handed turn per
10.5 bp or Lk0 = +(L/aB )/nB = +(L/aB )ψB/(2π ), where
L is the relaxed B-form contour length. Changes in DNA
linking number are usually referenced relative to Lk0 through
the extensive �Lk ≡ Lk − Lk0 or through the density of
linking number change, σ ≡ �Lk/Lk0. Note that completely
separated single strands have Lk = 0 or σ = −1. Molecular
structure simulations have shown that stereochemistry of the
DNA strands limits linking number to the range −6 < σ < +4
[38].

Experiments on underwound molecules revealed that DNA
could transform into an alternative state with a linking number
of roughly σ ≈ −2, corresponding to a left-handed double
helix with a well-defined contour length somewhat longer than
that of B-DNA, at a torque of ≈−10 pN nm [16,31,39]. At
low forces (<3 pN) this state has zero length, while, at higher
forces, it appears to behave as a rather soft but still semiflexible
polymer [36]. This state has come to be called “L-DNA,” the
L denoting “left-handed” [31,36]. L-DNA has a net helicity
similar to the “Z” form taken by GC-rich DNA sequences
under some chemical conditions and has been argued to be at
least partially made up of Z-DNA [37]. L and S are structurally
distinct; S is less strongly underwound (σ ≈ −0.7 [16,39]) but
still right handed.

For overwinding, it was found that for torques ≈ +40 pN
nm, a highly overwound (σ ≈ +3) state about 1.7 times
longer than the B form occurred [38]. Because of the extreme
overwinding it was hypothesized that this state had its sugar-
phosphate backbones in the middle of the double helix, with
the unpaired bases exposed. This state was named “P-DNA,”
after a model of Pauling for the double helix with a somewhat
similar structure.

Given the appreciable experimental data describing these
various alternative DNA structures, plus the rather successful

application of mesoscopic descriptions of supercoiling of
semiflexible polymers with twist rigidity to the description of
supercoiling of B-DNA, we set out to construct a free-energy-
based model of DNA structural transitions. Our approach
considers each of the B, L, P, and S states as semiflexible
polymers, allowing their supercoiled forms to appear naturally
using suitable generalization of the mesoscopic model of
plectonemic supercoiling previously applied only to B-DNA
[3–9]. The result is a theory with unified low-force supercoiled
states and high-force extended states in a way consistent
with current experimental data. The model predicts lines of
first-order-like transitions in the force-torque plane, connected
at triple points.

A surprise arising from the model is the appearance of two
distinct types of plectonemic supercoiling: Supercoils can be
“inflated” by thermal fluctuation and electrostatic repulsion
or they can be “collapsed,” with juxtaposed double helices
driven to close contact [7,8]. We find that in physiological
solution conditions B- and L-DNA supercoil to form inflated
plectonemes but that supercoiled P-DNA is always collapsed.

Finally, experimental data suggest that fully denatured
(force-melted parallel ssDNAs) DNA, plus a strongly under-
wound “Q” state of DNA, analogous to left-handed P-DNA
(σ ≈ −5), and its collapsed supercoiled form are needed to
complete the theory [36,38]. Including these states provides a
rather complete description of DNA states over forces up to
1000 pN and over a torque range from −60 to +60 pN nm.

II. MODEL

Our approach is similar to prior theories of supercoiling
of B-DNA [3–9,40]. We compute free energies per base
pair for candidate states, in the ensemble of fixed force and
torque, �i(f,τ ), where i is the state label. We consider
the long-molecule limit and adopt the simplification of
considering single plectonemic DNA domains (for B-DNA,
at physiological univalent salt concentrations ≈150 mM this
is a good approximation [9]). The zero of free energy is taken
to be that of relaxed B-DNA; in particular, linking number will
be considered relative to that of relaxed B-DNA.

For any of the states, the average linking number may be
expressed as a rotation angle per base pair ψ relative to the
angle of rotation per base pair ψB of the relaxed B-DNA state
(i.e., �ψ = ψ − ψB). The average �ψ and the end-to-end
extension x per base pair follow from the free energy via [41]

x = −∂�i

∂f
, �ψ = −∂�i

∂τ
. (1)

The angle change �ψ is convenient since it is given by the
torque derivative of �i . It is also straightforward to relate
to DNA structure, being just the rotation angle per base
pair in excess of ψB for a straight molecule. The linking
number density σ is proportional to �ψ , the proportionality
factor being the relaxed B-form rotation angle per base pair,
σ = �ψ/ψB .

The free energy �i is connected to the more familiar
free energy per base pair at fixed force and linking number,
F(f,�ψ), by Legendre transformation

�i(f,τ ) = Fi(f,�ψ) − τ �ψ. (2)
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In the “intensive” f -τ ensemble, the stable state at each f -τ
point is that with the lowest �i . Structural transitions occur
when the free energies of states cross. In the force-torque
plane, one is destined to obtain a series of phase boundary
curves between pairs of states. Along these curves, there is two-
state coexistence; the two coexisting states will generally have
different extensions and linking numbers. Phase coexistence
curves will generally meet at triple points where three phases
coexist. Higher-order coexistence points are not generic in the
f -τ plane but could be found in a higher-dimensional phase
diagram (e.g., one can expect four-phase coexistence points in
the three-dimensional f -τ -temperature spaces).

Regarding the generic “first-order” nature of the transitions
that will be considered, in actual experiments one has a finite-
length, one-dimensional molecule, and there can be no “real”
phase transitions (i.e., free energy singularities). On top of this,
sequence inhomogeneity of real DNAs will further smooth the
transitions. Nonetheless, experiments do observe quite sharp
DNA structural transitions and clear regimes of apparent phase
coexistence as linking number is varied [13,16,31,34,36,39].
This is likely due to the relatively large and rapid changes
in free energy that occur as one passes from one state to
the other and due to the energies of interfaces between
different states also being several kBT in size. We compute
and describe sharp transitions while keeping in mind that
finite-length, finite-temperature and sequence-disorder effects
can be expected to smear transitions observed in experiments.

A. Semiflexible polymer under force and torque

We begin with the model for a single semiflexible polymer
chain in the f -τ ensemble, which will be used to describe
the B, L, S, P, and Q states. In the force-linking number
ensemble the molecule is described by a stretching free energy
g which depends on applied force plus a twisting free energy
contribution [42,43]. The free energy per base pair is

Fi =
[

− gi + 1

2
kBT Cf,i

(
�ψ − (ψi − ψB)

ai

)2 ]
ai + εi,

(3)

where ai is the contour length per base pair and where εi is
the “creation” free energy per base pair of state i (εB will
be taken to be zero). This can be also expressed in terms
of σ = �ψ/ψB and the preferred linking number density of
state i, σi = ψi/ψB − 1. The i subscripts in (3) indicate use
of parameters for a specific DNA state (i = B, L, S, P, or Q).

Here g(f ) is the free energy per contour length of the
semiflexible polymer at fixed force; this could include contour
length stretching or other effects that might depend on state
i. For our purposes the high-force limit of the inextensible
semiflexible polymer g(f ) = f (1 − √

kBT /(Af )), where A

is the bending persistence length, will suffice as we will not
consider forces below the limit of validity of Af < kBT .

The fluctuation-renormalized twist persistence length Cf

is the lowest-order contribution from the 1/
√

f expansion of
Moroz and Nelson [42], Cf = C[1 − (C/4A)

√
kBT /(Af )],

where C is the bare twist persistence length. Given the classical
buckling instability occurring at 4kBT Af = τ 2 [44], which
puts a hard limit on the region of validity for the Gaussian

fluctuation theory from which Cf is derived [42], we will not
consider the extended state to exist for 4kBT Af < τ 2.

The torque is the rate of work done per base pair as linking
angle per base pair is changed,

τ = ∂Fi

∂�ψ
= kBT Cf,i

ai

[�ψ − (ψi − ψB)] , (4)

which allows the free energy (3) to be transformed to the
force-torque ensemble using the Legendre transformation (2),

�i(f,τ ) = −
[
gi(f ) + τ 2

2kBT Cf,i

]
ai − (ψi − ψB)τ + εi .

(5)

B. Plectonemic supercoiling of semiflexible polymer

The free energy per base pair for a plectonemic supercoil
polymer does not depend on force, since its end-to-end
extension is zero [43]. Following prior work [3–9], we model
the plectoneme as a regular helix of radius R and opening
angle α; R and α will be treated as variational parameters to
optimize the free energy.

In the fixed force-linking number ensemble, we write

Fplect,i =
[

1

2
kBT Ai

sin4 α

R2
+ 1

2
kBT Ci

(
�ψ − (ψi − ψB)

ai

+ sin 2α

2R

)2

+ Ui(R)

]
ai + εi . (6)

The term proportional to Ai is the bending energy per base
pair due to the helical conformation. The term proportional to
Ci is the twisting free energy per length, which is obtained
from the usual twist energy for a supercoil involving a length
L of polymer, (kBT Ci/2)(2πTw/L − ψi/ai)2, including the
preferred rotation angle per base pair ψi . The twist energy in
(6) is obtained from this using the definition of the linking
angle per base pair, �ψ = (2π�Lk)(ai/L), White’s theorem
Lk = Tw + Wr, and the writhe per length for a plectonemic
supercoil Wr/L = −(sin 2α)/(4πR). The sign of the writhe
depends on plectoneme chirality, controlled by the sign of α;
for right-handed coiling α > 0 and Wr < 0; for left-handed
coiling, α < 0 and Wr > 0.

