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▪ "Asympto)c Expansions in Fluid Mechanics: example of 
Matched Asympto)c Expansions, some classical results 

and applica)on to boundary layer separa)on"

The method of Matched Asymptotic Expansions (MAE) is one of the classical tools to look at singular 
problems in fluid mechanics. WKB or multiple scale give the same result, but more or less tractable 
depending on the problem. MAE has been used intensively from the 50’ to solve problems depending 
on a small parameter in the case where the problem becomes singular when the parameter is zero.
Singular problems arise at small Reynolds number, we need MAE to obtain the viscous Oseen flow 
around a cylinder 1957. 
Singular problems arise at small inverse of Reynolds number, Navier Stokes equations give Euler/
Boundary Layer decomposition 1905. We will discuss the order two of Boundary Layer 1962 and how 
it creates a perturbation of Euler at next order. We will apply MAE to boundary layer separation (wich 
is a singularity of the Boundary Layer which has to be solved by the "triple deck" 1969: a boundary 
layer in the boundary layer).  
More recently other problems like pinching, drop impact, thin films… present some singularities and 
are solved with asymptotic methods together with numeric simulations showing the continuous need 
of some asymptotics to understand flows.

Pierre-Yves Lagrée 
CNRS, Sorbonne Université, ∂’Alembert, Paris 

Asymptotic Expansions in Physics workshop.
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Singularities involve quantities diverging in either space or time (so-called 
blowup) or the divergence of some derivative of the original quantities. 


Intuitively, this means that a local length scale of the system goes to zero. 
Often this is the result of nonlinearities of the problem, which couple different 
length scales. 


J. Eggers, M. A. Fontelos 

Singularities  Formation, Structure, and Propagation

Cambridge University Press (2015) 

temptative definition of singularity (in fluid mechanics)

non linearities

small parameter

small ratio of scales

diverging quantity 
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Examples of classical singularities

∂’Alembert paradox: no drag in ideal fluids  
-> viscous effect, small boundary layer 
 (Matched Asymptotic Expansion) 

Singularity at separation of the boundary layer  
-> introduce a boundary layer in the boundary layer 
(Matched Asymptotic Expansion) 

Impossibility to solving the very viscous flow  around a 
cylinder in a flow (Oseen) 
-> introduce a far layer where cylinder is a line  
(Matched Asymptotic Expansion) 

non linearities, diverging quantity

small parameter, small ratio of scales, dominant balance

final regularisation


ε = 1/Re

ε = Re

ε ≪ 1

that we will see today

ε = Re−1/8
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Navier Stokes

Real Full 3D unsteady flows 
   Direct Numerical Simulations : DNS

Reynolds Number controls transition from 
laminar to turbulent 

Very complicated and serious problems

L

U1

turbulence modeling

Re =
U∞L

ν

∇ ⋅ u = 0

∂ u
∂t

+ u ⋅ ∇ u = −
∇p
ρ

+ ν ∇2 u

u

0 ≤ Re ≤ ∞
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First Question :  
what is the laminar flow in the limit of  
large Reynolds number? 

Small Reynolds number: viscosity dominates 

Large Reynolds number: inertia dominates 

Micro fluidics, some biological flows

Aerodynamics, most of classical industrial flows

flow is laminar

flow is turbulent or not on a wing

Asymptotics ε = 1/Re or ε = Reε ≪ 1

ε = 1/Re

ε = Re

Re =
U∞L

ν
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Question :  
what is the flow in the limit of  
large Reynolds number? 
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only zero transverse velocity at the wall 
(slip velocity) 

1

Re
! 0

an order of derivation disappears 

Question :  
what is the flow in the limit of  
large Reynolds number? 

singular perturbation problem

remaining laminar

divergence of the derivative  ∂u/∂y

Re =
U∞L

ν
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Question :  
what is the flow in the limit of  
large Reynolds number? 

1

Re
! 0

Flat plate
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Question :  
what is the flow in the limit of  
large Reynolds number? 

1

Re
! 0
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Question :  
what is the flow in the limit of  
large Reynolds number? 

1

Re
! 0

• Kirchhoff - Helmholtz    Brillouin paradox
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Prandtl 1905

Blasius 1908 

Hiemenz 1911

Von Kármán 1921

Pohlhausen 1922

∂’Alembert Paradox 1752: no drag on the plate 

The no slip condition is now verified  
A viscous drag appears 

University of Göttingen 
J. Lighthill 70’

K. Stewarton 1969

F.T. Smith 1980

GB

Goldstein 1948

Schlichting 60-70

Neiland 1969

Drela, Cebecci, Le Balleur, Cousteix 80’ 90’ 

In ideal fluid, there is no drag on a flat plate (∂’Alembert Paradox) 

one has to introduce the "boundary layer" : a thin layer near 
the plate where the neglected viscous effect comes back  
(dominant balance)

In viscous fluid there is a small layer near the plate where the 
viscous effect are important
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Question :  
what is the flow in the limit of  
large Reynolds number? 

when  the NS equation becomes singular  
i.e. we can not full fill all boundary conditions 

how to re-obtain the whole set of boundary conditions? 

one needs some asymptotic methods to solve the full 
problem for 

ε = 1/Re

ε → 0

singular perturbation problem

we first start by a simple model
Matched Asymptotic Expansion
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Friedrichs problem

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

f(y)

y

ε

S. Kaplun 1957 

M. Van Dyke, Perturbation methods in Fluid Mechanics Pergammon (1975)  
J. Hinch Perturbation Methods, Cambridge University Press, (1991)  
C. M. Bender, S.A. Orzag Advanced Mathematical methods for scientists and engineers Mc Graw Hill (1991) 

Friedrichs problem 1942 : a model problem 
to introduce Matched Asymptotic Expansion 

A simple model to understand Navier Stokes  

singular problem at  ε = 0
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ε = 0

"external problem" 

0.2 0.4 0.6 0.8 1.0
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0.4

0.6

0.8

1.0

f(y)

y

ε

Friedrichs problem

equation degenerates 

solution, but only one BC verified

Fluids: "external problem" 
is Euler Problem : one BC is missing  
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ε → 0

"internal problem"

y = δ(ε)ỹ

δ(ε) = ε

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

f(y)

y

ε

Friedrichs problem

do a change of scale 

small x large  + large =   O(1)

 large  + large =   O(1)
Dominant Balance 

equation is now (lost term comes back)
the new sale is 

Solution at the new scale : 

Fluids "internal   problem" 
is the Boundary Layer  
Problem  
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ε → 0

"matching"

f(y → 0) = 1/2

f̃(ỹ → ∞) = A

f̃(ỹ) =
1
2

(1 − e−ỹ)f(y) =
1
2

(y + 1)

f(y)

y0.2 0.4 0.6 0.8 1.0

0.2
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2

(y + 1) −
e−y/ε

2

ε
f(y) =

1
2

(y + 1) −
e−y/ε

2

Composite expansion 
sum of both minus common limit is : 

Friedrichs problem

two descriptions 
internal

external

"asymptotic matching"

two final descriptions 
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ỹ→∞

= lim[ f(y)]
y→0

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

f(y)

y

ε
f(y) =

1
2

(y + 1) −
e−y/ε

2

Friedrichs problem

internal external
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Composite expansion 
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Friedrichs problem

f(y) =
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2

Here we solved with Matched Asymptotic Expansion 

The same example can be solved with: 
-Multiple Scale  
-WKB 
-Renormalisation

same final result
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d2f̃(ỹ)
dỹ2

+
df̃(ỹ)

dỹ
=

ε
2

.

y = εỹ

f̃0(ỹ0, ỹ1) =
ỹ1

2
+

1
2

−
e−ỹ0

2

f̃(ỹ) = f̃0(ỹ0, ỹ1) + εf̃1(ỹ0, ỹ1) + . . .

two scales

ỹ1 = y, ỹ0 = ỹ

Multiple Scale 

d
dỹ

=
∂

∂ỹ0
+ ε

∂
∂ỹ1

ỹ0 = ỹ, ỹ1 = εỹ

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

f(y)

y

ε
f(y) =

1
2

(y + 1) −
e−y/ε

2

Friedrichs problem
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2

derivative 

expansion 

after algebra and use of "secular" or "solvability" condition: 

must be in small scale description 

with 

same final result
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F(y) = −
e−y/ε

2

WKB 

f(y) =
y + 1

2
+ F(y)

ε
d2F(y)

dy2
+

dF(y)
dy

= 0,

F(y) ∼ exp ( 1
δ(ε)

n=N

∑
n=0

δ(ε)nSn(y))
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Friedrichs problem

f(y) =
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(y + 1) −
e−y/ε

2
same final result

rectify 

F(0) = − 1/2, F(1) = 0

new problem 

use the WKB expansion  

after use of "dominant balance" and algebra :
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Renormalisation 
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for sure, it works  

