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This paper studies the stable equilibrium shapes of free multilayered orthotropic plates loaded by
inelastic deformations induced by thermal and piezoelectric effects. Starting with a Von Kármán plate
kinematics and an energetic formulation, a discrete intrinsic nonlinear model in terms of curvatures only
is deduced. The model has 3 degrees of freedom, namely the components of the symmetric curvature ten-
sor, which is supposed to be uniform in space. Despite of this rough assumption, the analytical results
about the equilibrium shapes and their stability show a good agreement with the finite element simula-
tions performed with a commercial code. Literature results about the bistable behavior of isotropic plates
under a single-parameter loading are extended to the orthotropic case with two loading parameters. In
light of a global stability analysis and a phase portrait as a function of the inelastic curvatures, we study
possible actuation techniques for controlling the transition of the plate between its two stable configu-
rations. We show that with a suitable two-parameter actuation, it is possible to get a controlled quasi-
static transition, avoiding any instability phenomenon. Numerical simulations on a realistic case study
support the technological feasibility of the proposed actuation technique when using active piezoelectric
layers to control the inelastic curvature.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

In slender structures geometrical effects may induce complex
non-linear phenomena. Beams, arches, plates, and shells may exhi-
bit several stable equilibrium configurations very different in
shape. The passage from one configuration to another may take
place with small deformations and with an approximately linear
elastic material behavior. These properties attract the interests of
the engineering community to conceive multistable structures able
to hold without an external actuation several equilibrium shapes,
each one associated to a specific functional regime. Hence, active
materials with limited actuation power may be efficiently em-
ployed to induce great changes in shape by triggering the passage
between several stable equilibria.

The design of morphing multistable structures with embedded
actuation is a challenging problem from the theoretical and techno-
logic point of view. It demands to face two main difficulties: (i) tak-
ing into account non-linear effects to design a structure with a set of
assigned stable equilibrium configurations; (ii) conceiving efficient
actuation techniques to control the transition among different equi-
libria. The starting point to tackle these issues is a careful study and a
synoptic representation of the non-linear static behavior of the con-
sidered class of structures. This may be obtained only on the basis of
ll rights reserved.
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simplified low-dimensional models, resuming the foremost qualita-
tive properties of the system. Finite element numerical studies may
constitute a validation tool in a second step of the analysis, keeping
in mind that the numerical analysis of non-linear systems with mul-
tiple stable equilibria remains a difficult task.

Thin structures as plates and shells appear as good candidates for
shape-changing applications. In plate and shells, multistability is a
consequence of the geometrical coupling between the Gaussian cur-
vature and the membrane distortions. Previous works show that
shallow orthotropic shells may exhibit up to three stable configura-
tions with almost uniform curvature, depending on their initial
shape and material parameters (Guest and Pellegrino, 2006; Seffen,
2007; Vidoli and Maurini, 2008). In corrugated shells, local and glo-
bal deformation modes may be coupled together to provide a rich
multistable behavior (Norman et al., 2008, 2009). In multilayered
plates assembled in a flat mold, the mismatch of the inelastic strains
at different layers may induce residual stresses responsible for bifur-
cation phenomena and multiple stable equilibrium positions. The
differential inelastic strains may be associated to thermal or hygro-
scopic loads, electromechanical couplings in active materials,
growth, or plasticity. Similar effects are well documented, being
encountered in various applicative contexts, including unsymmetric
composite laminates (Hyer, 1981a,b; Potter et al., 2007; Mattioni
et al., 2007), thin-film/substrate systems extensively used in micro-
electronic applications, MEMS, thermal barrier coatings, thin-film
coatings (Finot and Suresh, 1996; Freund, 2000; Dunn et al., 2002;
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Zhang and Dunn, 2004), biological systems (Forterre et al., 2005;
Dervaux and Ben Amar, 2008).

The present work focuses on the multistability of multilayered
plates and its potential application to shape control of composite
panels by active materials. It is organized in three main parts. In
the first part, including Sections 2 and 3, we derive a simple analyt-
ical model for a free orthotropic Föppl–Von Kármán plate with
inelastic deformations. This is an intrinsic model (Ciarlet et al.,
2009) which uses the curvature as main kinematical descriptor
(Guest and Pellegrino, 2006; Seffen, 2007; Seffen and McMahon,
2007). The model is based on the key simplifying hypothesis of
considering states with uniform curvature. It allows us to illustrate
the global picture of the nonlinear behavior on the basis of analyt-
ical results. Specifically, we discuss the number and shape of stable
equilibria as functions of the control parameters, representing the
inelastic curvatures applied in two orthogonal directions. In this
respect, we generalize to the generic orthotropic case and to mul-
tiparameter loadings the analytical results reported in Salamon
and Master (1995), Finot and Suresh (1996), Freund (2000), and
Seffen and McMahon (2007), giving a concise interpretation of
the numerical results of Hyer (1981a), Hyer (1981b), Dano and
Hyer (2002), and Gigliotti et al. (2004).

In the second part (Section 4), we revisit the phenomena of bista-
bility of unsymmetric laminates in light of a global phase portrait as
a function of the inelastic curvatures. Hence, we discuss qualita-
tively the possible actuation modes for controlling the transition be-
tween two stable shapes through embedded active layers. Namely,
besides the well-documented snap-through phenomenon, which
can be induced with a single parameter actuation (Mattioni et al.,
2007; Portela et al., 2008), we show that, by using two independent
actuating parameters, it is possible to let the plate pass from one sta-
ble configuration to the other in a purely quasi-static fashion, fol-
lowing a path of stable equilibria. This extends to the case of plates
a similar idea proposed in Maurini et al. (2007) for buckled beams.