The last term Ui takes into account the free energy
associated with electrostatic interaction between the adjacent
polymers in the supercoil and the entropy cost of confinement
of the polymers in a supercoil of radius R; both of these
contributions are repulsive. The detailed form of Ui is
discussed in Sec. II B 1.

The torque is the rate of change of free energy with linking
angle,

τ = ∂Fplect,i

∂�ψ
= kBT Ci

ai

[
�ψ − (ψi − ψB) + ai sin 2α

2R

]

(7)

and the fixed-torque free energy is computed by Legendre
transformation (2)

�plect,i =
{

1

2
kBT Ai

sin4 α

R2
− τ 2

2kBT Ci

+ τ
sin 2α

2R
+ Ui(R)

}

× ai − (ψi − ψB)τ + εi . (8)
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This free energy is used to introduce plectonemic supercoiling
of the semiflexible polymer states in the theory (B, L, P, S,
and Q) without any additional parameters.

1. Electrostatic interaction and confinement entropy
in the plectoneme

The dsDNA-dsDNA interaction free energy per length is
made up of electrostatic and entropic contributions [3,8] as
follows:

Ui(R) = Uel,i(R) + Uent,i(R). (9)

The electrostatic contribution is taken to be that of Stigter [45]
for the interaction energy per length for two parallel chains at
distance 2R apart,

Uel,i(R) = kBT νi
2LBK0(2κDR), (10)

where Ki(x) is the i th modified Bessel function of the
second kind and where LB = e2/(εkBT ) = 0.703592 nm is
the Bjerrum length for water at room temperature (296.5 K
or 23.35 ◦C, the temperature used for all computations in this
paper) and where 1/κD is the Debye length. For univalent
(1:1) salt at concentration M in water at 296.5 K, 1/κD =
0.306439 M−1/2 nm.

We follow the procedure of Stigter [45] for determining
the effective linear charge density e νi ; see also Appendix B.
This procedure requires the linear bare charge density and the
charge radius ρi (the location of the charges) as inputs. For
B-DNA we use a linear bare charge density of 0.17 e/nm (two
electron charges per base pair of length aB = 0.34 nm) and
a charge radius ρB equal to the molecule hard-core radius
R0,B = 1.0 nm. For other than B-DNA forms, we rescale
the linear bare charge density by a factor of aB/ai , and we
rescale the molecule radius to R0,i = √

aB/ai R0 (conserving
volume) to compute the effective charge. For all DNA forms
except P and Q the charge radius ρi is taken to be equal
to the molecule radius R0,i . For P- and Q-DNA forms we
set ρP = ρQ = 0.15 nm due to the inward positioning of
the sugar-phosphate backbone [38]. The final electrostatic
parameters used are listed in Table I for 150 mM salt (roughly
physiological, the case focused on here) as well as a number
of other commonly studied salt concentrations.

The entropic interaction is taken to be that for a semiflexible
polymer confined in a tube of the superhelix radius R

TABLE I. B-DNA persistence length and effective charges for
various DNA forms for 1:1 salt concentrations between 10 and
500 mM, pH 7.5, T = 296.5 K. The νi are computed as described
in the text using aL = 1.35aB and aP = aQ = aS = 1.7aB . Note
νP = νQ, due to the same length per base and charge radius
(ρP = ρQ = 0.15 nm) used for the P and Q states.

1:1 AB νB νL νP ,νQ νS

salt (mM) (nm) (nm−1) (nm−1) (nm−1) (nm−1)

10 53 2.4102 2.0872 1.3272 1.8802
50 48 4.0357 3.2420 1.5102 2.7218
150 45 7.2148 5.2268 1.7424 4.1166
500 43 20.4262 12.4326 2.1573 8.6702

[3,4,46,47],

Uent,i(R) = kBT

2(AiR2)1/3
. (11)

A few comments are in order regarding approximations
made in the model of plectonemic supercoiling used here.
First, the form of the electrostatic interaction is that for two
parallel charged rods and is therefore dependent on only the
plectoneme radius. This approximation is reasonable since the
opening angles α of stable plectonemic supercoils tend to be
quite small to minimize bending energy [4–9] and thus not far
from parallel DNAs in geometry.

Second, branching of the plectonemic domains is not
considered (approximately one branch point per kilobase
[4,48,49] is expected); while this will certainly affect the
geometry of the plectonemic state, the free energy associated
with this will be less than 10−2kBT /nm and not a large
contribution. Furthermore, the relatively short dsDNAs studied
using single-DNA methods (typically smaller than 10 kb) will
not have highly branched plectonemic domains. Similarly,
plectonemic axis bending entropy is not included, but this
will contribute a free energy density on the order of a kBT

per 100 nm (the persistence length of a plectonemic structure
will be roughly that of two parallel DNAs), which is, again, a
relatively small contribution to the free energies considered in
this paper.

Finally, we note that the confinement free energy is not
dependent on the helical geometry of the supercoil in the
present treatment; again, this is permissible given the small-α
solutions typical for models of plectonemic supercoiling.
However, all of these approximations are important to keep
in mind for future development of the model.

2. Optimization of plectoneme geometry

We seek R and α values that minimize the plectonemic
phase free energy (8); in this subsection we drop the DNA state
index i from Ai , Ci , νi , ai , and Ui as we are considering just
one of the states. We focus on terms with R and α dependence,
writing �plect = φ(α,R) + const. with

φ(α,R) = 1

2
kBT A

sin4 α

R2
+ τ

sin 2α

2R
+ U (R). (12)

We note that φ depends on torque τ but has no force
dependence due to the zero extension of the plectoneme state.
Minimizing φ with respect to α and R requires solution of

∂φ

∂α
= 2kBT A

R2
sin3 α cos α + τ

cos 2α

R
= 0, (13a)

∂φ

∂R
= −kBT A

sin4 α

R3
− τ

sin 2α

2R2
+ U ′(R) = 0. (13b)

Equation (13a) yields

sin3 α cos α

cos 2α
= − τR

2kBT A
, (14)

indicating that α and τ have opposite signs and that |α| < π/4
and increases with |τ |R. At fixed τ , we solve (14) for 0 < R <

∞ to obtain α = α(R), leading to φ̂(R) = φ(α(R),R). Using
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FIG. 1. φ̂(R) for small (left) and large (right) torques τ .

(14) we have

φ̂(R) = (τ/4R) (1 + 2 cos2 α) tan α + U (R). (15)

In the remainder of this subsection we focus on the electrostatic
portion (10) of U (R) as this allows relatively straightforward
analysis of behavior of the minima. Effects of the entropic
term (11) can be quantitatively important but do not change
the qualitative properties of the analysis.

3. Behavior of R(τ ): Mechanism of plectoneme
“collapse” for large torques

For the sake of clarity we deal here with the case τ � 0
(symmetrical results are found in the case τ � 0). For
small R, Eq. (14) yields α ≈ −(τ/[2kBT ])1/3(R/A)1/3 and,
hence, φ̂(R) ≈ −2−1/3(kBT /A)(τ/kBT )4/3(A/R)2/3 [note the
accidental coincidence of the R dependence with the +R−2/3

behavior of the entropic portion of U (R)]. For large R, α →
−π/4 and φ̂(R) ≈ −τ/(4R); φ̂ → 0− as R → ∞. Hence
both small- and large-R limits are dominated by elastic
terms [i.e., the first term in the right-hand side of (15)].
However, for intermediate R and provided τ is not too large,
|τ | < τ�, the potential U (R) comes into play and introduces
one local maximum (at R = R1) and one local minimum

(at R = R2 > R1) in the energy φ̂(R) (Fig. 1, left panel). The
state R2(τ ) is the usual plectoneme state, which we describe
as “inflated” by the repulsive potential U (R).

A key question is whether the loci R1 and R2, the two
branches of R(τ ), meet for finite torque τ and whether for large
torques there is no longer a solution of (13). This scenario is
shown in the right panel of Fig. 1. Solving (13) numerically,
we compute R1 and R2 as functions of τ and indeed find that
for sufficiently large τ (13) has no solution; see Fig. 2 (plotted
for B-DNA at 10, 50, and 150 mM univalent salt; R0,B = 1.0
nm, aB = 0.34 nm, AB and ν as in Table I). In both cases,
as τ is increased, R1 increases while R2 decreases; R1 meets
R2 at a “fold point” τ = τ � and R1(τ �) = R2(τ �) = R�, where
the local maximum R1 and the local minimum R2 “annihilate”
one another.

This behavior is generic (persistent for different choices
of parameters): beyond a finite torque τ ∗, there is no more
“inflated,” locally stable plectonemic state [7,8]. Examination
of (15) shows that the physical mechanism is the power-law
dependence of the writhe on R; as τ is increased, the 1/R term
dominates, eventually eliminating the possibility of a solution
to (13). For τ > τ ∗ the lowest free-energy state suddenly
becomes a boundary minimum determined by the smallest
sterically allowed value of R. We describe such a state as a
“collapsed” plectoneme.