Friedrichs problem
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same final result
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0.2 0.4 0.6 0.8 1.0
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f(y)

y

ε
f(y) =

1
2

(y + 1) −
e−y/ε

2

Friedrichs problem: a model problem solved by 
Matched Asymptotic Expansion (or any other method) 
but MAE simpler in this case  

Singularity in 0 removed by MAE : 
key idea: a new scale appears 
by change of scale by dominant balance and matching 
of two problems at two different scales  
the singularity is removed at the new scale

Friedrichs problem
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Come back to Navier Stokes
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Ideal Fluid: Euler equations
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an order of derivation disappears 
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Ideal Fluid: Euler equations
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ue(x) slip velocity on the  wall is the result  

ue(x)
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singular perturbation problem
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Classical Boundary Layer
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Classical Boundary Layer
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Classical Boundary Layer
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@ũ
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Classical Boundary Layer
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@ṽ

@ỹ
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Classical Boundary Layer
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Classical Boundary Layer
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@ỹ2

◆

dominant balance

(laminar)



Institut Jean le Rond d'Alembert
∂ Alembert𝄒

@ũ

@x̃
+

@ṽ
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@ỹ2

0 = �@p̃

@ỹ
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@ũ

@x̃
+

@ṽ
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@ũ

@x̃
+ ṽ
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“Matched Asymptotic Expansion”
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Institut Jean le Rond d'Alembert
∂ Alembert𝄒

" =
1p
Re

As long as the boundary layer is “attached” (no strong 
deceleration for the ideal fluid velocity, or weak counter 
pressure), every thing is OK

many examples… 
one proof: airplanes from 30’ to now 

"matching"

"Boundary Layer"

"Ideal Fluid"
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Self Similarity 
Many equations present "self-similarity" 
they are invariant by dilatation, so that we can find  
a solution invariant  

same velocity profiles but elongated  
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ū = ū 0Ideal Fluid

Boundary Layer ũ = ũ 0

ū = ū 0 + Re−1/2 ū 1 + . . .

ũ = ũ 0 + Re−1/2 ũ 1 + . . .

Ideal Fluid, next order

Boundary Layer, next order
ū = ū 0 + Re−1/2 ū 1 + Re−1 ū 2 . . .Ideal Fluid, etc 

second order Van Dyke 1962

asymptotic expansion in powers of Reynolds

regular expansion!
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Introduction

(a)

(b)

(c)

Figure 1 – Flow separation occurs in many situations: (a) around bluff bodies (sphere, ob-
stacles in a liquid stream, Kármán vortex street in clouds past a volcano), usually leading to
oscillations; (b) past convex walls (rounded step, arterial stenosis); (c) past streamlined ob-
jects in presence of an adverse pressure gradient (airfoils).

(Schlichting, 1979). Driven by the development of aeronautics, many theoretical and experi-
mental studies followed. A very large range of strategies do exist now, including in increasing
order of complexity: (i) passive control, (ii) active open-loop control, with actuators requir-
ing energy, (iii) active closed-loop control, where sensors provide measurements (Fiedler &
Fernholz, 1990; Gad-el Hak, 1996; Choi, Jeon & Kim, 2008).

Based on the well-established modern linear control theory (Kim & Bewley, 2007), closed-
loop control theory has the potential to bring performance and robustness. However, Its
application to fluid flows still poses challenges, partly due to the large number of degrees of
freedom involved. Closed-loop control therefore relies either on the use of black-box con-
trollers (Henning & King, 2007; Beaudoin, Cadot, Aider & Wesfreid, 2006; Gautier & Aider,
2013) or on reduced order models, themselves built with identification methods (Tian, Song
& Cattafesta, 2006; Becker, King, Petz & Nitsche, 2007; Juillet, Schmid & Huerre, 2013), ex-
tracted from projection on bases (Rowley, 2005; Barbagallo, Sipp & Schmid, 2009; Bagheri,
Henningson, Hoepffner & Schmid, 2009; Ehrenstein, Passaggia & Gallaire, 2011), or moti-
vated by physical insight (Roussopoulos & Monkewitz, 1996; Alam, Liu & Haller, 2006).

Open-loop control has been successfully applied to separation control: heating, pulsed syn-
thetic jets, wall motion, as well as steady suction or blowing at the wall (McLachlan, 1989;
Fiedler & Fernholz, 1990; Schumm, Berger & Monkewitz, 1994; Seifert, Darabi & Wygnanski,
1996; Garnier, Pamart, Dandois & Sagaut, 2012). Although theoretical analyses start to ad-

2

problem solved?  
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When trying to solve the boundary layer equations with 
the ideal fluid velocity , when it decreases, there 
is a singularity, the computation stops when   

 is 0 

After "separation" it should be negative, but the 
computation stops 

ūe(x̄)

∂ũ
∂ỹ

(x̄, ỹ = 0)

ue(x)

IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but

strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen

method to try to solve the shock waves-boundary layer interaction, ”with-

out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in

64 [11] did computations with integral methods, with more success, but the

details are not so clear. Reyhner Flügge Lotz 68 [17] did finite di�erences

on the Boundary layer and succeed by iteration to compute the supersonic

wedge interaction.

Among people working for applications in the aerospace area, some

names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán

profiles did a lot of practical computations at ONERA, in supersonic and

transsonic régimes.

• Veldman as well has is own codes at the National Aerospace Laboratory

NLR in Amsterdam,

• Carter, Jameson at Stanford.

• Cebeci did a huge work (several books on the interactive boundary layer

for example [4] [2]) and applied IVI at Boeing.

• Lock & Williams in a review [15], present the english RAE point of view.

• And last but not least Neiland and Sychev at the TsAGI in USSR.

Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive

Boundary Layer point of view. It means that we use the classical Prantdl

boundary layer equations :

⇧ũ

⇧x̄
+

⇧ṽ

⇧ỹ
= 0, ũ

⇧ũ

⇧x̄
+ ṽ

⇧ũ

⇧ỹ
= ūe

dūe

dx̄
+

⇧2ũ

⇧ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body
¯f(x̄)), a first

given velocity profile: Blasius. A result of this computation is the velocity

at infinity, remember that for large ỹ the transverse velocity behaves as:

ṽ ⇤ d(
˜�1ūe)

dx̄
� ỹ

⇧ũ

⇧x̄
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the induced drag on finite span wings which is a ideal fluid e�ect).

But, everything is not so simple, there are problems when computing the
boundary layer: we remain again the boundary layer separation problem.
But there are other paradoxes: we introduce an other important problem
which is the ”upstream influence problem”. We will show that to solve
those two problems, the good strategy is a strategy of ”strong interaction”
between the boundary layer and the ideal fluid. So it was called ”Interact-
ing Boundary Layer” or ”Viscous Inviscid Interaction” (or Inviscid Viscous
Interaction). Some practical examples from literature and for various flows
régimes are presented.

2 Problems associated with the Boundary Layer

2.1 Separation

We already had a glimpse on the problem of separation of boundary layer.
We saw that for a given external flow, one can not compute the boundary
layer if the skin friction vanishes. This is called Goldstein singularity, close
to the point of separation:

⇥u

⇥y
⇥
⇤

xs � x and v ⇥ 1⇤
xs � x

.

So, for a given external decreasing velocity, there is a possibility of separa-
tion with a singularity. The computation can not pass the separation. Most
of classical text book of fluid mechanics do the same and end their course
on boundary layers by this dead end, for example one can read in Kundu
[9]: ”the boundary layer equations are valid only far downstream as the
point of separation. Beyond it the boundary layer becomes so thick that
the basic underlying assumptions become invalid. Moreover, the parabolic
character of the boundary layer equations requires that a numerical integra-
tion is possible only in the direction of advection (along which information
are propagated), which is /it upstream within the reversed flow region. A
forward (downstream) integration of the boundary layer equations therefore
breaks down after the separation point. Last, we can no longer apply po-
tential theory to find the pressure distribution in the separation region, as
the e�ective boundary of the irrotational flow is no longer the solid surface
but some unknown shape encompassing part of the body plus the separation
region.”

- III . 2-
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details are not so clear. Reyhner Flügge Lotz 68 [17] did finite di�erences

on the Boundary layer and succeed by iteration to compute the supersonic

wedge interaction.

Among people working for applications in the aerospace area, some

names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
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⇧ũ

⇧x̄

- III . 9-

IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but

strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen

method to try to solve the shock waves-boundary layer interaction, ”with-

out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in

64 [11] did computations with integral methods, with more success, but the
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= ūe

dūe
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profiles did a lot of practical computations at ONERA, in supersonic and

transsonic régimes.