The third part of the paper (Section 5) presents an applicative
example of the proposed two-parameter actuation technique for
a laminate plate including active layers of piezoelectric fiber com-
posites. The aim here is two-fold: (i) to assess the technical feasi-
bility of the proposed concepts, giving the typical order of
magnitude of the values of the physical parameters and the tech-
nologic constraints, especially on the available actuation forces;
(ii) to validate the results of the analytical model by fully nonlinear
simulations obtained with a commercial finite element code.

2. Uniform curvature Föppl–Von Kármán model of composite
plates

2.1. Kinematics

Consider a plate S and let us label its material points by their
cartesian coordinates (x,y) in a flat configuration. Let u ¼ ðux; uyÞ
and w denote, respectively, the in-plane and transverse displace-
ment fields. In unshearable plate models, the deformations are rep-
resented by two 2� 2 symmetric tensor fields, the in-plane
distortion e ¼ ðex; ey;2exyÞT and the curvature k ¼ ðkx; ky;2kxyÞT ;
here and henceforth their independent components are listed in
columns by using the standard Voigt notation. According to the
Von Kármán kinematics, the compatibility relations between
deformations and displacements read as (see e.g. Mansfield, 1989):

exðu;wÞ ¼
@ux

@x
þ 1

2
@w
@x

� �2

; eyðu;wÞ ¼
@uy

@y
þ 1

2
@w
@y

� �2

;

exyðu;wÞ ¼
1
2

@ux

@y
þ @uy

@x

� �
þ 1

2
@w
@x

@w
@y

� �
;

kxðwÞ ¼
@2w
@x2 ; kyðwÞ ¼

@2w
@y2 ; kxyðwÞ ¼

@2w
@x@y

:

ð1Þ
The in-plane distortion includes the second-order geometric contri-
butions due to transverse displacements. They are the source of the
nonlinear behavior.

Eq. (1) imply the following compatibility condition between the
in-plane distortion e and the curvature k:

LðeÞ :¼ @
2ey

@x2 þ
@2ex

@y2 � 2
@2exy

@x@y
¼ det k; ð2Þ

where det k ¼ kxky � k2
xy is the Gaussian curvature of the plate cur-

rent configuration and L is a linear second-order differential oper-
ator. Eq. (2) represents the linearized version of the Gauss
Theorema Egregium around a flat configuration. If the deformation
fields (e,k) do not verify the equation above, equations (1) are not
integrable. This means that it is impossible to find a configuration
of the plate with the given (e,k), without cutting the plate. The com-
patibility relation (2) is an extremely useful intrinsic statement of
the coupling between in plane-extension and the Gaussian curva-
ture. Especially, it shows that any change of Gaussian curvature im-
plies a non-uniform in-plane distortion.

2.2. Constitutive behavior

The generalized stresses of the plate are represented by the 2� 2
symmetric tensor fields r ¼ ðrx;ry;rxyÞT and m ¼ ðmx;my;mxyÞT .
They are defined as the force and moment resultants of the contact
actions across the plate thickness. Composite plates with linear
material behavior are characterized by the following constitutive
relations:

rðe; kÞ ¼ Aðe� eRÞ þ Bðk� kRÞ; ð3aÞ
mðe; kÞ ¼ BTðe� eRÞ þ Dðk� kRÞ; ð3bÞ

where A; B, and D are the standard 3� 3 matrices of composite plate
theory, representing in the Voigt notation the extensional stiffness,
the extension-to-bending coupling, and the bending stiffness,
respectively (see e.g. Berthelot, 1999). Eq. (3) account for the fact that
the flat configuration with e ¼ 0, k ¼ 0 may be not stress-free. The
tensors eR ¼ ðeRx; eRy;2eRxyÞT and kR ¼ ðkRx; kRy;2kRxyÞT model inelastic
deformations as those associated to thermal or plastic effects, mate-
rial growth, or the presence of active materials, as piezoelectrics.
They may be interpreted as deformations in a relaxed (stress-free)
stance. We borrow the term relaxed stance from DiCarlo and Quiligotti
(2002) to underline that the configuration with zero-stress may be
geometrically unreachable, because eR and kR need not to satisfy
the implicit compatibility condition (2). Our analysis will be re-
stricted to the case where kR is constant in space. We allow for non-
constant in-plane inelastic deformations eR, but we do assume that
LðeRÞ is constant.

For the following developments is useful to define the bending
stiffness at null membrane stress (r ¼ 0), namely eD ¼ D� BT A�1B.
We further introduce its non-dimensional version as D :¼ eD=eD11.
For orthotropic plates, D may be written in the form

D ¼
1 m 0
m b 0
0 0 qð1� m2=bÞ

264
375; ð4Þ

where b ¼ eD22=eD11, m ¼ eD12=eD11, q ¼ eD33
eD22=ðeD11

eD22 � eD2
12Þ.

2.3. Potential energy

We look for the shapes of the stable equilibria as functions of
the inelastic deformations eR and kR, which we regard as control
parameters. For plates without applied forces, the total potential
energy reads as



A. Fernandes et al. / International Journal of Solids and Structures 47 (2010) 1449–1458 1451
Uðu;wÞ ¼ 1
2

Z
S

Aðeðu;wÞ � eRÞ � ðeðu;wÞ � eRÞdS

þ
Z
S

BTðeðu;wÞ � eRÞ � ðkðwÞ � kRÞdS

þ 1
2

Z
S

DðkðwÞ � kRÞ � ðkðwÞ � kRÞdS; ð5Þ

where e and k are given by (1) and dS is the surface element. The
first term of (5) is the membrane energy, the third term is the bend-
ing energy, and the second term is due to the bending-to-mem-
brane constitutive coupling. The stable equilibria are then defined
as the local minimizers of (5) in the spaces of admissible in-plane
and transverse displacements u and w.

