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Nomenclature
u longitudinal velocity
u0 velocity at the center of the tube
v transversal velocity
h thickness of the viscoelastic tube
h0 unperturbed thickness of the viscoelastic tube
p pressure
p0 initial pressure
δp unperturbed pressure
x longitudinal variable
r radial transversal variable
t time
T0 unperturbed time
R tube radius
R0 unperturbed tube radius
α Womersley number
ω angular frequency
ρ density
K volume elasticity of the tube wall
K0 unperturbed volume elasticity of the tube wall
Eest estimated elasticity of the tube wall
Emsr measured elasticity of the tube wall
c propagation velocity of the fluid
Q flux
Q0 unperturbed flux
A cross section of the tube
A0 unperturbed cross section of the tube
ν dynamic coefficient of viscosity
τ relaxation time
ε δR/R
εp coefficient of the nonlinear stress strain characteristics
L0 longitudinal scale
J0 Bessel function of order 0



1 Introduction

Arteriosclerosis is a vascular disease that leads to cardiovascular disease and stroke.
The approach for diagnosing arteriosclerosis uses ultrasonography and magnetic
resonance assessment to check the blood flow, blood pressure, and the displace-
ment of vessel wall. Therefore, the study of the fluid dynamics in human artery is
important.
After this introduction, in section 2, a short review of fluid dynamics in rigid and
flexible tubes is given. This includes the discussion of the wave profiles owing
to the Womersley numbers and the derivation of the governing equations for flow
simulation in the flexible tube.
An important part, section 3, describes the first comparison between the measured
and simulation data. We will measure the pressures propagating in the viscoelas-
tic tube with different elastic moduli. Then non-dimensional equations are derived
using limiting values of the non-dimensional parameters for the simple technique.
The characteristics of wave propagation including attenuation and the velocity are
evaluated by changing the parameters. The accuracy of the one-dimensional mod-
els are next checked by the powerful software COMSOL.
In section 4, we introduce the non-dimensional governing equations for the flow
simulation in the tube with different characteristics and the bifurcation tube.
Fnally in section 5 a simple human artery model is described. The details of mea-
surement and simulation techniques will be shown. Then we evaluate the utility
of the simulation model by comparing the results.
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2 Basic equations

This section explains the incompressible Navier-Stokes equations for the simula-
tion of fluid dynamics in various tubes.

2.1 Flow dynamics in a rigid tube

The Navier-Stokes equations in a cylindrical coordinate system are used for gov-
erning equations [1].
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where termsν, ρ andp are the dynamic viscosity, the density and the pressure,
respectively. The first equation is the equation of continuity for the incompressible
fluids. The velocity is defined asV = uer + vex. The second and third equations
are the momentum transport equations. The volume force field such as gravity is
ignored. Here, considering fully developed Newtonian flow in the rigid tube, the
velocity v and the derivation of the velocityu become zero. These assumptions
yield:
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∂p

∂r
= 0. (6)

It is nearly the case in the arteries where the wave length is very long compared
to the tube radius (as it will be shown after). With regard to eqs. 4 and 6, we
will assume a harmonic pressure and flow velocity and will search for harmonic
solutions.
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p = p0 + p(x, t) = p0 + p(x)eiωt u = u(r, t) = u(r)eiωt.

Then we define dimensionless variables for a simple technique:

r = R0r̄ x = L0x̄ t = ω0t̄ p(x) = p0 + δpp̄
u(r) = u0ū ,

where constantsR0, L0, ω0, δp, andu0 are maximum value of each dimensional
variable. Non-dimensional variables̄r, x̄, t̄, p̄, andū are in the range from 0 to
1.0. Substituting of these variables into eq. 5 yields:

iū = − δp

ρωu0

∂p̄

∂x̄
+

1

α2

1

r̄

∂

∂r̄

(
r̄
∂ū

∂r̄

)
, (7)

with α, which is the Womersley number defined as:

α = R0

√
ω

ν
. (8)

The solution of eq. 7 is finally given by a Bessel equation:

ū = i
δp
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3
2 )

J0(αi
3
2 )

)
. (9)

Velocity profiles in radial direction att = 0 are shown in Fig. 1. As shown
in the figure, the velocity profiles change markedly depending on the Womers-
ley number. We then derive approximate expressions in cases of small and large
Womersley numbers.

Small Womersley number flow

If α ≪ 1, eq. 7 becomes:

0 = − δp

ρωu0

∂p̄

∂x̄
+

1

α2

1

r̄

∂

∂r̄

(
r̄
∂ū
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with boundary conditions̄u|r̄=0 and
∂ū

∂r̄
|r̄=0 = 0. After surface integration, we

obtain the approximate expression:

ū = −α2

4

δp

ρωu0

∂p̄

∂x̄
(1 − r̄2). (11)
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Fig. 1: Velocity profiles at different Womersley values.

for smallα, we have a Poiseuille flow,
for largeα, the profile becomes flat.