• Veldman as well has is own codes at the National Aerospace Laboratory

NLR in Amsterdam,

• Carter, Jameson at Stanford.

• Cebeci did a huge work (several books on the interactive boundary layer

for example [4] [2]) and applied IVI at Boeing.

• Lock & Williams in a review [15], present the english RAE point of view.

• And last but not least Neiland and Sychev at the TsAGI in USSR.

Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive

Boundary Layer point of view. It means that we use the classical Prantdl

boundary layer equations :

⌃ũ
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⌃ũ

⌃ỹ
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• the Triple Deck 

Now we present the scales of triple deck 
as a rational asymptotic expansion (Matched Asympt Exp)

Triple Deck   1/Re → 0
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¯f(x̄)), a first

given velocity profile: Blasius. A result of this computation is the velocity

at infinity, remember that for large ỹ the transverse velocity behaves as:
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dūe

dx̄
+

⇧2ũ
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dx̄
� ỹ

⇧ũ

⇧x̄
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which gives the ”blowing velocity”.

v̄e = Re�1/2 d(�̃1ūe)
dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall
is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or
”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1
⇤

�
f̄(x̄) + Re�1/2 d(�̃1ūe)

dx̄

x� ⇥
d⇥

or in a supersonic flow

ūe = 1� M2

⇥
M2 � 1

[
d

dx̄
f̄(x̄) + Re�1/2 d(�̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the
boundary layer retroacts on the ideal fluid (figure 6 right). The boundary
layer thickness �1 acts as a fictive wall (cf figure 21 of chapter second or-
der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are
linked) develops the boundary layer itself. It is a strong interaction. The
two layers are coupled. It explains the term ”Interactive Boundary Layer”,
or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1
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Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very
thick. It is then not counterintuitive to think that the ideal fluid will be
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3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but

strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen

method to try to solve the shock waves-boundary layer interaction, ”with-

out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in

64 [11] did computations with integral methods, with more success, but the

details are not so clear. Reyhner Flügge Lotz 68 [17] did finite di�erences

on the Boundary layer and succeed by iteration to compute the supersonic

wedge interaction.

Among people working for applications in the aerospace area, some

names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán

profiles did a lot of practical computations at ONERA, in supersonic and

transsonic régimes.

• Veldman as well has is own codes at the National Aerospace Laboratory

NLR in Amsterdam,

• Carter, Jameson at Stanford.

• Cebeci did a huge work (several books on the interactive boundary layer

for example [4] [2]) and applied IVI at Boeing.

• Lock & Williams in a review [15], present the english RAE point of view.

• And last but not least Neiland and Sychev at the TsAGI in USSR.

Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive

Boundary Layer point of view. It means that we use the classical Prantdl

boundary layer equations :

⌃ũ

⌃x̄
+

⌃ṽ

⌃ỹ
= 0, ũ

⌃ũ

⌃x̄
+ ṽ

⌃ũ

⌃ỹ
= ūe

dūe

dx̄
+

⌃2ũ

⌃ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body
¯f(x̄)), a first given

velocity profile: Blasius. The matching ũ(x̄, ỹ ⇤⇧)⇤ ūe(x̄).
A result of this computation is the transverse velocity at infinity, remem-
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Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall
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Instead of the usual weak coupling with the hierarchy (figure 6 left), the
boundary layer retroacts on the ideal fluid (figure 6 right). The boundary
layer thickness �1 acts as a fictive wall (cf figure 21 of chapter second or-
der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are
linked) develops the boundary layer itself. It is a strong interaction. The
two layers are coupled. It explains the term ”Interactive Boundary Layer”,
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Examples of classical singularities

∂’Alembert paradox: no drag in ideal fluids  
-> viscous effect, small boundary layer 
 (Matched Asymptotic Expansion) 

Singularity at separation of the boundary layer  
-> introduce a boundary layer in the boundary layer 
(Matched Asymptotic Expansion) 

Impossibility to solving the very viscous flow  around a 
cylinder in a flow (Oseen) 
-> introduce a far layer where cylinder is a line  
(Matched Asymptotic Expansion) 

non linearities, diverging quantity

small parameter, small ratio of scales, dominant balance

final regularisation


ε = 1/Re

ε = Re

ε ≪ 1

that we will see today

ε = Re−1/8
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Résumé

Creeping flows correspond to small Reynolds flows. Although every body knows

the Stokes solution around a sphere of radius L moving at velocity U0 : the force

is 6⇤µLU0, few know that the next orders need MAE to be computed. This is

more frustrating for the flow around a circle, in this case there is no solution of

the 2D Navier Stokes flow, this is the ”Stokes Paradox”. Fortunately, the MAE

allows to compute the flow and to estimate the drag on a cylinder. This chapter

is the ”missing chapter” in all the courses of ”microhydrodynamics”.

We present then the Hele-Shaw cuve with more terms than usually.

1 Introduction

Small Reynolds flows receive a new impulse nowadays. There is a huge interest

in ”microhydrodynamics”, which means that those flows are slow, and at a small

scale, so the Reynolds

Re = U0L/⇥ << 1

is small. This new interest comes from the fact that lot of applications in biological

field have been observed. For example flow around blood cells, around spermato-

zoids, swimming of microorganisms. Or for example flows in small devices MEMS,

lab on chip.... But Stokes flow can be at large scale with slow velocity and high

viscosity (in geophysics, flow in porous media, flow of lava or ice (as a very first

approximation)).

Those flows are called either ”Stokes flow” either ”low Reynolds flows”, or also

named ”creeping flows” or ”creeping motion”, in french ”écoulement rampant”.

Historically, it is one of the first solutions obtained by George Gabriel Stokes 1819-

1903 : the flow around a sphere when advective inertial forces are small compared

to viscous forces.

We will see that this solution exists by ”chance” around a sphere, and that the

viscous flow around a cylinder can not be computed leading to the Stokes paradox.

It puzzled Stokes himself in 1851 and later Oseen, 1910 ; Lamb, 1911... It can be

understood through the use of matched asymptotic expansions (MAE) is one of

L

U0

Figure 1 – A typical problem a body of length L in a uniform velocity U0 ; the Reynolds

number is small Re = U0L/� << 1.

the triumphs of perturbation theory. See Van Dyke (1964) who presents the work

of Kaplun (1957), Proudman and Pearson (1957) and others...

2 Small Reynolds flows

2.1 Navier Stokes equations

2.2 Incompressible Navier Stokes equations

The problem that we have to solve is the problem of the solution of Navier Stokes

equations around a given body at small Reynolds number. Reynolds number Re
is constructed with a velocity (U0) and a typical length (L). We suppose that a

laminar flow. We will describe 2D or axy flows. The flow is supposed steady and

incompressible.

So, we first non-dimensionalise the equations with L (the typical length of the

body) and U0 (the typical velocity) in all directions of space and velocity (with

”bars” over the variables i.e. x̄ = x/L, ȳ = y/L, ū = u/U0, v̄ = v/U0 p = p0+ p̄P0,

the reference pressure is here taken to be p0, this must be changed in compressible

flows). For large Reynolds flows, we will take P0 = (⌅U2
0 ), for small Reynolds flows,

pressure scales with viscosity rather than with inertia

P0 = (⌅U2
0 )/Re = µU0/L.

Incompressible steady adimensionalised Navier Stokes equations are :

Boundary conditions are no slip at the wall :

if Fw(x̄, ȳ) is the implicit equation of the the wall : ū = 0 and v̄ = 0 on the body,

and u = 1 and v̄ = 0 far away from the body. So :

�⇧̄
⌃ ·�⇧̄u = 0

Re(
�⇧̄
u ·

�⇧̄
⌃�⇧̄

u ) = �
�⇧̄
⌃p+

�⇧̄
⌃2�⇧̄u
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2 Small Reynolds flows

2.1 Navier Stokes equations

2.2 Incompressible Navier Stokes equations

The problem that we have to solve is the problem of the solution of Navier Stokes

equations around a given body at small Reynolds number. Reynolds number Re
is constructed with a velocity (U0) and a typical length (L). We suppose that a

laminar flow. We will describe 2D or axy flows. The flow is supposed steady and

incompressible.

So, we first non-dimensionalise the equations with L (the typical length of the

body) and U0 (the typical velocity) in all directions of space and velocity (with

”bars” over the variables i.e. x̄ = x/L, ȳ = y/L, ū = u/U0, v̄ = v/U0 p = p0+ p̄P0,

the reference pressure is here taken to be p0, this must be changed in compressible

flows). For large Reynolds flows, we will take P0 = (⌅U2
0 ), for small Reynolds flows,

pressure scales with viscosity rather than with inertia

P0 = (⌅U2
0 )/Re = µU0/L.