Figure 2(a) shows that the scale for the fold-point torque τ ∗
depends strongly on salt concentration. For 150 mM salt, the
fold point and elimination of a barrier to collapse occurs for
very large torques ≈140 pN nm. For 10 mM salt, the fold-point
torque is reduced to ≈50 pN nm.

4. Asymptotic formulas for R1 and R2

Approximations for R1(τ ) and R2(τ ) can be obtained from
the large-R and small-R asymptotic solutions of (13a). We use
(13a) to transform (13b) to

U ′(R) − τ

2R2
tan α = 0. (16)

0 50 100 150
0

1

2

3

4

5

Τ pN nm

R
nm

R0,B
150 mM

Τ , R

50 mM

Τ , R

10 mM

Τ , R

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

1

2

3

4

5

Τ Τ

2
Κ D
R

R2 Τ

R1 Τ
Τ , R

(a) (b)

FIG. 2. (Color online) Plectonemic radius R as function of applied torque τ . (a) R(τ ) for B-DNA in 150, 50, and 10 mM univalent salt.
Note that the fold-point torque τ ∗ (the peak values of torque) becomes progressively larger with increasing salt concentration. (b) R(τ ) in
dimensionless scaling variables. Dotted curves are the small- and large-R asymptotic solutions (17) and (19), and the solid curves correspond to
nonlinear solutions (13) for B-DNA in 150, 50, and 10 mM univalent salt. Note the strong collapse of these nonlinear solutions by this scaling.
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From (14) we obtain the approximation tan α 
 α 

− (τR/[2kBT A])1/3, which we use for both R1(τ ) and R2(τ ).1

This is inserted into (16) which now becomes an equation for R

only. From (10) we have U ′(R) = −2κDkBT ν2LBK1(2κDR);
asymptotic closed-form expressions may be obtained using
K1(z) 
 √

π/2 e−z/
√

z for large z and K1(z) 
 1/z for
small z.

In the small-R limit (16) is approximated by

2 κD R1(τ ) 

(

π

2

)3/4 (
τ

τ̂

)2

, (17)

where τ̂ = 21/8 π3/8kBT A1/4 L
3/4
B ν3/2 κ

−1/2
D determines the

scale for torque.
In the large-R limit (16) reduces to τ 4/3 = τ̂ 4/3 z7/6 e−z,

where z = 2 κD R. Applying a log to both sides yields

z − 7

6
log(z) = 4

3
log

(
τ̂

τ

)
. (18)

As this is not solvable in closed form, we neglect log(z) in
favor of z to obtain a first approximation z0 = 4

3 log( τ̂
τ

) which
can then be corrected to the next order in log(z) as follows:

2 κD R2(τ ) 
 4

3
log

(
τ̂

τ

)
+ 7

6
log

[
4

3
log

(
τ̂

τ

)]
. (19)

The approximations R1(τ ) and R2(τ ) are plotted in Fig. 2(b)
together with full nonlinear solutions of (13) for B-DNA in
10, 50, and 150 mM salt. As seen in formula (17) and (19),
κDR1 and κDR2 depend on only one dimensionless torque
scaling variable τ/τ̂ , but the full nonlinear solution of (13)
does not have this simple scaling form and depends on multiple
combinations of τ/(kBT ) and dimensionless combinations of
the lengths κ−1

D , ν−1, LB , and A. Nevertheless, Fig. 2(b) clearly
shows that this solution is close to being just a function of the
scaled variable τ/τ̂ . Consequently a numerical approximation
to the fold point (R�,τ �) is directly read from Fig. 2(b) to be
τ � 
 0.6 τ̂ and 2 κDR� 
 1.

5. Hard-core radius determines whether plectoneme collapse
is discontinuous or continuous

We have seen in the previous subsection how competition
between elastic and interaction contributions to the plectoneme
free energy is controlled by torque τ . For small |τ | the
plectoneme is “inflated” by the potential U (R) to have
radius R2(τ ) (Fig. 1). As |τ | exceeds the threshold τ � ∝
kBT A1/4 L

3/4
B ν3/2 κ

−1/2
D , the elastic terms dominate and the

system falls into a “potential hole,” with free energy minimized
by R → 0 (see Fig. 1). The unphysical R → 0 behavior is cut
off by the addition of the steric lower limit R � R0,i , where
R0,i is the hard-core contact radius for phase i. Cases with a
boundary minimum R = R0,i are “collapsed” configurations.
We emphasize that this collapse occurs in the absence of
any explicitly attractive interactions between double helicies:
Instead, the elastic forces overwhelm the electrostatic and other

1An explicit formula for α as a function of R can be obtained,
α = arctan[(−u/(1 + u))1/4] with u = R3 U ′(R)/(kBT A), but this
does not improve the present approximations.

FIG. 3. Plectonemic collapse scenarios. Superhelix radius R

decreases with increasing τ . Depending of the position of point C
(τC,R0,i) relative to the fold (τ �,R�), the transition from an inflated
state to a collapsed state can be either (a) continuous or (b) abrupt.

repulsions and drive the double helices in the plectoneme
to be essentially in molecular contact. We also note that
prior theories of plectonemic supercoiling with repulsive
DNA-DNA potentials have not been forced to confront this
situation due to the large torques associated with the collapse
of plectonemic B-DNA [3–5]. We nevertheless remark that
collapsed solutions were mentioned in Refs. [7,8].

Figure 3 illustrates that there are in fact two scenarios
for plectoneme collapse driven by gradually increased torque,
depending on whether the collapsed state (point C), defined as
R(τC) = R0,i , lies [Fig. 3(a)] in the upper (stable) or [Fig. 3(b)]
lower (unstable) part of the R(τ ) curve. As τ is increased from
small values, the superhelix radius R decreases. In Fig. 3(a),
the collapse transition is second-order-like, with R decreasing
smoothly to R0,i . In Fig. 3(b), there is a discontinuous,
first-order-like transition where the superhelix radius jumps
R� → R0,i at τ �. If τ is subsequently decreased in this second
case, hysteresis could be observed with a jump R0,i → R2(τC)
at τC < τ� [Fig. 3(b)].

We have not here included the entropic confinement
potential contribution, Uent ≈ (kBT /A)(A/R)2/3. Despite Uent

having the same R dependence and opposite sign of the
R → 0 limit of φ̂, the extra factor of [τ/(kBT )]4/3 in the latter
relative to the former generally will make the elastic terms
in φ̂ dominate over the confinement entropy term, since in
most cases we will be considering supercoiled states driven
by torques τ � kBT . In the opposite limit of large R, the
same consideration applies (the −1/R term in φ̂ is amplified
by a factor of τ ) and will not qualitatively alter φ̂ in most
situations we will consider (it also should be noted that we
are not concerned with the case where R is comparable to or
larger than A, where one enters the flexible-polymer regime).
The general picture we have outlined has its numerical details
altered when Uent is included, but the qualitative behavior of
Fig. 2 and the scenarios of Fig. 3 continue to apply.

In the following it will be shown that for reasonable
choices of elastic parameters and including Uent, collapsed
configurations of plectonemically supercoiled B-DNA are
never stable for physiological (150 mM) salt. This can be
anticipated from Fig. 2(a) since the 150 mM curve has its
fold point at such a large torque (140 pN nm) that structural
transitions to other states will always preempt plectoneme
collapse. Similarly, we find L-DNA to be generally inflated. In
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contrast, we find the stable supercoiled P- and Q-DNA states
to always be collapsed, consistent with the large torques and
stretching-weakened electrostatic interactions associated with
their creation.

C. Unwound parallel single strands

In addition to double-helix B, L, P, Q, and S extended
and plectonemic states, we consider the possibility of two
entirely separated single-stranded DNAs (ssDNAs), with
linking number σ = −1. The maximum contour length of
ssDNA is about double that of B-DNA, but ssDNA has a
short persistence length, making it extend to such extensions
only for forces beyond ≈10 pN.

For this state, we use an empirical formula [18] based on
experimental data for the extension per base of one ssDNA:

xss(f ) = a1 ln(f/f1) − a2e
−f/f2 . (20)

This gives the logarithm-shaped response which is charac-
teristic of ssDNA and quite distinct from semiflexible polymer
elasticity [14,50,51]. Depending on a2, the extension cuts off
to zero at a force threshold f0, determined by x(f = f0) = 0;
this is a crude model for formation of secondary structure
which tends to make ssDNA stick to itself and contract at low
forces.

Parameters that lead to a force curve that fits data for
150 mM salt well are as follows: a1 = 0.07 nm, f1 =
0.015 pN, a2 = 0.8 nm, and f2 = 2.5 pN. For lower-salt
conditions, lowering a2 provides a reasonable description;
for example, data for 2.5 mM NaCl are fit fairly well by
a2 = 0.1 nm [52]. In the extreme low-salt limit, a nearly purely
logarithmic force-extension curve is observed which has been
justified theoretically [50,52–54]; such an elastic response is
obtained by setting a2 = 0.