For small Womersley numbers, the parabolic profile which is called the Poiseuille
profile is obtained.

Large Womersley number flow

Changing the variablēr = 1 − εr̃, whereε represents the thin layer as shown in
Fig. 1, the eq. 7 becomes:

iũ = − δp

ρωu0

∂p̄

∂x̄
+

1

α2ε2

∂2ũ

∂r̃
. (12)

Sinceα ≫ 1 andε ≪ 1, we assume by dominant balanceαε = 1.0. Substituting
the relation, we obtain:

iũ = − δp

ρωu0

∂p̄

∂x̄
+

∂2ũ

∂r̃
, (13)

with solution :
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For large Womersley numbers, an oscillating flat flow profile is obtained in the
core.

2.2 Flow dynamics in a flexible tube

Having some ideas on the possible shape of the velocity profiles, we turn now to
the general case. It is impossible to have analytical solutions and numerical solu-
tion take a long time (as we will see with COMSOL). Thus we have to simplify
the flow. Instead of using the full velocity fieldu andv, we will use a mean field
(the mean longitudinal velocity or the flux) obtained by integration across the sec-
tion.
For axisymmetric flow in a long flexible tube with small radius, the governing
equations are given by [1]:
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We notice that the pressure does not change across the section, and that transverse
viscous effects are negligible. We then derive one-dimensional equations from
eqs. 15 and 16. After multiplying2πr, integration of both equations over the
cross-sectional area yields:
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whereA is the cross section of the tube. The termQ is the flux defined as:

5



Q =

∫ R

0

2πrudr. (20)

Here, the profile of flow velocity, which is a function ofr, changes due to the
Womersley number as expressed in section 2.1. We next derive governing equa-
tions for the velocity profiles with small and large Womersley numbers.

Small Womersley number flow

If α is small, the non-dimensional velocity profile is defined as eq. 11. Substitut-
ing eq. 11 into eq. 20 yields:
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Thus, eq. 19 becomes:
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Large Womersley number flow

Whenα is large, the velocity profile almost becomes flat. Thus, the flux becomes:

Q =
δp
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A. (23)

Substituting eqs. 14 and 23 into eq. 19 yields:
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Governing equations

Finally, the governing equations for simulating the flow dynamics in a flexible
tube are as follows.
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Conservation of mass:
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Momentum equation:
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3 Measurement and simulation of fluid dynamics in
the straight tube

This section explains the difference between measurement and one-dimensional
simulation results. We first measure pressures in a viscoelastic tube. Then we
derive one-dimensional govering equations with non-dimensional variables and
three tube laws to simulate the measured pressure waves. Finally, optimum fitting
coefficients are decided.

3.1 Measurement

We measured the pressure waves in the viscoelastic tube with different elastic
moduli. The measurement system used is shown in Fig. 2. It is constructed by a
viscoelastic tube, tank, and pump (Custom made, Tomita engineering Co., Ltd).
Three kinds of viscoelastic tubes (silicone, natural rubber and neoprene rubber,
length35.15 m, diameter8 mm, thickness2 mm) were used. The elasticities of
each tube were about 1.3 MPa, 2.5 MPa, and 4.6 MPa by the tensile test. A pulse
flow was input into the tube from the pump. Here, the input flow signal to the
pump was a half cycle of a sinusoidal wave. The period was0.3 s and the total
flow volume was4.5 ml. The input liquid used was water. Then we measured
the inner pressure wave in the tube with intervals of5 m using a pressure sensor
(Keyence AP-10S).
Figures 3, 4, and 5 show the pressure waves in cases of natural, silicone and
neoprene rubber tubes, respectively. On those figures, pressure is plotted as a
function of time at the different points of measurement. We observe the increase
and decrease of the pulse at the various positions. The marked differences were
the amplitude of pressure waves and the propagation velocities. Since the velocity
appeared to be proportional to the square root of Young’s elastic moduli of vessel
walls [2], the augmentation of the velocity was caused by the increase in elasticity
of viscoelastic tube. In case of the pressure waves propagating in natural rubber,
the velocity was so slow that the forward waves were only observed. On the
other hand, the velocity of the pressure waves in silicone and neoprene rubber
was fast compared with that of natural rubber. Thus reflected waves from the end
of tube were confirmed. We next simulated the pressure wave and flux for better
understanding of the fluid in these tubes.
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Fig. 2: Measurement system used.
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Fig. 3: Measured pressure waves (natural rubber tube).
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Fig. 4: Measured pressure waves (silicone rubber tube).
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Fig. 5: Measured pressure waves (neoprene rubber tube).
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3.2 Non-dimensional governing equations

Let us come back to the mathematical modelisation:

Conservation of mass:
∂A

∂t
+

∂Q

∂x
= 0.