Incompressible steady adimensionalised Navier Stokes equations are :

Boundary conditions are no slip at the wall :

if Fw(x̄, ȳ) is the implicit equation of the the wall : ū = 0 and v̄ = 0 on the body,

and u = 1 and v̄ = 0 far away from the body. So :

�⇧̄
⌃ ·�⇧̄u = 0

Re(
�⇧̄
u ·

�⇧̄
⌃�⇧̄

u ) = �
�⇧̄
⌃p+

�⇧̄
⌃2�⇧̄u

- MHP petitRe. PYL 2.1- P.-Y. Lagrée, small Re

Re → 0



Institut Jean le Rond d'Alembert
∂ Alembert𝄒

Small Reynolds

Small Re flows, " = Re ⌅ 1
P.-Y. Lagrée

CNRS & UPMC Univ Paris 06, UMR 7190,

Institut Jean Le Rond  ’Alembert, Bôıte 162, F-75005 Paris, France
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Stokes problem  
in 3D well known solution!   
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Creeping flows correspond to small Reynolds flows. Although every body knows

the Stokes solution around a sphere of radius L moving at velocity U0 : the force

is 6⇤µLU0, few know that the next orders need MAE to be computed. This is

more frustrating for the flow around a circle, in this case there is no solution of

the 2D Navier Stokes flow, this is the ”Stokes Paradox”. Fortunately, the MAE

allows to compute the flow and to estimate the drag on a cylinder. This chapter

is the ”missing chapter” in all the courses of ”microhydrodynamics”.

We present then the Hele-Shaw cuve with more terms than usually.

1 Introduction

Small Reynolds flows receive a new impulse nowadays. There is a huge interest

in ”microhydrodynamics”, which means that those flows are slow, and at a small

scale, so the Reynolds

Re = U0L/⇥ << 1

is small. This new interest comes from the fact that lot of applications in biological

field have been observed. For example flow around blood cells, around spermato-

zoids, swimming of microorganisms. Or for example flows in small devices MEMS,

lab on chip.... But Stokes flow can be at large scale with slow velocity and high

viscosity (in geophysics, flow in porous media, flow of lava or ice (as a very first

approximation)).

Those flows are called either ”Stokes flow” either ”low Reynolds flows”, or also

named ”creeping flows” or ”creeping motion”, in french ”écoulement rampant”.
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Figure 5 – flow around a sphere at Re = 0 (Stokes solution, dash), and at Re = 0.05

Oseen solution, plain. Note the small transport of the stream lines.
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This can be solved (see Kundu [8], his Re is 2Re so)

⌅̄ = r̄2 sin2 �(
1
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If Re is small, the expansion of the exponential gives :

3
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(1 + cos �)(1� e�

2Rer̄
4 (1�cos �)) = � 3

Re
(1 cos2 �)

Rer̄

4
= � 3

4r̄

so we have the Stokes solution from the Oseen solution when Re ⇥ 0. See figure 7
for a comparison at Re = 0.05. One should nevertheless notice that ⌅̄ is not zero
on the sphere with the Oseen solution (but is O(Re)).

After some algebra, the correction to the drag is obtained from Oseen approxi-
mation :

D = 6⇤µLU0(1 +
3

8
U0L/⇥)

2.6 Criticism of Oseen criticism

In his book Lamb [10] did a paragraph called ”Oseen criticism” explaining the
above theory. In fact, this linearisation is not true, as the velocity changes all
along distance. But by chance, the result, ( 38U0L/⇥), is good ! Whitehead did not
succeed to solve the problem by iteration (finding the (U0L/⇥)2 term), this is called
the ”Whitehead paradox” 1889. The problem has been solved by Proudman and
Pearson [14] ; with the matched asymptotic expansion they obtained after some
(long) algebra :

D = 6⇤µLU0(1 +
3

8
Re+

9

40
Re2Log(Re) + ...) Re = U0L/⇥

notice that for Re = 0.15, we compute 3Re/8 = 0.055 and 9
40Re2Log(Re) = �0.01,

which is small enough...
We will not present this matched asymptotic expansion in axi symmetrical flow

but we will present it in the next section all the details in 2D. Before, we plot the
fields with a Navier Stokes solver.

2.7 Hadamard-Rybczynski Solution for rising bubbles

The general solution for a Stokes flow in a uniform stream is

⌅̄ = r̄2 sin2 �(
1

2
+

A

r̄
+

B

r̄3
)

The Stokes flow corresponds to the flow around a sphere, were velocity is 0. The
solution is A = �3/4, B = 1/4. If we compute the force it is

D =
4

3
⇤µU0R(4 + 2A+ 8B)

again, this gives 6⇤µRU0 for A = �3/4 and B = 1/4. There is another solution
from Hadamard and Rybczynski (both in 1911) who modelised a bubble as a
sphere with zero shear stress. Then A = �1/2 and B = 0 and

D = 4⇤µU0R.

In practice, a real bubble is inbetween, One has to note that the potential flow
solution is A = 0 and B = �1/2 and that D = 0
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«Stokes problem» near the cylinder
any scale is possible. Di�erent cases may arise :

• either ⌅0Re/(U0L) ⇥ 1 or ⌅0 ⇥ (U0L)/Re, so that

�⌅̄
⇧2

�⌅̄
⇧2⌅̄ = 0

we will see that we will take ⌃ = L there.

• either ⌅0Re/(U0L) = 1 or ⌅0 = (U0L)/Re, so that we have the full Navier
Stokes, we will see that we will have to take ⌃ >> L there.

• either ⌅0Re/(U0L) ⇤ 1 or ⌅0 ⇤ (U0L)/Re, so that we have a Euler equation

⌅0

⇤
((
⇧⌅̄

⇧ȳ

⇧

⇧x̄
� ⇧⌅̄

⇧x̄

⇧

⇧ȳ
)
�⌅̄
⇧2⌅̄) = 0,

we will see that we will have to take ⌃ >> L there.

It is interesting to notice that ⌅0 is the relevant scale for the problem, the lon-
gitudinal scale ⌃ disappears in the equations. The boundary condition far away is
⌅ = U0y so that ⌅̄ = (U0⌃/⌅0)ȳ so that we guess that it is impossible to have only
one scale for the length, there is a scale of the size of the radius near the body
⌃ = L and another one far from it ⌃ ⇤ 1. Furthermore ⌅ has not the same scale
in those layers (see final figure 13 as summary).
Far away is a Euler region (negligible obstacle), and a Navier Stokes around the cy-
linder. This layer will include a viscous layer (Stokes problem) around the cylinder,
the outer Navier Stokes and the Euler regions are the ”Oseen” layer.
So we construct two problems, one far, the other near the circle.

4.2.2 First problem or ”Oseen problem”

First, the so called Oseen problem (we will understand why latter), far from the
body, in which inertia and viscosity are playing a role :

⌅ =
U0L

Re
⌅̃, (x, y) =

L

Re
(x̃, ỹ)

we are in (x̃, ỹ) = O(1), at this scale the cylinder is a point ((x̃, ỹ) are the Oseen
variables),
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�⌅̃
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�⌅̃
⇧2⌅̃

with boundary ⌅̃ = ỹ far away. Notice that viscosity becomes negligible far from
the body, and we may re obtain Euler.

For small (x̃, ỹ) we have to match with the inner problem which comes next.

4.2.3 Second problem or ”Stokes Problem”

Second the Stokes problem, near the body (variables scaled by L), were inertia
is small

⌅ = ⌅0⌅̄, (x, y) = L(x̄, ȳ)

⌅0 is not known, and we define (x̄, ȳ) = 1
Re (x̃, ỹ) now, we are in (x̄, ȳ) = O(1),

the scale of the cylinder ((x̄, ȳ) are the Stokes variables), ⌅0Re/(U0L) ⇥ 1 or
⌅0 ⇥ (U0L)/Re,

⌅0Re

U0L
((
⇧⌅̄

⇧ȳ

⇧

⇧x̄
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�⌅̄
⇧2⌅̄) =

�⌅̄
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�⌅̄
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with, as the convection is small compared to the di�usion :

⌅0Re

U0L
⇥ 1

On the circle ⌅̄ = ⇧n̄⌅ = 0 and far away we match to the first problem for large
(x̃, ỹ).

4.3 Solving the two problems

4.3.1 First problem : Oseen

It seems possible to expand

⌅̃ = ỹ + �⌅̃1 + ...

where � is not known up to now. The flow is nearly not perturbed by the point,
the stream remains parallel to x axis.