2.4. Uniform curvature hypothesis

Focusing on plates free at the boundaries, without applied
forces, and with uniform inelastic curvatures kR, we look for
approximate analytical solutions by introducing the key hypothe-
sis that the curvature k is constant throughout the plate, i.e. that

w ¼ wkðx; yÞ :¼ 1
2

kxx2 þ 1
2

kyy2 þ kxyxy ð6Þ

with constant kx; ky, and kxy. By using the uniform curvature
hypothesis, the potential energy may be rewritten as

eUðu; kÞ ¼ 1
2

SeDðk� kRÞ � ðk� kRÞ þ
1
2

Z
S

A�1r � rdS; ð7Þ

where eD is the bending stiffness at r ¼ 0 defined in Section 2.2, S is
the surface of the plate, and1

r ¼ Aðeðu;wkÞ � eRÞ þ Bðk� kRÞ: ð8Þ

The stable equilibria are now the minima of (7) and (8) with re-
spect to u and k. Yet, one can solve the membrane problem to ob-
tain an intrinsic discrete model in terms of curvature only.

2.5. Membrane problem

The stationarity condition of (7) with respect to u gives the
equilibrium equations for the in-plane problem, which read as

divr ¼ 0 on S and rn ¼ 0 on @S; ð9Þ

where n is the normal to the boundary @S, supposed to be free. Eq.
(9) together with the constitutive equations (8) and the compatibil-
ity conditions (1) constitute a linear problem of plane elasticity,
which may be solved univocally as a function of k. For the present
case of a free plate in which there are not boundary conditions on
the displacement field, the membrane problem may be conve-
niently reformulated in terms of stresses, by using the implicit com-
patibility equation (2). For an homogeneous plate with uniform
A; B, k and kR, solving (8) with respect to e, substituting into (2),
and accounting for the linearity of L gives:

LðA�1rÞ ¼ det k�LðeRÞ: ð10Þ

The right-hand side of Eq. (10) is the mismatch between the ac-
tual Gaussian curvature and the Gaussian curvature associated to
the in-plane inelastic deformations eR. If LðeRÞ ¼ 0, as obtained
for uniform inelastic deformations, the only forcing term in the lin-
ear system of Eqs. (9) and (10) is the Gaussian curvature det k and
the solution for r must be in the form

r ¼ A11L2Rðx; yÞdet k; ð11Þ
1 For the sake of brevity, the notation for r omits the explicit dependence on u and w.
where L :¼
ffiffiffi
S

p
is the typical in-plane dimension of the plate and

Rðx; yÞ is a non-dimensional tensor function giving the stress
distribution.

Remark 2.1. The function Rðx; yÞ may be determined solving the
boundary value problem (9) and (10) for det k ¼ 1=ðA11L2Þ. Numer-
ically, this task may be accomplished using a standard finite
element code for plane elasticity (in plane-stress condition) with
inelastic strain. Indeed, on the basis of Eq. (10), the membrane
stresses generated by a non-null uniform gaussian curvature are
equivalent to those induced by inelastic strains eR with LðeRÞ ¼
�det k. For example, one may obtain the function Rðx; yÞ through
the solution of the plane stress elasticity problem with eRx ¼
�y2=ð2A11L2Þ; eRy ¼ eRxy ¼ 0.
2.6. Intrinsic model in terms of curvatures only

Substituting the solution (11) for the membrane problem into
(7) gives an expression for the energy in terms of the curvature
only. Here, we define the non-dimensional actual and inelastic cur-
vatures K ¼ fKx;Ky;2Kxyg and H ¼ fHx;Hy;2Hxyg by adopting the
scaling

ðKx;HxÞ ¼ R0ðkx; kRxÞ; ð12aÞ
ðKy;HyÞ ¼ R0

ffiffiffi
b

p
ðky; kRyÞ; ð12bÞ

ðKxy;HxyÞ ¼ R0

ffiffiffi
b4

p
ðkxy; kRxyÞ; ð12cÞ

and choosing the scaling radius of curvature as

R0 :¼ wL2

ffiffiffiffiffiffiffiffi
A11eD11

s
with w :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
S

A�1R � RdS

s
; ð13Þ

where dS :¼ dS=L2 and A :¼ A=A11 are the non-dimensional element of
area and membrane stiffness. With this special scaling, the non-
dimensional version of the energy function (7) can be simplified to get

UðKÞ ¼ 1
2

D�ðK � HÞ � ðK � HÞ þ 1
2
ðdet KÞ2; ð14Þ

where

D� ¼
1 l 0
l 1 0
0 0 c

264
375 ð15Þ

is a bending stiffness matrix for a material with the same stiffness in
the two principal directions. The equivalent Poisson ratio l, and
non-dimensional shear modulus c are defined as

l ¼ mffiffiffi
b
p ; c ¼ qð1� m2=bÞ2ffiffiffi

b
p : ð16Þ

The stable equilibria of the plate under the uniform curvature
hypothesis may be obtained by minimizing U(K) for K ¼ ðKx;Ky;

2KxyÞT 2 IR3. This problem is purely algebraic and may be tackled
analytically.

2.7. Remarks

To conclude this section, we resume below some remarks on
the presented uniform curvature model of orthotropic plates with
inelastic deformations.