Momentum equation:
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Pressure law (elastic model):

P = P0 + K(R − R0).

We then derive the non-dimensional equations for a simple computation. Here,
we define dimensional variables as follows.
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0

(
1 + 2
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)
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where constantsT0, L0, δR, A0, andQ0 are maximum values of dimensional vari-
ables. Non-dimensional variablest̄, x̄, R̄, Ā, andQ̄ are of order one, it means that
they are in the range from 0 to not more than 1.0. Substitution of non-dimensional
variables and the pressure law in governing equtions yields:
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If α ≫ 1
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The leading terms, which areQ0T0/(2πR0δRL0) andA0KδRT0/(ρL0Q0) of eqs.
25, 26 and 27 are regarded as 1.0 by dominant balance of the important terms.
Finally we obtained non-dimensional governing equations:

Conservation of mass:
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Momentum equation:
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3.3 Moens-Korteweg equation

Two leading terms, which were mentioned in section 3.2, were multiplied to ob-
tain the equation of propagation velocity:

1 =
A0KδRT0
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2πρ
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.

We definedL0/T0 = c0 and substitution of the relation yields the well-known
Moens-Korteweg equation in case of thin tube wall [2]:
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c =

√
KR0

2ρ0

=

√
E

1 − ν2

h

2ρ0R0

, (31)

where theK is defined asEh/(R2
0(1 − ν2)) The equation gives the velocity of

the pulse wave as a function of the value of the elasticity of the artery. Here the
Poisson’s ratioν is unknown; thus we definedEest = E/(1 − ν2) in this study.
Furthermore, the leading termA0KδRT0/(ρL0Q0) = 1 is converted into eq. 32
by the propagation velocity:

δR

R0

=
Q0

2A0c0

= ε, (32)

whereε is the change ratio of tube radius. Finaly the dimensional valuesR andP
become:

R = R0 + δRR̄ = R0

(
1 + εR̄

)
P = P0 + K(R − R0) = P0 + 2ερc2R̄.

3.4 Flow simulation using non-dimensional governing equations

A. Elastic model, 1D viscous flow

We simulate the optimum pressure and flux in three kinds of flexible tubes. In
case of natural rubber, maximum values of dimensional variable are as follows:

t0 = 0.3 s Q0 = 2.36x10−5 m3 R0 = 4.0x10−3 m
A0 = 5.0x10−5 m2 L0 = 5.4 m ν = 1.0x10−6 m2/s

The Womersley number becomes18.3; thus we use eqs. 25 and 26 for governing
equations. In fact, the Womersley number is maybe a bit large to use those equa-
tions, we will overestimate the viscosity of the flow. However, we will see that
the more dissipative phenomena comes from the wall itself not from the flow. The
termsQ0T0/(A0L0) and8νT0/R

2
0 are defined asε1 andεν . Substituting maximum

values yield the following equations:
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∂R̄
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whereε1 = 0.03 and εν = 0.15. Since the coefficientε1 is small compared
with εν , we ignored the nonlinear term with the coefficientε1. The differential
equations were computed by the MacCormack method [3]. The MacCormack
scheme is a two step predictor-corrector technique. The characteristics are that it
is three point in space, two level in time and it is second order accurate in time
and in space. Here we write the govering equation in a conservative form:

∂V

∂t
+

∂F

∂x
+ S = 0,

whereV = (R̄, Q̄) is the vector of dynamical variables,F =
(
Q̄, R̄

)
is the

vector of conserved quantities andS = (0,
Q̄

R̄2
) is the sorce term. The difference

equations are given by:

the predictor step

V∗
i = Vn

i − ∆t

∆x

(
Fn

i+1 − Fn
i

)
− ∆tSn

i

the corrector step

Vn+1
i =

1

2
(Vn

i + V∗
i ) −

∆t

2∆x

(
F∗

i − F∗
i−1

)
− ∆t

2
S∗

i .

Input flux was set to a half cycle of a sinusoidal wave. We set to the boundary
condition as follows.

Q̄|x=0,L/c0 = 0

∂R̄

∂x

∣∣∣
x=0,L/c0

= 0.