4.3.2 Second problem : Stokes

Looking at an expansion
⌅̄ = ⌅̄0 + ...

gives the bi-Laplacian : �⌅̄
⇧2

�⌅̄
⇧2⌅̄0 = 0

with on the circle ⌅̄0 = ⇧n̄⌅0 = 0

The best way is to be in polar coordinates. and a good guess (as in 3D) is to
try ⌅̄0 = f(r̄) sin ⇥ so the general solution is :

f(r̄) = Ar̄3 +Br̄Log(r̄) + Cr̄ +
D

r̄
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any scale is possible. Di�erent cases may arise :

• either ⌅0Re/(U0L) ⇥ 1 or ⌅0 ⇥ (U0L)/Re, so that

�⌅̄
⇧2

�⌅̄
⇧2⌅̄ = 0

we will see that we will take ⌃ = L there.

• either ⌅0Re/(U0L) = 1 or ⌅0 = (U0L)/Re, so that we have the full Navier
Stokes, we will see that we will have to take ⌃ >> L there.

• either ⌅0Re/(U0L) ⇤ 1 or ⌅0 ⇤ (U0L)/Re, so that we have a Euler equation
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we will see that we will have to take ⌃ >> L there.

It is interesting to notice that ⌅0 is the relevant scale for the problem, the lon-
gitudinal scale ⌃ disappears in the equations. The boundary condition far away is
⌅ = U0y so that ⌅̄ = (U0⌃/⌅0)ȳ so that we guess that it is impossible to have only
one scale for the length, there is a scale of the size of the radius near the body
⌃ = L and another one far from it ⌃ ⇤ 1. Furthermore ⌅ has not the same scale
in those layers (see final figure 13 as summary).
Far away is a Euler region (negligible obstacle), and a Navier Stokes around the cy-
linder. This layer will include a viscous layer (Stokes problem) around the cylinder,
the outer Navier Stokes and the Euler regions are the ”Oseen” layer.
So we construct two problems, one far, the other near the circle.

4.2.2 First problem or ”Oseen problem”

First, the so called Oseen problem (we will understand why latter), far from the
body, in which inertia and viscosity are playing a role :

⌅ =
U0L

Re
⌅̃, (x, y) =

L

Re
(x̃, ỹ)

we are in (x̃, ỹ) = O(1), at this scale the cylinder is a point ((x̃, ỹ) are the Oseen
variables),
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with boundary ⌅̃ = ỹ far away. Notice that viscosity becomes negligible far from
the body, and we may re obtain Euler.

For small (x̃, ỹ) we have to match with the inner problem which comes next.

4.2.3 Second problem or ”Stokes Problem”

Second the Stokes problem, near the body (variables scaled by L), were inertia
is small

⌅ = ⌅0⌅̄, (x, y) = L(x̄, ȳ)

⌅0 is not known, and we define (x̄, ȳ) = 1
Re (x̃, ỹ) now, we are in (x̄, ȳ) = O(1),

the scale of the cylinder ((x̄, ȳ) are the Stokes variables), ⌅0Re/(U0L) ⇥ 1 or
⌅0 ⇥ (U0L)/Re,

⌅0Re

U0L
((
⇧⌅̄

⇧ȳ

⇧
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with, as the convection is small compared to the di�usion :

⌅0Re

U0L
⇥ 1

On the circle ⌅̄ = ⇧n̄⌅ = 0 and far away we match to the first problem for large
(x̃, ỹ).

4.3 Solving the two problems

4.3.1 First problem : Oseen

It seems possible to expand

⌅̃ = ỹ + �⌅̃1 + ...

where � is not known up to now. The flow is nearly not perturbed by the point,
the stream remains parallel to x axis.

4.3.2 Second problem : Stokes

Looking at an expansion
⌅̄ = ⌅̄0 + ...

gives the bi-Laplacian : �⌅̄
⇧2

�⌅̄
⇧2⌅̄0 = 0

with on the circle ⌅̄0 = ⇧n̄⌅0 = 0

The best way is to be in polar coordinates. and a good guess (as in 3D) is to
try ⌅̄0 = f(r̄) sin ⇥ so the general solution is :

f(r̄) = Ar̄3 +Br̄Log(r̄) + Cr̄ +
D

r̄
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any scale is possible. Di�erent cases may arise :

• either ⌅0Re/(U0L) ⇥ 1 or ⌅0 ⇥ (U0L)/Re, so that

�⌅̄
⇧2

�⌅̄
⇧2⌅̄ = 0

we will see that we will take ⌃ = L there.

• either ⌅0Re/(U0L) = 1 or ⌅0 = (U0L)/Re, so that we have the full Navier
Stokes, we will see that we will have to take ⌃ >> L there.

• either ⌅0Re/(U0L) ⇤ 1 or ⌅0 ⇤ (U0L)/Re, so that we have a Euler equation
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we will see that we will have to take ⌃ >> L there.

It is interesting to notice that ⌅0 is the relevant scale for the problem, the lon-
gitudinal scale ⌃ disappears in the equations. The boundary condition far away is
⌅ = U0y so that ⌅̄ = (U0⌃/⌅0)ȳ so that we guess that it is impossible to have only
one scale for the length, there is a scale of the size of the radius near the body
⌃ = L and another one far from it ⌃ ⇤ 1. Furthermore ⌅ has not the same scale
in those layers (see final figure 13 as summary).
Far away is a Euler region (negligible obstacle), and a Navier Stokes around the cy-
linder. This layer will include a viscous layer (Stokes problem) around the cylinder,
the outer Navier Stokes and the Euler regions are the ”Oseen” layer.
So we construct two problems, one far, the other near the circle.

4.2.2 First problem or ”Oseen problem”

First, the so called Oseen problem (we will understand why latter), far from the
body, in which inertia and viscosity are playing a role :

⌅ =
U0L

Re
⌅̃, (x, y) =

L

Re
(x̃, ỹ)

we are in (x̃, ỹ) = O(1), at this scale the cylinder is a point ((x̃, ỹ) are the Oseen
variables),
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with boundary ⌅̃ = ỹ far away. Notice that viscosity becomes negligible far from
the body, and we may re obtain Euler.

For small (x̃, ỹ) we have to match with the inner problem which comes next.

4.2.3 Second problem or ”Stokes Problem”

Second the Stokes problem, near the body (variables scaled by L), were inertia
is small

⌅ = ⌅0⌅̄, (x, y) = L(x̄, ȳ)

⌅0 is not known, and we define (x̄, ȳ) = 1
Re (x̃, ỹ) now, we are in (x̄, ȳ) = O(1),

the scale of the cylinder ((x̄, ȳ) are the Stokes variables), ⌅0Re/(U0L) ⇥ 1 or
⌅0 ⇥ (U0L)/Re,

⌅0Re

U0L
((
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with, as the convection is small compared to the di�usion :

⌅0Re

U0L
⇥ 1

On the circle ⌅̄ = ⇧n̄⌅ = 0 and far away we match to the first problem for large
(x̃, ỹ).

4.3 Solving the two problems

4.3.1 First problem : Oseen

It seems possible to expand

⌅̃ = ỹ + �⌅̃1 + ...

where � is not known up to now. The flow is nearly not perturbed by the point,
the stream remains parallel to x axis.

4.3.2 Second problem : Stokes

Looking at an expansion
⌅̄ = ⌅̄0 + ...

gives the bi-Laplacian : �⌅̄
⇧2

�⌅̄
⇧2⌅̄0 = 0

with on the circle ⌅̄0 = ⇧n̄⌅0 = 0

The best way is to be in polar coordinates. and a good guess (as in 3D) is to
try ⌅̄0 = f(r̄) sin ⇥ so the general solution is :

f(r̄) = Ar̄3 +Br̄Log(r̄) + Cr̄ +
D

r̄
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any scale is possible. Di�erent cases may arise :

• either ⌅0Re/(U0L) ⇥ 1 or ⌅0 ⇥ (U0L)/Re, so that

�⌅̄
⇧2

�⌅̄
⇧2⌅̄ = 0

we will see that we will take ⌃ = L there.

• either ⌅0Re/(U0L) = 1 or ⌅0 = (U0L)/Re, so that we have the full Navier
Stokes, we will see that we will have to take ⌃ >> L there.

• either ⌅0Re/(U0L) ⇤ 1 or ⌅0 ⇤ (U0L)/Re, so that we have a Euler equation

⌅0

⇤
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)
�⌅̄
⇧2⌅̄) = 0,

we will see that we will have to take ⌃ >> L there.