To obtain the fixed-force free energy per base for a ssDNA,
one integrates the following extension:

gss(f ) =
∫ f

f0

df x(f ) = a1(f ln f − f0 ln f0)

− a1(1 + ln f1)(f − f0)

+ a2f2(e−f/f2 − e−f0/f2 ). (21)

To obtain the free energy for two parallel ssDNAs (referred to
in what follows as the “2ss” state) we split the force between
the two strands and add the free energy per base pair associated
with separating dsDNA into two ssDNAs at zero force, εM :

�2ss(f ) = 2gss(f/2) + εM + ψBτ. (22)

The strand separation free energy per base pair εM is
known from measurements of DNA melting and averages
to ≈2.5 kBT . The linear-τ term gives the average linking
angle for the parallel ssDNAs of �ψ = −ψB or σ = −1, i.e.,
fully unwound DNAs. In this paper we take εM = 2.7kBT +
0.2kBT ln(M/150mM), where M is the solution concentration
of univalent ions [18]. The logarithmic dependence of εM on
M is commonly found in models for strand-separation free
energy and fits well to experimental data [12].

We add no torque dependence to this parallel-ssDNA free
energy for a few reasons. First, this gives us a model where
the strands are always unwound (∂�2ss/∂τ = ψss − ψB) for

which the elastic model (22) applies. If we were to have
quadratic torque dependence, we would also need to take
into account the contraction of the two ssDNAs and the
modification of their elasticity as they were wound around
one another, making (22) inapplicable. Furthermore, tightly
wound fully unpaired ssDNAs are already accounted for in
our model, in the form of P-DNA and its reversed Q-DNA
form. Finally, braided flexible polymers actually are expected
to behave as if they have a very large torsional modulus, due
to the large amount of entropy that they need to give up to
be braided together [55,56], leading back to (22) (note that
this high braiding torsional modulus will tend to drive “phase
separation” of braiding, generating essentially the 2ss state in
coexistence with tightly wound states already in the model
[55,56]). The model (22) is a simple way to obtain an estimate
of the free energy for fully strand-separated DNA.

III. RESULTS

A. Semiflexible polymer parameters for DNA states

For each semiflexible chain state (B-, L-, P-, Q-, and
S-DNA), we need to choose the contour length per base pair
ai , the preferred helical rotation angle per base pair ψi , the
bend and twist persistence lengths Ai and Ci , and the state
creation free energy per base pair εi . As previously discussed,
the hard-core radii R0,i are determined by the ai . The effective
charge density e νi is determined by the ai and the charge
radii ρi . For states B, L, and S the charge radii are taken
to be equal to the hard-core radii ρi = R0,i , whereas for
states P and Q ρi 
= R0,i , a result of the inward orientation
of the phosphate backbone. We take ρP = ρQ = 0.15 nm.
Most of the structural parameters are fixed by experimental
measurement; the free energy offsets εi can be estimated from
experimental information. Our objective here is to estimate
suitable parameters for solution with 150 mM univalent salt
(typically NaCl, KCl, or KGlu).

1. B-DNA

For B-DNA, εB = 0, ψB = 2π/10.5 = 0.598398, aB =
0.34 nm, and CB = 95 nm. The bending persistence length
varies slightly with univalent ion concentration (see Table I);
for 150 mM salt, we take AB = 45 nm [32].

At 150 mM salt, f = 3 pN, and τ = 5 pN nm we have
�B = −0.209 kBT and �plect,B = −0.011 kBT .

2. L-DNA

Sheinin et al. [36] determined L-DNA to be about 1.4 times
longer than B-DNA in length, to have persistence lengths AL =
4 ± 2 nm and CL = 15 ± 5 nm, and to be a left-handed helix
with a 15-bp repeat. The length and helicity values agree well
with older measurements [16,31,39] as well as with recent
experiments [37].

Here we take aL = 1.35aB = 0.4590 nm, AL = 7 nm,
CL = 19 nm, and ψL = −2π/16 = −0.392699. We will show
that these parameters reproduce the experimentally observed
force-extension behavior [36] for “pure” L-DNA along the
B-L coexistence line.

Sheinin et al. [36] found that there was little variation of
the critical torque ≈10 pN nm for creation of L-DNA at forces
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below ≈5 pN, in accord with theoretical prediction [16] and
other experimental measurements [31,35,37]. It is reasonable
to estimate that the creation energy for L-DNA is roughly
the work done by the applied torque in that force regime. We
estimate that εL ≈ (10 pN nm)|ψL − ψB | ≈ 2.5 kBT . This
estimate is very close to the free energy of melting (εM ), which
is encouraging since L-DNA is thought to be at least in part
torque-melted [36,37]. For this paper we take εL = εM − 0.2.

At 150 mM salt, f = 3 pN, and τ = 5 pN nm we have
�L = 3.497 kBT and �plect,L = 3.682 kBT .

3. P-DNA

Allemand et al. [38] found P-DNA to have aP = 1.7aB

and to have a helix repeat of about 3 bp; they also estimated
the persistence length for 10 mM salt to be AP = 19 nm.
While data are not published for the twist persistence length
of P-DNA, unpublished data for 150 mM salt (Z. Bryant)
indicate CP = 20 ± 10 nm.

As for L-DNA, for forces under ≈20 pN there is a
well-defined torque for the transition from B-DNA to P-DNA,
τ ≈ 40 pN nm [16,31,34–37,39]. Combining this with the shift
in helix rotation angle per base pair of about ψP − ψB =
2π/3 − 2π/10.5 = 1.5 radians gives a crude estimate of
εP = 40 × 1.5 pNnm = 15 kBT .

For 150 mM salt we take aP = 1.7aB , ψP = 2π/3.8 =
1.653469, AP = 15 nm, CP = 25 nm, and εP = εM +
10 kBT . At 150 mM salt, f = 3 pN, and τ = 5 pN nm we
have �P = 11.10 kBT and �plect,P = 11.37 kBT .

4. S-DNA

S-DNA has a contour length of roughly 1.7 that of B-DNA,
transforming to this form at a well-defined force of 65 pN when
under zero torque (twist-unconstrained or “nicked” DNA)
[13,14,18]. The extension change of about 0.204 nm/bp at
the transition indicates a creation energy per base pair of about
65 pN × 0.2 nm = 3.3 kBT . The helix repeat of S has been
estimated to be about 35 bp per right-handed turn [16,31,39].
From force-extension measurements the bending persistence
length has been estimated to be 15 nm [17]. No data are
available for the twist persistence length for S-DNA.

For 150 mM salt we take aS = 1.7aB , ψS = 2π/35 =
0.179519, AS = 12 nm, CS = 20 nm, and εS = 3.3 kBT .
At 150 mM salt, f = 3 pN, and τ = 5 pN nm we have
�S = 3.506 kBT and �plect,S = 3.773 kBT .

5. Q-DNA

Although a left-handed version of P-DNA has been noted
to be stereochemically possible [38], essentially nothing is
known experimentally about this proposed state. We use
aQ = 1.7aB , ψQ = −2π/3.8 = −1.653469, AQ = 15 nm,
CQ = 25 nm, and εQ = εM + 11kBT for 150 mM univalent
salt, corresponding to essentially a left-handed version of our
P-DNA state.

At 150 mM salt, f = 3 pN, and τ = 5 pN nm we have
�Q = 16.13 kBT and �plect,Q = 16.41 kBT .

FIG. 4. (Color online) Force-torque phase diagram for unnicked
dsDNA under force and torque at 150 mM salt. First-order-like
transitions are shown as black lines, with discontinuous changes in
linking number and extension occurring as they are crossed.

B. Structure of phase diagram

For the parameters described in Sec. III A, appropriate for
150 mM univalent salt, the overall force-torque phase diagram
is shown in Fig. 4. This diagram is computed by finding
the minimum free energy state �i(f,τ ) for each force-torque
point.

There are 16 candidate states considered in our theory.
Fifteen of them are based on the B, L, S, P, and Q states,
each of which can be in extended, inflated-supercoiled (sc)
or collapsed-supercoiled (csc) forms. The additional state
is the unwound-parallel ssDNA “2ss” state. Of those 16
states, only 10 actually occur as free energy minima for
some force-torque combination; cscB, cscL, scP, scQ, and
both varieties of supercoiled S (scS and cscS) are never
global minima. Supercoiled B- and L-DNA are only found
in the inflated (scB) form, while P and Q are only found
in the collapsed (cscP and cscQ) forms. We do not find
any of the supercoiled states to display inflated-to-collapsed
transitions (csc-sc) but that can occur if the parameters differ
somewhat (for other salt concentrations for example).

Transitions are indicated by solid lines: Black lines indicate
first-order-like transitions at which two states have the same
free energy but different linking number densities and, for
extended phases, different extensions. Triple points occur
where three first-order lines meet (Table II); at these points
three phases have equal free energies.