We then simulated the flux and pressure waves as functions of time and space. Fig-
ures 6 and 7 show the examples of the waves calculated atx̄ = 0.028, 0.95, 1.88,
2.80, 3.73 and4.65. Here at each position̄x is equal to measurement positions
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1-6 as shown in Fig. 2. These values are obtained from the equationx̄ = L0x.
The results show that the amplitude decreases due to the propagation distance.
Then the gradient of attenuation is in good agreement with that of analytical wave
Q = Q0 + Q exp(−εν x̄/2), which is obtained from eqs. 33 and 34. However,
the change of half bandwidth was not observed. Because measured waveforms
contain the nonlinear effects and changes of the half bandwidth, the elastic model
cannot satisfy the experimental conditions accurately.
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B. Kelvin Voigt model, 1D viscous Flow

The Kelvin Voigt model [4] can be represented by a viscous damper and elastic
spring connected in parallel and the equation is shown in eq. (35).

P = K (R − R0) + τα
∂R

∂t
, (35)

where the relaxation timeτα is an unknown value and needed to be estimated from
measurement data. Equation 33 is converted into eq. 36 using the Kelvin Voigt
model instead of the elastic model:

∂Q̄

∂t̄
= −∂R̄

∂x̄
+ τ

∂2R̄

∂x̄2
− εν

Q̄

R̄2
. (36)

Figures 10 and 11 show the example of flux and pressure wave with the constant
τ = 0.15. The increase of the attenuation and half bandwidth due to the viscous
effect of tube wall were confirmed. However, like the elastic model, nonlinear
effect could not be observed in this case. Thus, in the next technique, we introduce
a non-linear term to estimate more accurate flux and pressure wave.
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C. Nonlinear effect in the tube, 1D viscous Flow

The response in displacement of the tube wall due to the pressure is nonlinear.
The tube law can be represented by:

P = K
(
(R − R0) + εp(R − R0)

2 + c1ε
2
p(R − R0)

3 + · · ·
)
, (37)

whereεp andc1 is a small value and coefficient. Thus we ignore the second-order
terms [5] and apporoximate it by a parabolic law. Substitution of the relation in
eq. 36 yields:

∂Q̄

∂t̄
= − ∂

∂x̄
(R̄ + εpR̄2) + τ

∂2Q̄

∂x̄2
− εν

Q̄

R̄2
(38)

We first tried to simulate pressure and flow waves propageting in natural rubber
using a half cycle of a sinusoidal input signal. Figure 10 shows the fitting result
with the coefficientsEest = 950 kPa, εp = 0.15, andτ = 0.03. Here the estimated
maximum pressure value was about7 kPa and had error of2 kPa compared with
measured maximum value. For appropriate fitting, we used the maximum value
obtained from the experimental data as a peak amplitude. The simulation result
was not in good agreement with the measured data. This is because the input flow
of pump is not a purely sinusoidal wave. Since the first mesurement point is only
0.15 m far from the input point, there is little nonlinear and attenuation effects on
the pressure wave. Thus the pressure wave measured at the first point is almost
the same as flow velocity of pump. We then introduced the wave as a input signal.
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Fig. 10: Measured and simulated pressure waves A (natural rubber tube).
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Selecting the appropriate coefficientsEest, εp and τ , we obtained the pressure
waves propagated in the natural, silicone, and neoprene rubber tubes, which were
similar with the experimental results. The optimum combinations of the coeffi-
cients are shown in table 1. The termEmsr means the elastic modulus measured
by a stress-strain test. There are the differences between data. This comes from
the fact that the relation betweenE andK(= Eh/(R2

0(1−ν2))) is not so simple as
we think because the thickness of the tube walls are thick (2 mm). Then the com-
parison between the measured and simulated pressure waves are shown in Figs
11, 12, and 13. The simulation results were in good agreement with the measured
datas. However, we could not tell the estimation accuracy of waveforms. There-
fore, it is necessary to introduce the cost function which calculates the difference
between measured and estimated results for further analysis [5].

Emsr [MPa] Eest [MPa] εp τ
Natural rubber 1.3 1.0 0.10 0.025
Silicone rubber 2.5 3.8 0.08 0.045

Neoprene rubber 4.6 4.7 0.10 0.043

Table 1: Optimum combination of parameters.
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Fig. 11: Measured and simulated pressure waves B (natural rubber tube).
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Fig. 12: Measured and simulated pressure waves (silicone rubber tube).
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Fig. 13: Measured and simulated pressure waves (neoprene rubber tube).
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3.5 Accuracy of one-dimensional equations