It is interesting to notice that ⌅0 is the relevant scale for the problem, the lon-
gitudinal scale ⌃ disappears in the equations. The boundary condition far away is
⌅ = U0y so that ⌅̄ = (U0⌃/⌅0)ȳ so that we guess that it is impossible to have only
one scale for the length, there is a scale of the size of the radius near the body
⌃ = L and another one far from it ⌃ ⇤ 1. Furthermore ⌅ has not the same scale
in those layers (see final figure 13 as summary).
Far away is a Euler region (negligible obstacle), and a Navier Stokes around the cy-
linder. This layer will include a viscous layer (Stokes problem) around the cylinder,
the outer Navier Stokes and the Euler regions are the ”Oseen” layer.
So we construct two problems, one far, the other near the circle.

4.2.2 First problem or ”Oseen problem”

First, the so called Oseen problem (we will understand why latter), far from the
body, in which inertia and viscosity are playing a role :

⌅ =
U0L

Re
⌅̃, (x, y) =

L

Re
(x̃, ỹ)

we are in (x̃, ỹ) = O(1), at this scale the cylinder is a point ((x̃, ỹ) are the Oseen
variables),
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�⌅̃
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with boundary ⌅̃ = ỹ far away. Notice that viscosity becomes negligible far from
the body, and we may re obtain Euler.

For small (x̃, ỹ) we have to match with the inner problem which comes next.

4.2.3 Second problem or ”Stokes Problem”

Second the Stokes problem, near the body (variables scaled by L), were inertia
is small

⌅ = ⌅0⌅̄, (x, y) = L(x̄, ȳ)

⌅0 is not known, and we define (x̄, ȳ) = 1
Re (x̃, ỹ) now, we are in (x̄, ȳ) = O(1),

the scale of the cylinder ((x̄, ȳ) are the Stokes variables), ⌅0Re/(U0L) ⇥ 1 or
⌅0 ⇥ (U0L)/Re,

⌅0Re

U0L
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)
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⇧2⌅̄) =

�⌅̄
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�⌅̄
⇧2⌅̄ (3)

with, as the convection is small compared to the di�usion :

⌅0Re

U0L
⇥ 1

On the circle ⌅̄ = ⇧n̄⌅ = 0 and far away we match to the first problem for large
(x̃, ỹ).

4.3 Solving the two problems

4.3.1 First problem : Oseen

It seems possible to expand

⌅̃ = ỹ + �⌅̃1 + ...

where � is not known up to now. The flow is nearly not perturbed by the point,
the stream remains parallel to x axis.

4.3.2 Second problem : Stokes

Looking at an expansion
⌅̄ = ⌅̄0 + ...

gives the bi-Laplacian : �⌅̄
⇧2

�⌅̄
⇧2⌅̄0 = 0

with on the circle ⌅̄0 = ⇧n̄⌅0 = 0

The best way is to be in polar coordinates. and a good guess (as in 3D) is to
try ⌅̄0 = f(r̄) sin ⇥ so the general solution is :

f(r̄) = Ar̄3 +Br̄Log(r̄) + Cr̄ +
D

r̄
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the problem is to find the gauge  0

we then obtain from the no slip condition on the circle (and as r̄3 is too large at
infinity) :

⌅̄0 = D sin ⇥(2r̄Log(r̄)� r̄ +
1

r̄
)

so we have the Stokes paradox, there is no possible matching with a uniform flow,
in this layer. But we have to match with the layer of the first problem.

4.3.3 Van Dyke Matching

Let us write the solution of the Stokes problem ⌅0⌅̄0 in the Oseen r̃ variable
which is r̄ = r̃

Re , with r̃ = O(1)

⌅0⌅̄0 = D⌅0 sin ⇥(2
r̃

Re
Log(r̃)� 2

r̃

Re
Log(Re)� r̃

Re
+

Re

r̃
)

the larger term when Re is small is the term with Log(Re) as |Log(Re)| ⌅ ⇧ for
Re ⌅ 0. So that the behavior is :

⌅0⌅̄0 = �2D⌅0 sin ⇥
r̃

Re
Log(Re).

The solution of the outer problem (first problem or Oseen problem ⌅̃ = ỹ + ...)
written with scales

U0L⌅̃0/Re = U0Lỹ/Re+ ...

or in axi coordinates :
U0L

Re
⌅̃0 = U0

L

Re
r̃ sin ⇥ + ...

hence the pq � qp rule gives

�2D⌅0
1

Re
Log(Re) =

U0L

Re

so that D = 1/2 and

⌅0 = � LU0

LogRe

we have exhibited the relevant scale for the stream function. Notice that the sign
�LogRe > 0 for Re < 1 and we verify that as expected �0Re

U0L
= Re

LogRe ⇥ 1 as
Re ⌅ 0.

4.3.4 Final first order solution

Near the cylinder, the scale of space is L (Stokes scale) and the stream function
has scale � LU0

LogRe the solution is

⌅̄0 = sin ⇥(r̄Log(r̄)� r̄

2
+

1

2r̄
)

far from the cylinder the scale of space is L/Re (Oseen scale) and the stream
function has scale LU0

Re the solution is

⌅̃0 = r̃ sin ⇥

The Stokes paradox is solved thanks asymptotics, it was due to this logarithmic
term.

4.4 Next order

4.4.1 Next order Stokes variable

If we wish more precision, the work is not finished and is harder and harder.
Near the cylinder, one can compute the next order from the momentum equation

with ⌅0 = � LU0
LogRe so eq. 3 is

Re

�LogRe
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⇧ȳ
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⇧ȳ
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�⌅̄
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�⌅̄
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�⌅̄
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The solution is then with the expansion with Re
�LogRe as small parameter and not

with Re :

⌅̄ = ⌅̄0 +
Re

�LogRe
⌅̄1 + ...

Unfortunately, the solution of the problem of ⌅̄1 is not possible (see François),
then, it means that the expansion is not good, it should be with an intermediate
term of order ⇤ with 1 ⇤ ⇤ ⇤ Re

�LogRe and we write

⌅̄ = ⌅̄0 + ⇤⌅̄1 +O(
Re

�LogRe
)...

We have again a bi Laplacian to solve for ⌅̄1, the shape of the solution is the same
function sin ⇥(r̄Log(r̄)� r̄

2 + 1
2r̄ ) at a multiplicative constant.

4.4.2 Next order Oseen variable

Far from the cylinder : ỹ is ⌅̃0 :

⌅̃ = ỹ + �⌅̃1 + ...

so NS are at order �
⇧

⇧x̃

�⌅̃
⌃2⌅̃1 =

�⌅̃
⌃(

�⌅̃
⌃2⌅̃1)

This is the ”Oseen approximation” that we described for the sphere ! The solution
is really complicated in involves modified Bessel function Kn. In fact it has been
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dominant balance logarithmic terms, "switchback"

any scale is possible. Di�erent cases may arise :

• either ⌅0Re/(U0L) ⇥ 1 or ⌅0 ⇥ (U0L)/Re, so that

�⌅̄
⇧2

�⌅̄
⇧2⌅̄ = 0

we will see that we will take ⌃ = L there.

• either ⌅0Re/(U0L) = 1 or ⌅0 = (U0L)/Re, so that we have the full Navier
Stokes, we will see that we will have to take ⌃ >> L there.

• either ⌅0Re/(U0L) ⇤ 1 or ⌅0 ⇤ (U0L)/Re, so that we have a Euler equation
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we will see that we will have to take ⌃ >> L there.

It is interesting to notice that ⌅0 is the relevant scale for the problem, the lon-
gitudinal scale ⌃ disappears in the equations. The boundary condition far away is
⌅ = U0y so that ⌅̄ = (U0⌃/⌅0)ȳ so that we guess that it is impossible to have only
one scale for the length, there is a scale of the size of the radius near the body
⌃ = L and another one far from it ⌃ ⇤ 1. Furthermore ⌅ has not the same scale
in those layers (see final figure 13 as summary).
Far away is a Euler region (negligible obstacle), and a Navier Stokes around the cy-
linder. This layer will include a viscous layer (Stokes problem) around the cylinder,
the outer Navier Stokes and the Euler regions are the ”Oseen” layer.
So we construct two problems, one far, the other near the circle.

4.2.2 First problem or ”Oseen problem”

First, the so called Oseen problem (we will understand why latter), far from the
body, in which inertia and viscosity are playing a role :

⌅ =
U0L

Re
⌅̃, (x, y) =

L

Re
(x̃, ỹ)

we are in (x̃, ỹ) = O(1), at this scale the cylinder is a point ((x̃, ỹ) are the Oseen
variables),
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with boundary ⌅̃ = ỹ far away. Notice that viscosity becomes negligible far from
the body, and we may re obtain Euler.

For small (x̃, ỹ) we have to match with the inner problem which comes next.