Remark 2.2. The interest of the ‘‘anisotropic” scaling (12) is to
reduce the problem for a generic orthotropic plate, to the one for
an equivalent square symmetric2 composite. Especially, this clearly
2 In composite theory square symmetric materials are characterized by having the
same stiffness in the two principal directions (Love, 1906).
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shows that there are only two relevant material parameters affecting
the uniform-curvature solutions of orthotropic Föppl–Von Kármán
plates: l and c. A change of b, the ratio between the Young moduli in
the two coordinate directions, is tantamount to a rescaling of the
curvatures.
Remark 2.3. The shape of the plate planform S enters in the uni-
form curvature model (14) only through the definition of the scal-
ing factor w for the characteristic radius R0 in Eq. (13). This is a
direct consequence of the uniform curvature hypothesis and in
contrast with the results of more accurate models. For example,
finite element numerical simulations on rectangular plates show
that the aspect ratio between the edge lengths influences the sys-
tem behavior in nonlinear regimes (Freund, 2000; Gigliotti et al.,
2004). The uniform curvature model is not able to predict this
effect.

Remark 2.4. Seffen (2007), Vidoli and Maurini (2008) studied,
with the same uniform curvature hypothesis, the multistability
of orthotropic shallow shells as a function of their initial curvature
in a stress free configuration. Up to a suitable scaling of the curva-
tures, the associated energy function is

UðKÞ ¼ 1
2

D�ðK � HÞ � ðK � HÞ þ 1
2
ðdet K � det HÞ2: ð17Þ

This case can be recovered from the present model by considering
compatible inelastic deformations ðeR; kRÞ with non-vanishing
Gaussian curvature such that LðeRÞ ¼ det kR–0.

Remark 2.5. The presence of the constitutive coupling between
membrane distortion and bending, controlled by the matrix B,
affects only the coefficient of the equivalent bending stiffness
without altering the structure of the energy function and the qual-
itative properties of the solutions. Also, adding uniform membrane
inelastic deformations (eR with LðeRÞ ¼ 0) is immaterial in the
present model.
3. Equilibria and stability

We study how the equilibria of the plate and their stability
properties depend on the inelastic curvatures Hx and Hy, supposing
Hxy ¼ 0. In the proposed uniform curvature model, the equilibria
are the points of stationarity of (14), i.e. the solutions of

Kx � Hx þ lðKy � HyÞ þ Ky det K ¼ 0; ð18aÞ
Ky � Hy þ lðKx � HxÞ þ Kx det K ¼ 0; ð18bÞ
2Kxyðdet K � 2cÞ ¼ 0; ð18cÞ

where the Gaussian curvature det K ¼ KxKy � K2
xy is the source of

nonlinearity in the system behavior. The stability of an equilibrium
position K depends on the sign of the Hessian matrix

@2U

@K2 ¼
K2

y þ 1 2KxKy þ l� K2
xy �2KxyKy

2KxKy þ l� K2
xy K2

x þ 1 �2KxyKx

�2KxyKy �2KxyKx 6K2
xy þ 4c� 2KxKy

0BB@
1CCA:

ð19Þ

When the matrix is positive definite the equilibrium is stable.
Remarkably in the present case the stability depends only on the
position in the state space Kx � Ky, the Hessian being independent
of the control parameters Hx and Hy. As noted by Seffen and McMa-
hon (2007), some properties of the solutions of the nonlinear sys-
tem of Eq. (18) may be deduced by looking at the third equilibrium
equation (18c), which implies that either Kxy ¼ 0 or det K ¼ 2c. In
other words equilibria for Hxy ¼ 0 may be untwisted or twisted,
but the twisted ones are with assigned Gaussian curvature. The fol-
lowing discussion distinguishes the two cases.

3.1. Untwisted equilibria

The equilibrium equations for the untwisted equilibria, Kxy ¼ 0,
are nonlinear in Kx and Ky. Yet, their stability is rather simple to be
studied. The Sylvester’s criterion for the positive definiteness of the
Hessian matrix (19) at Kxy ¼ 0 implies that the untwisted equilibria
are stable if the following two conditions are satisfied:

ð1þ K2
yÞð1þ K2

x Þ � ð2KxKy þ lÞ2 > 0; ð20aÞ
2c� KxKy > 0: ð20bÞ

In the special case of equal or opposite inelastic curvatures in the
two coordinate directions, closed-form solutions for the untwisted
equilibria are available. Namely, for Hx ¼ h and Hy ¼ �h, we find
three solutions of the equilibrium equations, say Kð1Þ, Kð2Þ, and
Kð3Þ, given by

Kð1Þx ¼ �Kð1Þy ¼
ffiffiffi
23
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f 2ðh;�lÞ3
p

� 2
ffiffiffi
33
p
ð1� lÞ

62=3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðh;�lÞ3

p ; ð21aÞ

Kð2Þx ¼ �Kð3Þy ¼
h
2
ð1� lÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

4
ð1� lÞ2 � ð1� lÞ

s
; ð21bÞ

Kð3Þx ¼ �Kð2Þy ¼
h
2
ð1� lÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

4
ð1� lÞ2 � ð1� lÞ

s
; ð21cÞ

where the upper sign is for Hx ¼ Hy ¼ h, the lower sign for
Hx ¼ �Hy ¼ h, with

f ðh;lÞ ¼ ð1þ lÞ
ffiffiffi
3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

27h2 þ 4ð1þ lÞ
q

þ 9h
� �

:

The first equilibrium Kð1Þ is always real. The second and third equi-
librium, Kð2Þ and Kð3Þ, are real for jhjP h�P , with

h�P ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
1� l

p
1� l

: ð22Þ

For h ¼ h�P the three equilibria coalesce at the critical points
Kx ¼ �Ky ¼ �kP with kP ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
. These two critical points are

cusp catastrophes for the energy function (7), associated to pitch-
fork bifurcations in the Kx � Ky plane at Kxy ¼ 0.