1. B-DNA

At very low forces (<0.2 pN) and torques (|τ | < kBT ≈
4 pN nm), extended B-DNA is the stable state. When torque
reaches ≈kBT , plectonemic supercoiled B becomes stable
[3,4,43]. This occurs before the limit of stability of the
extended state τ = √

4kBT Af is reached. The transition is
first-order-like with linking number density and extension per
base of the “pure” phases changing discontinuously as the
B-scB transition is crossed. As one might expect from the
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TABLE II. Coordinates of triple points in Fig. 4.

Triple point τ (pN nm) f (pN)

B-scB+-cscP 39 7
B-P-cscP 41 20
S-B-P 26 104
S-P-2ss 27 330
B-scB−-scL −10 0.9
B-L-scL −10 1.5
L-scL-cscQ −33 10
L-Q-cscQ −35 16
L-S-B −5 54
L-Q-S −23 160
S-Q-2ss −23 190

buckling threshold behavior, as force is gradually increased,
the B-scB transition torque (τ ∗

B-scB) magnitudes gradually rise;
see Eq. (17) of Ref. [8].

The discontinuous change in linking number at the B-scB
transition at fixed f and τ gives rise to “forbidden regions”
in the linking number density-force phase diagram, where a
pure phase state is impossible. These are the unlabeled regions
of Fig. 5(a). In experiments with fixed linking number and
force [Fig. 5(a)], supercoiling of B-DNA is observed as “phase
coexistence” of the B and scB states.

The linking number of B-DNA at which it starts to be con-
verted to scB (σ ∗

B,scB) is related to the B-scB coexistence (tran-
sition) torque (τ ∗

B-scB) via σ ∗
B,scB=[aB/(kBT ψBCB,f )]τ ∗

B-scB,

FIG. 5. (Color online) (a) Force-linking number phase diagram
for dsDNA for forces below 10 pN and linking number densities with
magnitude less than 0.2. (b) Corresponding phase diagram with the
entropic term removed; the +scB and −scB regions nearly meet and
extended B-DNA is nearly eliminated at low forces.

FIG. 6. (Color online) (a) Extension versus linking number for
forces of 0.2, 0.5, 1.2, 5, and 10 pN (curves from bottom to top) and
linking number densities of magnitude less than 0.2. Black straight
line segments indicate coexistence regions while central nonlinear
segments indicate pure phases, as marked. For 0.2 and 0.5 pN, the
coexistence regions link B to scB (at zero extension). Note the rapid
change in slope for negative linking number as force is changed from
0.5 to 1.2 pN; this is due to the B-scB-scL triple point. The coexistence
region for 1.2 pN and negative linking number connects B to scL; that
for 5 and 10 pN connect B to extended L. (b) Extension versus linking
number for forces as in (a) but for a larger range of linking number
density from −3 to +1. Straight lines indicate coexistence regions
while nonlinear regions indicate pure B and L states as marked.
For 10 pN the coexistence curve leading off the graph for negative
linking number leads to cscQ; that for positive linking number leads
to cscP.

where CB,f is the force-dependent twist persistence
length of B-DNA. For example, at 0.2 pN, CB,f ≈
40 nm, so |σ ∗

B,scB| ≈ (0.34 nm × 5 pN nm)/(4 pN nm ×
0.6 rad × 40 nm) ≈ 0.015. This value of σ ∗

B,scB corresponds
to that seen in Fig. 5(a). The linking number density of the
coexisting supercoiled-B state is appreciably larger than σ ∗

B,scB;
for 0.2 pN the coexisting scB state has |σ ∗

scB,B| ≈ 0.05.
As linking number density of the molecule is increased

beyond σ ∗
B,scB, progressively more of the molecule is converted

to the scB form, until, finally, when σ reaches σ ∗
scB,B, the

molecule becomes entirely of the scB form and of zero
extension. This gives rise to a linear variation of extension
with linking number as B is converted to scB [Fig. 6(a)],
which is an instance of a Maxwell-like coexistence region and
may be equivalently described in the linking number-force
ensemble [3,4,8,43]. The linear extension-linking number
regions correspond to torque plateaus as a function of linking
number [Fig. 7(a)].
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FIG. 7. (Color online) (a) Torque versus linking number for
forces of 0.2, 0.5, 2, 5, and 10 pN and linking number densities
between −0.2 and 0.2. Horizontal black lines indicate coexistence
regions; nonhorizontal segments indicate pure states as marked. (b)
Torque versus linking number as for (a) but for linking number
densities between −3 and +1.

This general scheme of state coexistence is common to all
of the first-order-like transitions of the model. We also note
that at the B-scB transition, there is a small discontinuous
jump in extension observed in experiments on finite-length
molecules corresponding to the initial “buckling” transition
[32]. This is not included in the present theory but could be
added following methods used previously [9,57,58] along with
multiple-plectoneme fluctuations [9,59].

We note that at low forces, there is a clear separation of
positive and negative linking number scB states [one might
even label these as different states, e.g., +scB and −scB, given
their reversed chiralities and separation by phase boundaries;
see Fig. 5(a)]. This separation is driven largely by the entropic
confinement free energy for the supercoil (see Eq. (11) and
Refs. [3,4]) which generates a transition at a solidly nonzero
τ and σ for the lowest forces in Fig. 4.

If one removes the entropic confinement term from the
model, the low-force behavior of the B-scB transitions is
strongly modified, with the two scB states moved nearer
together [Fig. 5(b); for symmetry reasons there must always
be at least one first-order transition separating +scB and
−scB since one cannot convert one sign of plectoneme to
the other without passing through a chiral random coil [4]
or, at nonzero force, the extended state]. Given this, careful
experimental determination of the B-scB transition linking
number or torque values could be used to estimate the numer-
ical prefactor of the confinement entropy term in (9), which
is somewhat of a theoretical loose end: Imposing a “hard”
confinement constraint is problematic even for the problem

of a polymer in a fixed-geometry tube, and in a plectonemic
supercoil deciding exactly what the constraint should be is
not straightforward beyond the level of scaling of the effective
potential [3,4].

2. L-DNA

After creation of entirely negatively supercoiled B (still
considering force ≈0.2 pN in Fig. 4), the molecule can
be further unwound to have σ < σ ∗

scB,B, generating torques
< τ ∗

B-scB [Fig. 7(b)]. As stronger unwinding torques are
introduced, one might imagine the “inflated” scB state, which
has R > R0,B = 1 nm, to convert to a collapsed cscB state.
But this is pre-empted by a transition to “inflated” scL-DNA,
which becomes the most stable state for a torque slightly larger
than −10 pN nm. This state has a linking number density near
to σ = −2.

At larger forces, above the B-scB-scL triple point but
below the B-scL-L triple point (between about 1 and 2 pN),
with progressive underwinding one passes from B to scL by
a coexistence region. This transition is often described as
“melting” by unwinding and is characterized by a nearly flat
extension [30,60] when plotted over a relatively small σ scale
[typically |σ | < 0.1; see the 1.2 pN curve in Fig. 6(a)]. In
fact, the extension curve is not flat but has a downward slope
visible on a wider σ range [Fig. 6(b)], finally reaching zero
extension for σ ≈ −2, characteristic of the pure scL state.2

The transition to scL generates a constant-torque plateau at
≈−10 pN nm [Figs. 7(a) and 7(b)], observed experimentally
[36].

Starting from scL, as force is increased, one reaches a point
where extended L becomes stable (Fig. 4). This transition is
first order, displaying coexisting-state behavior similar to that
for the B-scB transition. Experimentally, this is most easily
observed by gradually reducing linking number starting from
the relaxed state and measuring extension and torque above
the B-scL-L triple point. The triple point is characterized by
a large change in slope of the extension versus σ curve with
a small increment in force [Fig. 6(a), compare the 0.5 and
1.2 pN curves].

For forces slightly above the B-scL-L triple point
(f > 2 pN), the model gives an extension versus linking
number curve starting with extended B-DNA near σ = 0,
a coexistence region to extended L-DNA [linear slope on
5 pN curve of Fig. 6(b)], followed by a nonlinear variation of
extension as torque on extended L builds up and then a second
linear dependence of extension on σ occurs as scL is formed
[5 pN curve for Fig. 6(b)]. Zero extension is reached slightly
beyond σ = −2.1, when the entire molecule becomes scL.

This two-triple-point scenario is supported by the experi-
mental data of Sheinin et al. [36]. Figure 8(a) shows extensions
versus linking number, while Fig. 8(b) shows torque versus
linking number for the series of forces studied in Ref. [36].
These plots should be compared with Figs. 1(a) and 1(b) and
Fig. 3 from Ref. [36]. For 1.2 pN, one sees a transition with

2One should distinguish this characteristic value σ ≈ −2, occurring
at torque τ 
 −10 pN nm, from the preferred linking number density
σL = −1.66, defined for zero torque.
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FIG. 8. (Color online) (a) Extension versus linking number for
forces of 1.2, 2.5, 3.0, 3.5, 6, 8.5, 12, 24, and 36 pN as studied in
Ref. [36] (curves for progressively increasing forces have progres-
sively higher extensions). The 1.2-pN curve shows a transition from
B to scL; the 2.5- to 8.5-pN curves show B-L and L-scL transitions;
the 12-pN curve shows B-L and L-scQ transitions; finally, the
24- and 36-pN curves show B-L and L-Q transitions. (b) Torque
versus linking number corresponding to the forces in (a). Note
that the torque plateau levels are not monotonically ordered with
force.

underwinding from B to scL, resulting in a gradual reduction
in extension to zero as σ is decreased from −0.05 to −2,
accompanied by a torque plateau at ≈10 pN nm. For larger
forces (2.5 to 8.5 pN) a transition from B to extended L occurs,
resulting in an extension which shows a “flat-top” response
out to σ ≈ −2 accompanied by a torque plateau again near
10 pN nm. Then, scL is formed, and the extension rapidly
drops as σ is increased beyond −2.