4.2.3 Second problem or ”Stokes Problem”

Second the Stokes problem, near the body (variables scaled by L), were inertia
is small

⌅ = ⌅0⌅̄, (x, y) = L(x̄, ȳ)

⌅0 is not known, and we define (x̄, ȳ) = 1
Re (x̃, ỹ) now, we are in (x̄, ȳ) = O(1),
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⇧ȳ
)
�⌅̄
⇧2⌅̄) =

�⌅̄
⇧2

�⌅̄
⇧2⌅̄ (3)

with, as the convection is small compared to the di�usion :

⌅0Re

U0L
⇥ 1
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where � is not known up to now. The flow is nearly not perturbed by the point,
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Re (x̃, ỹ) now, we are in (x̄, ȳ) = O(1),
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«Oseen problem» far from the cylinder it is just a point
we have to introduce a layer far away

Matched Asymptotic Expansions

Proudman & Pearson 1957  
Kaplun & Lagerstorm 1957 
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this formula as been obtained by Lamb, but in the wrong framework.
It has been re formulated by Proudman & Pearson and Kaplun & Lagerstorm  
who fixed the right framework : Matched Asymptotic Expansions. We did not 
give all of the complicated details, they can be found in those papers. 
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4.5 Drag on a Cylinder at small Re

From the scale of �0 = �U0L/LogRe we deduce that the total stress will be
µ�0/L2 so that the force over the sphere will be µ�0/L which is :
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In fact, after lot of algebra, the final result (after computing the pressure and
the shear at the wall from the function �̄1 at the wall) for the drag on a cylinder
at small Re is then
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Again, this formula as been obtained by Lamb, but in the wrong framework.
It has been re formulated by Proudman & Pearson and Kaplun & Lagers-
torm who fixed the right framework : Matched Asymptotic Expansions. We
did not give all of the complicated details, they can be found in those papers.
The complete analysis has nearly never been explained in books of fluid mechanics.

We notice :
• that for Re = 0 there is no movement at all, but remember that we look at
Re ⇤ 0, so that 1/LogRe is larger than Re, so an even small e⇥ect in 1/LogRe is
not so small compared to Re
• that the sequence is in 1/LogRe, so the convergence is slow.
• in fact all the Stokes terms are the same in the development so no asymmetry

Figure 12 – From Van Dyke [16] page 164, drag function of Reynolds for a Cy-

linder, formula (8.49) in Van Dyke [16] : CD = 4�
Re [�1 � 0.87�3

1 + O(�4
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�1 = 1/(Log(4/Re)� �� 1/2). ”Full Oseen” refers to the solution of the Oseen problem

(Re ⇥
⇥x �⇥2)⇥2⇥ = 0 by Tomotika and Aori 1950.

is introduced by the various orders near the cylinder.
• the development fails for Re = 1 which is bad !
• the formula is written using ⌃U2

0 /2 as scale in Van Dyke [16]. The experimental
datas and the drag is on figure 12, it reads :
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1)] with �1 =
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As says Mo⇥at in the ”cours des Houches” 1973 ”The complexity of the formula
is indicative of the complexity of the underlying analysis”.

- MHP petitRe. PYL 2.12- P.-Y. Lagrée, small Re

computed by Lamb in 1911 (for the cylinder not by Oseen, who did the sphere in
1910). After algebra, one of the first is a transform (Goldstein transform) of

@

@x̃
�̃ =

�!̃
r�̃ in to

1

4
'̃ =

�!̃
r'̃

thanks to '̃ = e
x̃/2

�̃ and then by Fourier transform, after some algebra with Bessel
functions :

 ̃1 = Br̃(Log(r̃) � Log4 + � � 1)

we obtain as in the example in the first chapter the Euler constant �.
Matching both gives ⌫1 = 1/LogRe and � = 1

LogRe as well, and we have

 ̄ = sin ✓(r̄Log(r̄) � r̄

2
+

1

2r̄
)(1 +

Log4 � � + 1/2

Log(Re)
+ ....)

and

 ̃ =
1

Re
(r̃sin✓ +

1

LogRe
r̃(Log(r̃) � Log4 + � � 1)

4.5 Drag on a Cylinder at small Re

From the scale of  0 = �U0L/LogRe we deduce that the total stress will be
µ 0/L

2 so that the force over the sphere will be µ 0/L which is :

D ⇠ µU0

�Log(U0L
⌫ )

In fact, after lot of algebra, the final result (after computing the pressure and
the shear at the wall from the function  ̄1 at the wall) for the drag on a cylinder
at small Re is then

D =
4⇡µU0

1
2 � � � Log(U0L

4⌫ )

Again, this formula as been obtained by Lamb, but in the wrong framework.
It has been re formulated by Proudman & Pearson and Kaplun & Lagers-
torm who fixed the right framework : Matched Asymptotic Expansions. We
did not give all of the complicated details, they can be found in those papers.
The complete analysis has nearly never been explained in books of fluid mechanics.

We notice :
• that for Re = 0 there is no movement at all, but remember that we look at
Re ! 0, so that 1/LogRe is larger than Re, so an even small e↵ect in 1/LogRe is
not so small compared to Re

• that the sequence is in 1/LogRe, so the convergence is slow.
• in fact all the Stokes terms are the same in the development so no asymmetry

Figure 12 – From Van Dyke [16] page 164, drag function of Reynolds for a Cy-

linder, formula (8.49) in Van Dyke [16] : CD = 4⇡
Re [�1 � 0.87�3

1 + O(�4
1)] with

�1 = 1/(Log(4/Re)� �� 1/2). ”Full Oseen” refers to the solution of the Oseen problem

(Re
@
@x �r2)r2

 = 0 by Tomotika and Aori 1950.

is introduced by the various orders near the cylinder.
• the development fails for Re = 1 which is bad !
• the formula is written using ⇢U2

0 /2 as scale in Van Dyke [16]. The experimental
datas and the drag is on figure 12, it reads :

CD =
4⇡

Re
[�1 � 0.87�3

1 + O(�4
1)] with �1 =

1

Log(4/Re) � � � 1/2

As says Mo↵at in the ”cours des Houches” 1973 ”The complexity of the formula
is indicative of the complexity of the underlying analysis”.

- MHP petitRe. PYL 2.12- P.-Y. Lagrée, small Re

computed by Lamb in 1911 (for the cylinder not by Oseen, who did the sphere in
1910). After algebra, one of the first is a transform (Goldstein transform) of

@

@x̃
�̃ =

�!̃
r�̃ in to

1

4
'̃ =

�!̃
r'̃

thanks to '̃ = e
x̃/2

�̃ and then by Fourier transform, after some algebra with Bessel
functions :

 ̃1 = Br̃(Log(r̃) � Log4 + � � 1)

we obtain as in the example in the first chapter the Euler constant �.
Matching both gives ⌫1 = 1/LogRe and � = 1

LogRe as well, and we have

 ̄ = sin ✓(r̄Log(r̄) � r̄

2
+

1

2r̄
)(1 +

Log4 � � + 1/2

Log(Re)
+ ....)

and

 ̃ =
1

Re
(r̃sin✓ +

1

LogRe
r̃(Log(r̃) � Log4 + � � 1)

4.5 Drag on a Cylinder at small Re

From the scale of  0 = �U0L/LogRe we deduce that the total stress will be
µ 0/L

2 so that the force over the sphere will be µ 0/L which is :

D ⇠ µU0

�Log(U0L
⌫ )

In fact, after lot of algebra, the final result (after computing the pressure and
the shear at the wall from the function  ̄1 at the wall) for the drag on a cylinder
at small Re is then

D =
4⇡µU0

1
2 � � � Log(U0L

4⌫ )

Again, this formula as been obtained by Lamb, but in the wrong framework.
It has been re formulated by Proudman & Pearson and Kaplun & Lagers-
torm who fixed the right framework : Matched Asymptotic Expansions. We
did not give all of the complicated details, they can be found in those papers.
The complete analysis has nearly never been explained in books of fluid mechanics.

We notice :
• that for Re = 0 there is no movement at all, but remember that we look at
Re ! 0, so that 1/LogRe is larger than Re, so an even small e↵ect in 1/LogRe is
not so small compared to Re

• that the sequence is in 1/LogRe, so the convergence is slow.
• in fact all the Stokes terms are the same in the development so no asymmetry

Figure 12 – From Van Dyke [16] page 164, drag function of Reynolds for a Cy-

linder, formula (8.49) in Van Dyke [16] : CD = 4⇡
Re [�1 � 0.87�3

1 + O(�4
1)] with

�1 = 1/(Log(4/Re)� �� 1/2). ”Full Oseen” refers to the solution of the Oseen problem

(Re
@
@x �r2)r2

 = 0 by Tomotika and Aori 1950.

is introduced by the various orders near the cylinder.
• the development fails for Re = 1 which is bad !
• the formula is written using ⇢U2

0 /2 as scale in Van Dyke [16]. The experimental
datas and the drag is on figure 12, it reads :

CD =
4⇡

Re
[�1 � 0.87�3

1 + O(�4
1)] with �1 =

1

Log(4/Re) � � � 1/2

As says Mo↵at in the ”cours des Houches” 1973 ”The complexity of the formula
is indicative of the complexity of the underlying analysis”.