3.2. Twisted equilibria

The solution for the twisted equilibria (Kxy–0) is simple because
they have assigned Gaussian curvature det K ¼ 2c. Using this prop-
erty, the equilibrium equations become linear in Kx and Ky and
may be solved to get

Kx ¼
Hxð1� lðlþ 2cÞÞ � 2cHy

1� ðlþ 2cÞ2
; ð23aÞ

Ky ¼
Hyð1� lðlþ 2cÞÞ � 2cHx

1� ðlþ 2cÞ2
; ð23bÞ

Kxy ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KxKy � 2c

q
: ð23cÞ

These equilibria are real only if KxKy P 2c P 0. In particular,
plates with negative Gaussian curvature admit only untwisted
equilibria if Hxy ¼ 0. For Hx ¼ Hy ¼ h, twisted equilibria become
possible for

jhj > hQ ¼
ffiffiffiffiffiffi
2c

p 1þ 2cþ l
1þ l

: ð24Þ

At jhj ¼ hQ the energy function (7) presents a cusp catastrophe,
associated to a pitchfork bifurcation along the Kxy-axis at the point
Kx ¼ Ky ¼ kQ ;Kxy ¼ 0, with kQ ¼

ffiffiffiffiffiffi
2c

p
.



Fig. 2. Bifurcation diagrams as the inelastic curvature H is changed: (a) along the
segment OA and (b) along the segment OPþ in Fig. 1b. In (a) black and gray lines
mark the Kx and Ky components respectively, being Kxy ¼ 0 ; in (b) black is for
Kx ¼ Ky whilst gray is for Kxy.
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3.3. Conclusion and stability diagrams

Figs. 1 and 2 illustrate the behavior of the system for
l ¼ 0:156; c ¼ 0:184. These values of the non-dimensional
parameters correspond to the material data and geometry of
the case study detailed in Section 5. Fig. 1 reports (a) the parti-
tion of the state space Kx � Ky (untwisted equilibria) in stability
regions according to the criteria (20) and (b) a phase portrait of
the system as a function of the inelastic curvatures Hx � Hy. The
latter diagram distinguishes among regions of bistability (gray)
and monostability (white); the solid lines mark the inelastic cur-
vatures for which at least one of the equilibria has an eigenvalue
of the Hessian matrix (19) changing in sign, corresponding to the
limit of stability of a specific curvature mode. Fig. 2 illustrates
the curvatures of the stable equilibria when moving along the
bisectors of Fig. 1(b). Looking at these diagrams in light of the
analytical results of the previous subsections, we observe two
distinct behaviors depending on the sign of the inelastic Gauss-
ian curvature:

1. For inelastic deformations with negative Gaussian curvature
(HxHy < 0), only untwisted equilibria are possible. The critical
point P� in Figs. 1 and 2(a) corresponds to a cusp catastrophe,
with a pitchfork bifurcation at Kxy ¼ 0. For inelastic curvatures
in the bistability region (gray), as in point A of Fig. 1b, two sta-
ble equilibria are possible: one ðKð2ÞÞ with a large curvature in
the x direction, the other ðKð3ÞÞ with a large curvature in the y
direction. For Hy ¼ �Hx their analytical expressions are given
in Eq. (21). Note that if the inelastic curvature H varies contin-
uously from the point A, when crossing the limit of the bistabil-
ity region, one of the equilibria disappears. The other varies
continuously with H, keeping its stability. Especially, the surviv-
ing equilibrium is the one with large curvature in the y direc-
tion (resp. x direction) when crossing the arc R� P� (resp.
S� P�). These properties will be used extensively in the
following.

2. For inelastic deformations with positive Gaussian curvature
ðHxHy > 0Þ, twisted and untwisted equilibria are admissible.
There are two possible modes of bifurcation when moving along
the line Hx ¼ Hy ¼ h:
(a) a pitchfork bifurcation at Kxy ¼ 0 as in Eq. (21) for h ¼ hþP ,

which is equivalent to the one observed for negative
Gaussian curvatures (critical point Pþ in Fig. 1b), and
Fig. 1. Stability diagrams as functions of the actual and inelastic curvatures: in (a) the gr
untwisted configurations are satisfied; in (b) the white and gray regions, respectively, d
stability boundaries are reported as thin solid lines.
(b) a pitchfork bifurcation where an untwisted equilibrium
bifurcates in two stable twisted ones for h ¼ hQ (critical
point Q in Fig. 1b), according to Eq. (23).

Comparing the values of hþP and hQ of equations (22) and (24),
we may conclude that the first phenomenon occurs for large
values of the shear stiffness, namely for c > ð1� lÞ=2, while
the second one is observed for c < ð1� lÞ=2. Figs. 1 and 2b refer
to the latter case.
ay region corresponds to curvatures Kx � Ky for which the stability criteria (20b) for
enote mono- and bi-stability with respect to Hx � Hy parameters. All the possible
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Remark 3.1. The analysis above generalizes the literature results
on the stability and bifurcation of plates with inelastic deforma-
tions. Previous works (e.g. Salamon and Master, 1995; Freund,
2000; Seffen and McMahon, 2007) provide analytical and numer-
ical results only for the case of isotropic plates as a function of a
single control parameter (e.g. the parameter h for the case
Hx ¼ �Hy). The present results give the qualitative system behav-
ior for generic Hx and Hy and resume in a condensed form the
analytical results for Hx ¼ �Hy. We show also that this behavior
and the associated analytical results are generic for orthotropic
plates. All the analytical formulas may be transposed to the
dimensional form by using equations (12).