Sheinin et al. [36] also measured the extension versus
force for L-DNA at the L end of the B-L torque plateaus,
where one has converted the molecule to the “pure” L
form. This corresponds to the L-DNA extension along the
B-L phase boundary of Fig. 4 between the scL-L-B and
L-B-S triple points. This force-extension relation is plotted
in Fig. 9 along with the experimental measurements of
Sheinin et al. [36]; there is good agreement of the model
and experimental data. Note that this force-extension curve
is that of L-DNA under appreciable negative torque varying
from ≈−10 pN nm for low forces to ≈−5 pN nm for large
forces.

For σ < −2 the apparent ≈−40-pN nm torque plateau
observed by Sheinin et al., which is also present in Fig. 7(b),
suggests the existence of an additional state [36]. Discussion
of this is deferred as this involves the hypothesized Q state
(termed “LP-DNA” in Ref. [36]).

FIG. 9. Extension versus force for L-DNA, along the B-L
transition line of Fig. 4 along with the corresponding experimental
data of Sheinin et al. [36].

3. P-DNA

We now move to the positive-torque side of Fig. 4. For
few-pN forces and for increasing positive torques, the first
states other than B or scB that are met are based on P-DNA.
At low forces (<20 pN) torques of roughly 40 pN nm lead
to a transition from either scB or B to cscP, depending on
whether one is below or above the B-scB-cscP triple point
(the upper limit of the scB state) at about 7 pN. If one is
below the triple point, the scB-cscP transition encountered
with increasing positive torque involves no change in extension
(both states have zero extension) but does involve a change
in torque [5-pN curves; Figs. 10(a)–10(b)]. Notably, we find
that supercoiled P is always collapsed, with the two P double
helicies driven to close contact by the large torques.

Just above the B-scB-cscP triple point, the extension shows
a dramatic change; the B-cscP coexistence region terminates
at the large value of linking number associated with the cscP
state, σ ≈ +2.8.3 Note that this coexistence region, viewed on
a smaller σ scale [10-pN curve, Fig. 6(a)] appears as a nearly
flat extension versus linking number response.

A second higher-force B-P-cscP triple point is not far away,
at roughly 20 pN; above this triple point B changes to P as
torque is increased. Now, one sees an increase in extension as
the molecule is overwound [25-pN curve, Fig. 10(b)], followed
by formation of cscP (reduction in extension). Notably, as force
is increased beyond 30 pN, there is a reduction in the torque at
the B-P transition, essentially due to the contribution of work
done by the force to reducing the work needed from torque to
create the P state. This effect has been observed by Bryant et al.
[31], who found that P was created at a torque of ≈35 pN nm
for DNA under 45-pN tension, smaller than the ≈42 pN nm
observed to be needed to create P at lower forces [36].

4. Q-DNA

Having discussed how P appears in the phase diagram
for positive torques, we examine the opposite side of the
phase diagram where the strongly left-handed Q state is

3As for L-DNA, this value should not be confused with σP = 1.8.
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FIG. 10. (Color online) (a) Torque versus linking number for
forces of 5, 10, and 25 pN for linking number densities between
−5 and +3. Horizontal line segments indicate coexistence regions;
nonhorizonal segments indicate pure states as marked. (b) Extension
versus linking number for forces of 5, 10, and 25 pN for linking
number densities between −5 and +3.

found. Qualitatively, many of the properties of the scB-B-
cscP-P transitions apply to transitions to Q, except that the
transitions now involve scL-L-cscQ-Q (as for P, only the
collapsed supercoiled Q state appears). The torque required
for generation of Q is approximately −35 pN nm, and we have
a scL-cscQ-L triple point just below 20 pN, followed by a
cscQ-Q-L triple point several pN above that.

Torque and extension versus linking number associated
with the transitions from L to Q and cscQ are shown on the
left side of Fig. 10. A torque plateau at about −35 pN nm
is associated with creation of the Q state [Fig. 10(b)]; this is
apparent in the experimental data of Sheinin et al. [36] for
σ < −2. At 5 pN, one is below the scL-L-cscQ triple point,
so the extension has already been zeroed by creation pure scL,
where σ ≈ −2, but one can in principle imagine measuring the
appearance of the −35-pN nm torque plateau as scL converts
to cscQ.

Above the scL-L-cscQ triple point but below the L-cscQ-Q
triple point (≈10 pN), a different behavior is observed,
whereby L converts to the zero-length cscQ state, with a σ

near −5 [10-pN curve, Fig. 10(b)]. The experimental signature
of this is a drastic change in slope of the extension-linking
number curve [compare 5- and 10-pN curves in Fig. 6(b)
for σ < −2; also see similar extension-linking number curves
for forces above 10 pN in Fig. 8(a)]. This is apparent in the
data of Sheinin et al., who observe a drastic change in slope
of the extension-linking number curves with increasing force
(Fig. 1 of Ref. [36]).

For larger forces (25 pN, Fig. 10) above the L-cscQ-Q triple
point, yet another behavior is observed: One sees an increase
in extension with σ as extended Q is created, followed by
extension dropping to zero as cscQ is formed. The extension
drops to zero at the linking number density associated with
pure cscQ, at σ ≈ −5.

Both the drastic change in slope of the extension-linking
number response as one passes through the scL-L-cscQ triple
point and the −35-pN nm plateau for σ < −2 in the torque-
linking number response (both observed by Sheinin et al. [36])
strongly suggest the appearance of the cscQ state. The main
discrepancy between the current model and the measurements
of Sheinin et al. [36] is the lack of signature of the even
higher-force L-cscQ-Q triple point, which causes an extension
increase for σ < −2 in the model. The experimental data
show a flattening but not quite an upturn in extension curves
(Fig. 1(a), Ref. [36]).

5. S-DNA and parallel ssDNAs

At high forces there are two more states which are well
known from zero-torque high-force studies. As one ascents at
zero torque, B- gives way to S-DNA at about 65 pN. Then, at
even larger forces ≈250 pN, S-DNA becomes unstable to the
formation of parallel-strand “2ss” melted DNA, which in our
model has all its twist expelled. At these very high forces, one
finds mainly the 2ss state, despite the large free energy cost of
setting the twist to zero, thanks to the large free energy gain
associated with fully extending the ssDNA backbones.

6. Force-linking number phase diagram

Figure 11 shows the phase diagram in force-linking number
coordinates. The various “pure states” are as indicated and
form a number of enclosed regions in the f -σ plane. The
blank regions between the pure state regions are coexistence
regions, in which pure states are forbidden. One can construct
constant-force “tie lines” that connect the edges of the pure
states; these lines represent the mixed states that can be seen

FIG. 11. (Color online) Force-linking number density phase di-
agram on wide f and σ scale. Enclosed labeled areas are the pure
states; blank areas are coexistence regions. Coexistence (“tie”) lines
stretch horizontally (constant-f ) from boundaries of the pure state
regions. Triple points occur when a tie line is tangent to the top or
bottom of a pure state region.
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to minimize free energy in the f -σ ensemble [3,4,43] via the
analog of the “Maxwell construction” familiar from theories
of liquid-gas phase coexistence.

The triple points of the force-torque phase diagram (Fig. 4)
correspond to forces in the force-linking number phase
diagram (Fig. 11) at which tie lines between two states are
tangent to a third pure state region. These tangent points
correspond to the cusplike minima and maxima of the pure
phases of Fig. 11. For example, the S-B-P triple point at about
100 pN and +25 pN nm in Fig. 4 corresponds to the S-P tie
line at 100 pN in Fig. 11, which is tangent to the upper tip of
the pure B region. A second example is the B-L-S triple point,
which is tangent to the lowest point of the pure S region of
Fig. 11. In this way, all the triple points of Fig. 4 can be located
in the force-linking number phase diagram.

Note that the 2ss state has contracted to a narrow region in
the f -σ phase diagram. This is a result of the lack of a twist
modulus term in (22).

7. Comparison with results of Léger et al.

A second experimental data set that we compare our model
with is that of Léger et al. [16,39]. These data are composed
of force-extension curves for a series of fixed σ ranging from
roughly −1 to +1 (rather than the extension-linking number
curves of Sheinin et al. [36]). Figure 12 show force-extension
curves calculated for (negative [Fig. 12(a)] and positive
[Fig. 12(b)] σ values for direct comparison with Figs. 1 and 2
of Ref. [39].

Figures 12(a) and 12(b) include the zero-torque force-
extension curve, which corresponds to the elasticity of a
nicked (torsionally unconstrained) DNA (dashed curve). The
τ = 0 result shows a single prominent plateau at about 65 pN,
corresponding to the B-S transition of Fig. 4.