- MHP petitRe. PYL 2.12- P.-Y. Lagrée, small Re

computed by Lamb in 1911 (for the cylinder not by Oseen, who did the sphere in
1910). After algebra, one of the first is a transform (Goldstein transform) of

@

@x̃
�̃ =

�!̃
r�̃ in to

1

4
'̃ =

�!̃
r'̃

thanks to '̃ = e
x̃/2

�̃ and then by Fourier transform, after some algebra with Bessel
functions :

 ̃1 = Br̃(Log(r̃) � Log4 + � � 1)

we obtain as in the example in the first chapter the Euler constant �.
Matching both gives ⌫1 = 1/LogRe and � = 1

LogRe as well, and we have

 ̄ = sin ✓(r̄Log(r̄) � r̄

2
+

1

2r̄
)(1 +

Log4 � � + 1/2

Log(Re)
+ ....)

and

 ̃ =
1

Re
(r̃sin✓ +

1

LogRe
r̃(Log(r̃) � Log4 + � � 1)

4.5 Drag on a Cylinder at small Re

From the scale of  0 = �U0L/LogRe we deduce that the total stress will be
µ 0/L

2 so that the force over the sphere will be µ 0/L which is :

D ⇠ µU0

�Log(U0L
⌫ )

In fact, after lot of algebra, the final result (after computing the pressure and
the shear at the wall from the function  ̄1 at the wall) for the drag on a cylinder
at small Re is then

D =
4⇡µU0

1
2 � � � Log(U0L

4⌫ )

Again, this formula as been obtained by Lamb, but in the wrong framework.
It has been re formulated by Proudman & Pearson and Kaplun & Lagers-
torm who fixed the right framework : Matched Asymptotic Expansions. We
did not give all of the complicated details, they can be found in those papers.
The complete analysis has nearly never been explained in books of fluid mechanics.

We notice :
• that for Re = 0 there is no movement at all, but remember that we look at
Re ! 0, so that 1/LogRe is larger than Re, so an even small e↵ect in 1/LogRe is
not so small compared to Re

• that the sequence is in 1/LogRe, so the convergence is slow.
• in fact all the Stokes terms are the same in the development so no asymmetry

Figure 12 – From Van Dyke [16] page 164, drag function of Reynolds for a Cy-

linder, formula (8.49) in Van Dyke [16] : CD = 4⇡
Re [�1 � 0.87�3

1 + O(�4
1)] with

�1 = 1/(Log(4/Re)� �� 1/2). ”Full Oseen” refers to the solution of the Oseen problem

(Re
@
@x �r2)r2

 = 0 by Tomotika and Aori 1950.

is introduced by the various orders near the cylinder.
• the development fails for Re = 1 which is bad !
• the formula is written using ⇢U2

0 /2 as scale in Van Dyke [16]. The experimental
datas and the drag is on figure 12, it reads :

CD =
4⇡

Re
[�1 � 0.87�3

1 + O(�4
1)] with �1 =

1

Log(4/Re) � � � 1/2

As says Mo↵at in the ”cours des Houches” 1973 ”The complexity of the formula
is indicative of the complexity of the underlying analysis”.

- MHP petitRe. PYL 2.12- P.-Y. Lagrée, small Re

This is the ”Oseen approximation” that we described for the sphere ! The solution
is really complicated in involves modified Bessel function Kn. In fact it has been
computed by Lamb in 1911 (for the cylinder ,not by Oseen, who did the sphere in
1910). After algebra, one of the first is a transform (Goldstein transform) of
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Again, this formula as been obtained by Lamb, but in the wrong framework. It has
been re formulated by Proudman & Pearson and Kaplun & Lagerstorm who fixed
the right framework : Matched Asymptotic Expansions. Most of the ideas were
from Kaplun, he disseminate them in conferences, so that Proudman & Pearson
found in parallel the final result. Saul Kaplun died at the age of 40 in 1964.
We did not give all of the complicated details, they can be found in those papers.

The complete analysis has nearly never been explained in books of fluid mechanics.
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Example of multilayer shallow water application

in a flume

in a river

many other examples of similarities and  of singularities  
the hydraulic jump  
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many other examples of similarities and  of singularities  

non linearities  
with singularities  
self similar solutions  
…
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Bélangers’s problem 
the jump is a singularity


this is the same a "shock wave" 

something happens on a too small scale 


But we can solve the problem and find the amplitude of the jump

many other examples of similarities and  of singularities  
the hydraulic jump  

Q0
h0 =

L⌫

Q0
L
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slip of the bump. Moreover, with the Saint Venant model, a spurious
small numerical overshoot appears at the shock, which appears also in
the multilayer solution, when N is small.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

-2  0  2  4  6  8  10  12  14

h(
x,

t)

x

one layer
Multilayer

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

-0.2  0  0.2  0.4  0.6  0.8  1  1.2

F(
et

a)

eta

one layer
Multilayer

anal.

Figure 3: Collapse of a viscous flow along a slope. Left at t̃ = 100, 200, 300...1500
plot of h̃(x̃, t̃) for Saint Venant (plain) and multilayer resolution (dashed). The

initial height is h̃(x̃, 0) = 1 for 0 < x̃ < 1, and surface
R 1
0 h̃(x̃, 0)dx̃ = 1. Right,

plot for t̃ > 500 of t̃1/3h̃(x̃, t̃) as function of x̃/t̃1/3 with Saint Venant (plain) and

multilayer resolution (dashed), and analytical square root self similar solution.

Here ↵ = 1/2, so that x̃f = (32/3/2)t̃1/3, with (32/3/2) ' 1.04

4.2 Hydraulic jumps on flat surfaces

The two previous examples were relevant for the viscous and the topogra-
phy terms. In this section, we show the application of the proposed model
to the study of a standing jump. This is a particularly interesting case
where all the terms, Inertia, viscosity, pressure gradient and topography
are important.

g

Figure 4: Sketch of the flow, the free surface is in blue, longitudinal velocity

profiles in red. The fluid is falling on the left (represented by the long vertical

arrow) and turns to be parallel to the plate. A thin supercritical layer grows

gently. At the end of the plate, fluids falls down. A jump of height of free

surface appears, the flow slows down across this abrupt variation.
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Q0
h0 =

L⌫

Q0
L

{
Watson regime almost Poiseuille regime

{ {

jump and separationself-similar

solved using kind of Boundary Layer theory

two singularities !!

spreads the jump

creates a boundary layer separation 

many other examples of similarities and  of singularities  
the hydraulic jump  
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many other examples of similarities and  of singularities  
waves, KdV…

Airy ∼ ∫
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many other examples of similarities and  of singularities  
bursting buble  
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many other examples of similarities and  of singularities  
falling fluid 
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many other examples of similarities and  of singularities  
falling fluid 



Numerical Simulation of  Navier Stokes two-phase  
(ex water air) 
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ρ(
∂ u
∂t

+ u ⋅ ∇ u ) = − ∇p + μ ∇2 u + ρ g

∇ ⋅ u = 0

Basilisk

freesoftware http://basilisk.fr/

many other examples of similarities and  of singularities  
falling fluid 



Rayleigh Plateau instability  
creating singularity  

many other examples of similarities and  of singularities  
falling fluid 



Adaptative Mesh Refinement
many other examples of similarities and  of singularities  
falling fluid 



Numerical Simulation of  Navier Stokes two-phase  
(ex water air) 
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ρ(
∂ u
∂t

+ u ⋅ ∇ u ) = − ∇p + μ ∇2 u + ρ g

∇ ⋅ u = 0

Basilisk

freesoftware http://basilisk.fr/

many other examples of similarities and  of singularities  
waves  



water

air

breaking wave



breaking wave: automatic adaptative mesh at the "singular interface" 



full 3D breaking wave
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breaking wave with simplification, no air,  
with kind of "interacting layers", breaking is not resolved  

but gives same global behaviour than full NS 3D  
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Conclusion 

non linearities

small parameter

small ratio of scales


asymptotics : 

model equations (simplified from NS through asymptotics)


solved with MAE, WKB… numerically 


self-similarity

diverging quantity / self-similarity


new model equations with new scales etc


full numerical resolution :  is always there!

 

ε