Remark 3.2. For isotropic plates the shear stiffness is not a free
parameter, being c ¼ ð1� lÞ2ð1þ lÞ=2. Especially, c is always
smaller than the critical value ð1� lÞ=2 ruling the order between
points Q and Pþ. However, in the isotropic case the elastic energy
is invariant for rotations and the twisting mode is energetically
indifferent (i.e. all configurations differing by a twist are at the
same energy level). This means that the cusp catastrophe with
respect to twist at the point Q degenerates and no bifurcation with
respect to twist appears. This may explain why the studies on iso-
tropic plates (Salamon and Master, 1995; Freund, 2000; Seffen and
McMahon, 2007) report only the pitchfork bifurcation in the
Kx � Ky plane at the point Pþ.
Fig. 3. Stability diagrams illustrating stable transition paths between the stable
equilibria A3 and A2. As in Fig. 1, (a) reports a stability diagram in the Kx � Ky plane,
whilst (b) reports a phase diagram in the Hx � Hy plane of inelastic curvatures. The
equilibrium positions in (a) are labeled according to the control points in (b).
4. Actuation of bistable plates

In this section we analyze possible actuation techniques of
bistable plates using the results of the global stability analysis pre-
sented above. The aim is to determine how is possible to induce the
passage between the two stable configurations of the plate by con-
trolling the inelastic curvatures. These curvatures may be induced
by various physical effects: thermal strains, plastic deformations,
piezoelectric coupling, phase-transitions, growth.

To fix ideas, we consider the actuation through embedded ac-
tive layers of bistable unsymmetric laminates. As discussed in
several numerical and experimental works (Hyer, 1981a,b),
unsymmetric laminates may be bistable because of the inelastic
curvatures due to the thermal effects experienced during the cur-
ing process. The [0/90] cross-ply studied by Hyer is assembled at
high temperature in a flat mold. At ambient temperature differen-
tial thermal strains in the two layers induce an inelastic curvature
HA equal and opposite in the x and y directions, as in the point A of
Fig. 3(b). The plate is bistable with the two stable shapes corre-
sponding to the points A2 and A3 in Fig. 3(a). Adding active layers
(e.g. piezoelectric Macro Fiber Composites) makes possible to fur-
ther control the inelastic curvatures Hx and Hy around HA. In the
following, after reviewing the phenomena that can be obtained
with a single-parameter actuation, we show that a multiparamet-
ric actuation may open novel interesting scenarios.

4.1. Single-parameter actuation: snap-through

Several authors investigated the use of a piezoelectric actuator
to control the transition between the two equilibria of the bistable
plate (Schultz et al., 2006; Portela et al., 2008). The effect of a single
actuator made of piezoelectric fiber composite is equivalent to an
induced inelastic curvature applied along a specific direction, say
Hy, which will add to the initial inelastic curvature HA. Being
controlled by the applied piezoelectric voltage, the total inelastic
curvature moves from HA along the line AE of Fig. 3(b). Correspond-
ingly, if the system configuration is initially in the state A3, the ac-
tual configuration of the plate moves along the curve A3F3 of
Fig. 3(a). When the inelastic curvature reaches the boundary of
the bistability region at point F, the current configuration becomes
unstable; thus the plate snap-through towards the other possible
equilibrium, F2, which is still stable. When resetting to zero the
piezoelectric actuation, the inelastic curvature comes back to HA,
but the plate holds now the equilibrium position A2 (see also the
Supplementary Material S2). This kind of passage between the con-
figurations A3 ! A2 happens dynamically, with a snap-through
phenomenon. Note that the inverse passage A2 ! A3 with the same
actuation mode requires to exit from the bistability region at the
point R. This demands a higher actuation voltage because the seg-
ment AR is longer than the segment AF.

4.2. Multi-parameter actuation: stable transitions

Having two independent control parameters offers novel possi-
bilities to induce the transitions A3 $ A2 between the two stable
equilibria. Assume as before that the plate has an initial inelastic
curvature HA and is in the configuration A3. A fundamentally new
type of transition is obtained by using an actuation path circum-
venting the cusp point P in the clockwise sense. A simple example
is the actuating path ACDEA in Fig. 3(b), composed of four steps:

� (AC) a negative change, say DH, of the inelastic curvature in the x
direction: the configuration moves from A3 to C in Fig. 3(a);

� (CD) a positive change DH of the inelastic curvature in the y
direction: the configuration moves from C to D in Fig. 3(a):



Fig. 4. Stable equilibrium configurations of the plate along the stable transition path from A3 to A2. The shapes correspond to points A3, M, D, N and A2 in Fig. 3(a).
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� (DE) a positive change DH of the inelastic curvature in the x
direction: the configuration moves from D to E in Fig. 3(a);

� (EA) a negative change DH of the inelastic curvature in the x
direction, which restore the initial inelastic curvature HA: the
configuration moves from E to A2 in Fig. 3(a).