The curves at fixed linking number (σ ) can be understood by
reference to the force-linking number phase diagram (Fig. 11).
In Fig. 12(a), the σ = 0 curve corresponds to a path at
increasing force along the vertical line σ = 0 in Fig. 11; this
curve passes through the pure B-DNA region but then reaches
the end of it at around 70 pN, causing a slight kink in the
force-extension curve as S starts to be created. Then, at 100 pN,
one reaches the S-B-P triple point and a prominent plateau is
observed as the B-S mixture is replaced by a mixture of S and
P at higher forces. At σ = −0.83, one has a transition from
B to essentially pure S at 50 pN. These features have been
observed experimentally [16,39].

As the molecule is underwound (σ ≈ −0.12 to −0.36),
one leaves the pure B region at low forces with the result that
one has a mixture of B and L at moderate forces (10 pN);
finally, one reaches the B-L-S triple point at about 50 pN,
leading to replacement of the B-L mixture with a B-S mixture
at higher forces at the 50-pN plateau. At yet higher forces
one reaches the B-P-S triple point and the 100-pN plateau. As
the molecule is increasingly underwound, the 50-pN plateau
gradually grows as the 100-pN plateau shrinks, corresponding
to a gradual increase in the amount of S and P relative to B.
The 100-pN plateau disappears for σ < −0.4 since one ends
up inside the pure S phase at high forces.

For overwinding [Fig. 12(b)] one sees even richer behavior.
At low force, the rather robust +scB state is present until forces

FIG. 12. Force-extension curves for DNA held at fixed linking
number at the same σ values studied in Ref. [39]. For comparison,
dashed curves indicate force-extension response for DNA with zero
torque and variable σ , which shows a prominent plateau at 65 pN
corresponding to the B-S transition. (a) Underwinding: For σ = 0 a
single plateau occurs at ≈100 pN corresponding to coexistence of B
with a mixture of P and S at the B-P-S triple point. As the molecule is
wound to σ < 0, a new plateau at ≈50 pN associated with the B-L-S
triple point gradually replaces the 100-pN plateau. (b) Overwinding:
As the molecule is wound to σ > 0, one observes the appearance of a
gradually broadening plateau at ≈20 pN, corresponding to conversion
of a B-cscP mixture to a B-P mixture, as the B-P-cscP triple point is
passed.

of about 8 pN, leading to the initial low-force plateau. Then, for
overwinding of σ = +0.36, a plateau at 20 pN is observed,
at the point where the B-P-cscP triple point is reached (the
cusp at the bottom of the pure P state region in Fig. 11). This
20-pN plateau broadens as one further overwinds the molecule.
At higher forces, one reaches the B-P-S triple point and the
100-pN plateau, which gradually is reduced in width as the
molecule is increasingly overwound.

The experiments of Leger et al. for underwound DNA had
a limit of underwinding of σ ≈ −0.83, essentially inside the
rather broad L-B coexistence region and the pure S region.
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It would be quite interesting to have additional experimental
studies for larger underwinding (σ ≈ −3) where one could
look for corresponding signatures of the Q state.

At higher forces than the 150-pN limit of Ref. [39] it would
be in principle possible to detect the even higher-force triple
point behavior; this may be difficult since all the high-force
states (2ss, S, P) have approximately the same lengths.

IV. CONCLUSIONS

This paper has presented a theoretical model of structural
transitions of dsDNA driven by tensile and torsional stress.
The approach has been to consider the various different
states as semiflexible polymers, each with characteristic
contour lengths per base pair, double helix diameters, bending
stiffnesses, twist angles per base pair, and twisting stiffnesses,
based, when possible, on experimental data [16,31,36,38,39].
Our model considers the well-established and distinct B, P,
L, S, and unpaired-ssDNA states, plus Q, a hypothetical but
plausible [38] left-handed version of the P state. The global
phase diagram, force-extension curves, and extension-linking
number curves are in overall good agreement with available
experimental data [16,31,36,39] (we note the similarities of
the phase boundaries reported in Fig. 4 of Ref. [31] and
Fig. S3 of Ref. [36] to Fig. 4 of this paper). In this section
we discuss the main new results of this paper, and we also
point out several areas where there remain open questions and
where the present theory needs further development.

A. Supercoiled states and collapsed plectonemes

Supercoiled versions of the B, P, L, S, and Q states are
computed using models for plectonemic interwinding similar
to those developed for B-DNA [4–9], which take as their sole
inputs the same structural and elastic data used for the extended
states. For the first time it has been shown that such a model can
provide a reasonable global phase diagram, with supercoiled
states present at low forces and extended states present at
higher ones. Notably, supercoiled S-DNA does not occur in
our phase diagram.

A second new element of the computations of this paper is
the elucidation of two distinct types of plectonemic supercoil-
ing. The first possibility are plectonemes which are “inflated”
by a combination of electrostatic and entropic repulsions
(similar to plectonemic B-DNA states discussed in prior works
[4–9]). The second type of plectoneme is “collapsed,” with
tightly juxtaposed double helices (first reported in Ref. [7]).
The collapsed state occurs when elastic forces favoring
tightening of a plectoneme can entirely overcome opposing
repulsive forces. In this paper we have presented the first
detailed discussion of this effect.

We find that at physiological salt levels (150 mM NaCl), the
B and L states only form inflated supercoils; on the other hand,
P and Q are only found as collapsed supercoils. The general
rule appears to be that collapsed plectonemes require a large
amount of torsional stress. Another approach to generation of
collapsed supercoils might be to make the double helix thicker.
This could occur for protein-DNA complexes where DNA-
binding proteins are bound in arrays along B-DNA. It may well
be that chromatin fibers under torsional stress form collapsed

plectonemic supercoils, due to their thickness of 10 to 30 nm.
To see this, note that if R0 is set to 5 nm in Fig. 2 (the radius of a
nucleosome), one would have collapsed plectonemes beyond
very low torques for 150 mM salt, suggesting a generally
collapsed plectonemic state for chromatin under physiological
salt conditions. This may be relevant to gene expression control
mechanisms which require physical contact of two chromatin
loci in the same supercoiled loop domain.

Interestingly, for naked DNA we did not find any case
where a given state supercoils first into an inflated state which
subsequently collapses. Such transitions are possible and can
be either discontinuous or continuous (first- or second-order-
like). It is conceivable that one could tune such transitions
into existence by varying salt concentration or again by use
of DNA-binding proteins to increase the effective B-DNA
diameter.

B. Triple points

A main feature of the force-torque phase diagram (Fig. 4)
is the appearance of a number of triple points, values of force
and torque where three states coexist. Perhaps the best-studied
example of this is the rather low-force (≈1 pN) B-scB-scL
triple point, which gives rise to a rapid change in slope of
the extension-linking number curves as one passes through it
[Fig. 6(a)]. This rapid change in slope of the coexistence parts
of the extension-linking number curves is a general diagnostic
for the triple points; see Fig. 13. One can also find the signature
of a triple point in the form of force plateaus along force-
extension curves at a fixed linking number [16,39].

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

linking number density Σ

Ex
te
ns
io
n
pe
rb
p
nm

forbidden zone 1

forbidden zone 2
B

scB

P

cscP

f 6.9 pN

f 7.0 pN

f 20.3 pN

f 20.4 pN

FIG. 13. (Color online) Extension-linking number curves for
forces f = 0.1,0.2,0.3, . . . ,25 pN and positive supercoiling ratio.
Large parts of the diagram, called “forbidden zones,” stay empty as
no curve reaches them, due to the rapid change in slope at the triple
points. The limiting value of forces at the boundaries of the “forbidden
zones,” f 
 7 pN and f 
 20 pN, yield values for forces at triple
points.

062722-14



GLOBAL FORCE-TORQUE PHASE DIAGRAM FOR THE DNA . . . PHYSICAL REVIEW E 88, 062722 (2013)

Experimental evidence exists for a number of the triple
points in Fig. 4 (B-scB-scL, B-scL-L, B-scB-cscP, B, cscP-P,
B-S-P [16,31,34,36,38,39]) but a number of others still await
clear experimental verification (scL-cscQ-L, cscQ-Q-L, B-L-S
plus the triple points involving the unpaired ssDNA state). The
results of this paper can provide a guide for searching for these
previously unobserved triple points.

C. L-DNA

We have followed Sheinin et al. [36] by introducing a
semiflexible polymer model to describe the L state. This state
is thought to be partially stress-melted, and other authors have
suggested that it might be a mixture of left-handed Z-like
DNA and left-twisted molten DNA [37]. Nevertheless, it does
behave as if it has a well-defined helix repeat of between
10 and 15 bp (σ ≈ −2), with a force-extension response much
better modeled by a semiflexible polymer than by completely
denatured DNA. We have extended the Sheinin approach by
including a supercoiled L state based on the same microscopic
parameters as the extended state, which leads to a reasonable
description of experimental data.

We have used a substantially longer persistence length
(AL = 7 nm rather than the ≈3 nm of Sheinin et al. [36]) to
fit the experimental results as well as possible. The relatively
large value of AL was also used (more precisely a relatively
large value of AL/CL) because of the behavior of the model
for plectonemic supercoiling used here. For low persistence
length values, the linear limit of stability of the extended state
(4kBT Af = τ 2 [42]) is reached before the free energy of
the plectoneme actually drops below that of the extended
state. The extended state can therefore disappear before the
plectoneme becomes globally stable.4 Theories with mean-
field-like single-plectoneme-domain supercoiled states are
incomplete: Many-plectoneme or many-chiral-“curl” states
[9,59] are likely to occur as an intermediate between the
high-force extended state and the low-force large-plectoneme-
domain states for polymers with low A/C ratios.

The use of such many-curl or many-plectoneme states for
B and L (and the other states) together is significantly more
complicated than the simple mean-field-like model used here
and will be discussed in a future paper. However, we can
anticipate a broadening of transitions between scB, B, scL,
and L due to the appearance of many small plectonemic
or loop domains near the L-scL boundary. Supercoiling-
domain fluctuation effects [9], mixing of domains of different
states [16], and, of course, sequence-disorder effects are all
likely to contribute to the smearing of the sharp transitions
that occur in the simple mean-field-like description of this
paper.

Given the increased importance of many-plectoneme states
at low salt concentration [9] we also defer discussion of salt
effects to a future paper. The present model can be used to
crudely estimate salt effects, and we note that the general
trends are towards destabilization of the plectonemic states at

4With the present value of AL = 7 nm this does indeed happen in a
small region near the cscQ-scL-L triple point.

low salt (e.g., 10 mM NaCl) and towards stabilization of the
plectonemic states at high salt (e.g., 500 mM NaCl).

We note that at physiological salt (150 mM NaCl) the S
state is always intermediate between B-DNA and the unpaired-
ssDNA state. This result holds for unnicked DNA; for DNA
with nicks one strand can “unpeel” from the other given
sufficient destabilization of the double helix (low salt or
elevated temperature) [18,22,23]. It may also be possible,
at low salt or elevated temperature, for transitions to occur
for unnicked molecules from B to strand-separated forms. In
some sense, this occurs as torque is increased, since L-DNA
is thought to be at least partially base unpaired [37].

D. Q-DNA

It is quite clear that a highly underwound state other
than L-DNA exists, due to the appearance of a ≈40-pN nm
plateau for σ < −2 in torque-linking number data of Sheinin
et al. (Fig. 1(a) of Ref. [36]; note also the rapid variation of
the extension-linking number response with increasing force
beyond about 10 pN). Our model produces this behavior via
L-cscQ transitions, following the suggestion of Sheinin et al.
that there should be a new, left-handed analog of P-DNA.

A discrepancy between the model and results of Sheinin
et al. is the lack of clear experimental observation of the effect
of the L-cscQ-Q triple point near 20 pN, which causes an ex-
tension increase for σ < −2 for large forces in the model. The
lack of observation of this effect for forces up to 36 pN might
be due to inaccuracy of the location of the Q-cscQ-L triple
point in the present theory; our knowledge of properties of the
Q state are far poorer than for the other states in the model.

Alternately, the Q state may have appreciable contour-
length extensibility; in the present theory all the states have
fixed contour lengths to keep the numbers of parameters in
the theory under control. Third, it is possible that Q-DNA,
with exposed bases, might have a tendency to stick to itself,
appreciably lowering the free energy of the cscQ phase and
allowing it to persist to higher forces than found in this paper
(adding this effect to the model is simple; one just shifts the
free energy of the cscQ state).

A fourth possibility is, similar to the possibility mentioned
above for L-DNA, that there might be some additional state
intermediate between plectonemic and extended forms such
as a series of tight loops, which might give the Q state a wide
range of contour-length extensibility for forces near the Q-scQ
boundary. In any case, experiments measuring the extension-σ
curve for higher forces than those used in Ref. [36] are
essential to determine whether there is an extension increase as
σ → −5, which would reveal the extended Q state.

When one looks at the phase diagrams (Figs. 4 and 11) it is
apparent that L and Q DNA are in some sense distorted mirror
images of B and P DNA. B and L have ≈±10-bp helix repeats
(defined by base-pairing geometry for dsDNA) while L and
Q have ≈±2.6-bp repeats (defined by steric effects limiting
the maximum linking number possible [38]). This relation
between the states gives the phase diagrams an approximate
left-right symmetry around zero torque (Fig. 4) and around
Lk = 0 or σ = −1 (Fig. 11). From this point of view the
high-force S and 2ss states are self-symmetric, being found
close to τ = 0 and σ = −1.
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FIG. 14. (Color online) Solution of the system (13) with both electrostatic (10) and entropic terms (11) in the interaction energy for salt
concentrations 10, 150, and 500 mM. Solid curves indicate stable solutions; dashed curves indicate unstable solutions.

Of course, this symmetry is broken, with the B state being
the lowest free energy state for unstressed molecules; this
explicit breaking of chiral symmetry may reflect evolutionary
history, e.g., the accidental choice of particular enantiomers
as elements of protonucleic acids which subsequently biased
selection of a particular chirality for B-DNA. The high-force
S and 2ss states are found essentially on the line of symmetry
(τ = 0 and σ = −1).

E. Final comments

All of the non-B states discussed in this paper have
double-helix secondary structure disrupted to some degree.

The L state is likely partially strand separated, but it does
retain some double-helix-like character, possibly via partial
retention of base pairing in GC-rich regions. The P and Q states
result from complete loss of base pairing and tight wrapping
of the covalently bonded sugar-phosphate backbones around
one another. The S state is likely to be partially unstacked; the
highest-force 2ss state is, of course, fully strand separated.

It might be possible to construct a more comprehensive
model that deals with all these alternative dsDNA states
based solely on base pairing, nonspecific adhesion, and steric
interactions between the two ssDNAs inside them. This will
be challenging given the peculiar polymer elasticity of ssDNA
[50–54] and of the fully unpaired state [18] but it might lead
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FIG. 15. Values of the scaling parameter γ as function of −Y0 for 11 different values of x0. Numeric data are provided in the Supplemental
Material [64].

to further understanding of the relationships among L, P, Q,
and ssDNA. In such an endeavor one must keep in mind the
peculiar entropic twist elasticity of braided flexible polymers,
characterized by a logarithmically divergent braiding twist
modulus, and a consequent tendency torwards “braiding phase
separation” [55,56].
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APPENDIX A: SALT DEPENDENCE OF R AND α

This appendix shows how the solution curves R = R(τ )
and α = α(τ ) vary as the salt concentration is changed. System
(13), with both electrostatic (10) and entropic terms (11) in the
interaction energy, is solved iteratively for varying τ values.
The curves R = R(τ ) and α = α(τ ) are plotted in Fig. 14 for
salt concentrations 10, 150, and 500 mM.

APPENDIX B: COMPUTATION OF EFFECTIVE CHARGE

This appendix describes how we compute the effective
charge e ν, following the approach of Stigter [45]. We seek the
electrostatic potential about a charged cylinder immersed in a
electrolyte solution. This potential decreases with the distance
R from the cylindrical axis. The effective charge e ν is defined
in a such a way that the long range (RκD � 1) Debye-Hückel

potential, solution of the linear Poisson-Boltzmann equation,
matches the RκD � 1 asymptotics of the Gouy potential,
solution of the nonlinear Poisson-Boltzmann equation [45].
The effective charge e ν is defined with

ν = 1

b

1

γ (x0,y0)

1

x0K1(x0)
, (B1)

where b is the charge spacing (b = 0.17 nm for B-DNA) and
=Ki(·) is the i th modified Bessel function of the second kind.
The scaling parameter γ has been introduced in Ref. [45] as
a function of x0 = ρκD , where 1/κD is the Debye length, ρ

the radius of the charged cylinder (ρ = 1 nm for B-DNA),
and y0 = y(x0) the potential on the cylinder. For the DNA
molecule this potential y0 is a priori an unknown, and the
surface charge is the given quantity. Using Gauss flux theorem,
we evaluate the electric field Y0 = y ′(x0) on the cylinder to
be Y0 = −2LB/(b x0), where LB is the Bjerrum length. For
example, B-DNA at 296.5 K in univalent 150 mM salt has
x0 = 1.26 and Y0 = −6.55. We then tabulate the function
γ = γ (x0,Y0) and choose the ranges for x0 and Y0 in such
way that all DNA phases are covered. As for P-DNA, where
ρ = 0.15 nm and b = 1.7 × 0.17 nm, we have Y0 = −239
at 5 mM, we use 1000 values for −Y0 in (0; 1000). As for
B-DNA at 1000 mM we have x0 = 3.3, we use 11 values for
x0: 0.005,0.01,0.02, . . . ,5.12. We interpolate γ from these
11000 values each time we need to compute ν.

For B- and L-DNA ρ was taken to be equal to R0,i (ρB =
1 nm and ρL = 1/

√
1.35 nm) and we took ρ = 0.15 nm for

Q- and P-DNA. The charge spacing was taken to be b = ai/2.
Values for ν are reported in Table I and compare well with
prior estimations [61,62], see also Ref. [63].
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