The final result is the same as the one obtained with the single-
parameter actuation: the passage A3 ! A2, the plate being able to
hold the two configurations without a persistent actuation. But
the transition is obtained with a fundamentally different process:
the configuration A2 is reached in a purely quasi-static way, without
any kind of instability and dynamic phenomenon. Indeed, the system
configuration remains always within the stability region of
Fig. 3(a). Fig. 4 shows the shapes of the plate during the transition
(see also the Supplementary Material S2). Remarkably, the shape-
change takes place almost exclusively around the point D close to
the cusp point P, where the sensitivity of the equilibrium curva-
tures on the control parameters H is very high. The proposed path,
being suggested by the global multiparametric stability analysis of
the previous Section, is counter-intuitive on the basis of a local
sensitivity analysis: to move from a configuration with a large
Ky ðA3Þ to a configuration with a large Kx ðA2Þ, it starts decreasing
the inelastic curvature Hx. Note that the reverse passage A2 ! A3 is
obtained with the counter-clockwise actuating path (AEDCA).
5. Applicative example and finite element validation

We illustrate the two-parameter actuation technique proposed
in Section 4.2 by revisiting the example of the piezoelectric actua-
tion of a class of bistable unsymmetric cross-plies studied by
Schultz et al. (2006), Bowen et al. (2007), and Portela et al.
(2008). To this end, consider a square laminate plate of side
L ¼ 0:25 m with the ½0	MFC=90	AS4=0	AS4=90	MFC
 stacking sequence
of Fig. 5(a). The central AS4 layers of thickness h1 ¼ 0:36 mm are
elastics, the outer layers are commercially available piezoelectric
Macro-Fiber Composites3 of thickness h2 ¼ 0:3 mm produced by
Smart-Material, Inc. We suppose that the piezoelectric layers cover
the whole plate. Given the material properties of the commercially
available materials (see Table 1), we perform numerical experiments
on a plate whose geometry and stacking sequence is designed with
two objectives: (i) to obtain at ambient temperature a bistable sys-
tem thanks to the thermal strains associated to the curing process;
(ii) to get a piezoelectric effect strong enough to control the shape
of the structure. The actuating parameters are the voltages V0 and
V90 applied to the upper and lower piezoelectric layers. According
to a simplified model, the voltages induce uniaxial membrane strains
in each MFC layer, through the constants b1 of Table 1. Once homog-
enized over the thickness, they control piezoelectrically induced
inelastic curvatures and membrane deformations of the whole plate.
As shown by our model, the membrane deformations do not have
any relevant effect for the case of a free plate.
3 The MFC layer is made of piezoelectric fibers embedded in an epoxy matrix and is
actuated using interdigitated electrodes.
Finite element numerical simulations with shell elements are
performed exploiting the commercial code Abaqus. Abaqus in-
cludes composite shell elements with thermally induced mem-
brane and bending deformations, but not piezoelectric shell
elements (Abaqus Inc., 2007). Hence, the piezoelectric effect is
modeled by assigning to the MFC layers an equivalent thermal
expansion coefficient according to the b1 constant. The four-layer
laminate is assembled by bonding together three composite shells:
the top and bottom MFC layers and the ½90	AS4=0	AS4
 elastic cross-
ply. Each shell is modeled using the standard Abaqus laminate
model. This assembly allows us to introduce layerwise inelastic
strain through three independent parameters: one associated to
the temperature T of the central elastic cross-ply, the other two
to the voltages V0 and V90 of the top and bottom piezoelectric lay-
ers. The bonding constraint between the central elastic shell and
the outer MFC layers is imposed through the specific Abaqus com-
mand *TIE. A similar modeling technique is adopted in Portela
et al. (2008).

In common manufacturing process, the two AS4 layers are
assembled at high temperature, while the piezoelectric layers are
bonded after curing, at ambient temperature. An accurate numer-
Fig. 5. Square composite plate used for the finite element simulations: (a) layup;
(b) top view with finite element mesh (displacements and rotations at the center O
are blocked).



Table 1
Material properties for the AS4 and MFC layers used in the numerical case study.

E1 (GPa) E2 (GPa) G12 (GPa) m12 a1 ð10�6=	CÞ a2 ð10�6=	CÞ b1 ð10�6=VÞ

AS4/8552 135. 9.5 5.0 0.3 �0.02 30.0 –

MFC 30.34 15.86 5.52 0.31 – – 0.75

Fig. 6. Comparison of average curvatures Kx (gray) and Ky (black) along the path OACDEA in Fig. 3. Solid lines: finite element model; dashed lines: uniform curvature model
with R0 ¼ 4:5 m; dotted lines: uniform curvature model with R0 ¼ 3:27 m. The ticks on the y-axis report both the non-dimensional (left, scaled with R0 ¼ 4:5 m) and
dimensional curvatures (right, in meters).

1456 A. Fernandes et al. / International Journal of Solids and Structures 47 (2010) 1449–1458
ical simulation of a similar assembling procedures requires to elab-
orate a careful numerical model (see Portela et al., 2008 for a de-
tailed discussion of the related issues). For sake of simplicity, in
our numerical work the elastic plate and the piezoelectric actua-
tors are bonded together in a flat unstressed configuration before
applying to the elastic cross-ply the temperature loading of the
curing process. This procedure would imply some discrepancies
of the simulations presented hereafter from a real physical system.
However, it will fit our main goal, which is to illustrate by a simple
example the two-parameter actuating concept and to validate the
results of the simplified analytical model.

Each of the three shells composing the plate is meshed with
identical uniform structured mesh made of 16� 16 rectangular
general shell elements with eight-nodes and reduced integration
(Abaqus S8R elements). The numerical simulation are performed
using the Abaqus quasi-static procedure (*STATIC) including geo-
metrical non-linearities (*NLGEOM) through a Full Newton scheme
without any stability control or fictitious viscoelastic effects.

To reproduce the multi-parametric actuation path proposed in
Section 4.2, we apply the following five loading steps, named
accordingly to the corresponding inelastic curvatures in Fig. 3(b):
(OA) curing process with the application of a through-the-thick-
ness uniform temperature loading T ¼ �200 	C to the central elas-
tic cross-ply4; (AC) actuation at the top piezoelectric layer with
V0 ¼ 580 V; (CD) actuation at the bottom piezoelectric layer with
V90 ¼ 580 V; (DE) realising the actuation of the top piezoelectric
layer by re-setting V0 ¼ 0 V; (EA) realising the actuation of the bot-
tom piezoelectric layer by re-setting V90 ¼ 0 V.

At the end of the temperature loading OA the plate is bistable. In
order to converge with the finite element model to a specific stable
shape using a square plate, we introduced a small imperfection
4 This loading corresponds to the cooling down from a high temperature, say
225 	C, to the ambient temperature, say 25 	C.
modifying the thermal expansion coefficient of the top layer
(90�) of the central elastic cross-ply to a2 ¼ 29:0� 10�6 	C�1.
Coherently, at the end of the step OA the plate assumes a quasi-
cylindrical shape of the type A3 in Fig. 3(a), with a large curvature
in the y direction.

Fig. 6 reports the curvatures Kx and Ky obtained when varying
the inelastic curvatures along the loading path OACDEA. The finite
element results are compared to the outcomes of the analytical
two-degree-of-freedom uniform curvature model. In the uniform
curvature model the matrices A, B, and D of Eq. (3) and the non-
dimensional bending stiffness of Eq. (4) are calculated using the
standard formulas of the laminate theory (see e.g. Berthelot,
1999). For the finite element model (continuous line in Fig. 6),
we report the average of the curvatures, estimated from the trans-
verse displacements of the points P1 and P2 of Fig. 5(b) through the
formulas: kx ¼ 8wðP1Þ=L2, ky ¼ 8wðP2Þ=L2. Comparing the non-
dimensional curvatures of the analytical model to the dimensional
curvatures of the finite element model requires to assign the value
of the scaling radius of curvature R0. Solving numerically the mem-
brane problem of Section 2.5 with the method suggested in Remark
2.1, we find R0 ¼ 3:27 m. With this scaling radius the analytical
model gives the dotted curves of Fig. 6, which are in a reasonable,
but not excellent, agreement with the numerical results. The scal-
ing radius giving the best fit between analytical and numerical re-
sults is R0 ¼ 4:5 m, corresponding to the dashed curves of Fig. 6.
This discrepancy is probably related to the non-uniformity of the
actual curvature field. Fig. 7 shows the curvature fields at the equi-
librium positions A2;3 as obtained with the finite element model,
showing the boundary effects neglected in the uniform curvature
model.

The results of Fig. 6 provide a nice validation of the simplistic
uniform curvature model. Especially, the finite element results
confirm that the proposed two-parameter actuating path is suit-
able to control the passage between the two stable equilibrium
positions A2;3 avoiding any type of instability. Indeed, the finite ele-



Fig. 7. Curvature fields resulting from finite element simulations: contourplots of the Kx; Ky and Kxy at the A2 (left column) and A3 (right column) configurations. Dimensional
curvature are obtained multiplying the scaling curvature 1=R0 ¼ 1=4:5 m.
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ment procedure is based on an incremental Newton algorithm,
which would not converge if any eigenvalue of the tangential stiff-
ness matrix is negative.
6. Concluding remarks

This paper has analyzed the effect of inelastic deformations and
a multi-parametric embedded actuation on bistable orthotropic
plates free at the boundaries. Starting with a Föppl–Von Kármán
model and assuming the curvature field as constant throughout
plate, a three-degree of freedom model in terms of the components
of the average curvature tensor has been deduced. Uniform inelas-
tic curvatures in the two coordinate directions have been regarded
as free loading parameters; they may account for a wide range of
effects including thermal loads or the presence of piezoelectric ac-
tive layers. With this simplified model, we have been able to pro-
duce closed-form solutions relating the stability properties of the
plate (positions and number of stable equilibria, bistability regions,
stability boundaries) to the applied inelastic curvatures. In this re-
spect, we generalized to orthotropic plates some literature results
for isotropic plates. Moreover, a global two-parameter stability
analysis has allowed us to get a further insight on the results avail-
able for one-parameter loadings. This has suggested alternative
actuation paths for controlling a continuous and reversible transi-
tion between the stable equilibria. We have shown that with a suit-
able multi-parameter actuation it is possible to get the transition
avoiding snap-through instabilities. This actuating mode has been
successfully validated by finite element simulations performed
with a commercial code. The numerical work has been concerned
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with the applicative case study of a bistable cross-ply laminate
with thermal loads and two-parameter piezoelectric actuation.
We believe that the numerical results, obtained with realistic geo-
metric and material parameters, furnish a first positive indication
of the technological feasibility of the proposed approach. Never-
theless, additional work will be required for the actual experimen-
tal implementation and prototyping. This will include design
optimization, imperfection sensitivity analysis, and accounting
for more complex physical effects, as hygroscopic loads and plastic
effects, or specific manufacturing conditions. An important point to
be investigated is the influence of boundary conditions and the ef-
fect of the integration of the proposed bistable device in more com-
plex structural members (see e.g. Mattioni et al., 2009).
Appendix A. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.ijsolstr.2010.02.007.
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