We cross checked the accuracy of the simple one-domensional governing equa-
tions by a commercial Finite Element Method (FEM) software COMSOL 3.4,
which solves full Navier-Stokes equations.
We simulated the pressure waves propagating in the natural rubber tube using one-
dimension model and COMSOL and compared the results. The length, radius, and
thickness of the tube model are10 m, 4.0 mm, and2.0 mm, respectively. Input
signal was a half cycle of sinusoid wave with time interval0.3 s. Input fluid was
water (density1000 kg/m3). Governing equations were conservation of mass and
momentum equation as shown in eqs. 32 and 37. The optimum parameters are
obtained from the previous flow simulation (Table1). Finally the pressures at po-
sitionsx = 0.15, 2.65, 5.15, and7.65 were calculated by MacCormack scheme.
In case of COMSOL, the computations were done using a 2D axial-symmetric
stress-strain mode. Governing equations used were full Navier-Stokes equations
shown in eqs. 1, 2, and 3. For stress-strain analysis, the elasticity equations ex-
pressed as∇ • σij = F was used. Hereσ andF denote the stress tensor and
the volume forces. Then arbitrary Lagrangian-Eulerian (ALE) method makes it
possible to simulate the deformation of tube wall. We used coarse and fine meshs
shown in Fig. 14 for the FEM computation. Actually we could not calculated
using more fine mesh because of time-consuming and lack of memory. The ma-
terial was assumed to be elastic body with the elasticity =1.9 MPa, density =
400 kg/m3 and Poisson’s ratio =0.45. The viscous attenuation was calculated
by the Rayleigh damping model which describe the solid motion with viscous
damping and with a single degree of freedom by:

m
d2u

dt2
+ ξ

du

dt
+ ku = f(t), (39)

whereu is the displacement,m the mass,k the stiffness coefficient, andξ the
damping parameter given byξ = αdM + βdkk. αdM andβdkk are automatically
set [6].
Figure 15 shows the pressures calculated by one-dimension model and COMSOL.
There is little difference among waveforms, telling us that simple one-dimensional
equations can simulate the same results obtained from full Navier-Stokes equa-
tions. The difference thing is the computation time. In case of COMSOL, it took
two hours for the pressure calculating in coase mesh, six hours for that in fine
mesh. For the time computed by the one-dimensional mode, it took only a few
second. Therefore, the simple one-dimensional model is useful for simulating the
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flow dynamics in flexible tubes. However, we should pay attention to the decision
of parameters in case of one-dimensional model because the wall elasticity in case
of COMSOL is about twice as big as that of one-dimensional model. One reason
is the other is longitudinal effect is neglected in case of one-dimension model.

4 mm

2 mm

(a) Coarse mesh

4 mm

2 mm

(b) Fine mesh

2 mm

Fig. 14: Mesh configuration.
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Fig. 15: Simulated pressure waves.
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4 Flow simulation in various forms and character-
istics of tube

In this section, we derive non-dimensional governing equations for flow simula-
tion in the tubes with different inner diameter, wall elasticity, and thickness. Then
the bifurcation simulation model is also derived.

4.1 Flow simulation in a straight tube with different character-
istics

Let us come back to the mathematical modelisation:

Conservation of mass:
∂A

∂t
+

∂Q

∂x
= 0.

Momentum equation:

If α ≪ 1
∂Q

∂t
+

4

3

∂

∂x

(
Q2

A

)
= −A

ρ

∂p

∂x
− 8νQ

R2

If α ≫ 1
∂Q

∂t
+

∂

∂x

(
Q2

A

)
= −A

ρ

∂p

∂x
−

√
2ανQ

R2
.

Pressure law (Voigt model, Nonlinear term):

P = P0 + K
(
(R − R0) + ε(R − R0)

2
)

+ η
∂R

∂t
.

For simulating the fluid dynamics in the tubes with different inner diameter, wall
elasticity, and thickness, we introduce dimensional variables as shown below:

t = T0t̄ x = L0x̄ Q = Q0Q̄ h = h0h̄ E = E0Ē

R = R0R̄df + δRR̄ A = A0Ā = πR2
0

(
R̄df

2
+ 2

δR

R0

R̄

)
K =

Eh

R2
=

E0h0

R2
0

Ēh̄

R̄2
df

= K0K̄
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whereR̄df , Ē, h̄, andK̄ show the changes of the tube. Substituting variables and
pressure law into conservation of mass and momentum equation yields:

Conservation of mass:

R̄df
∂R̄

∂t̄
= − Q0T0

2πR0δRL0

∂Q̄

∂x̄
. (40)

Momentum equation:

If α ≪ 1

∂Q̄

∂t̄
+

4

3

Q0T0

A0L0

∂

∂x̄
(
Q̄2

R̄2
df

) =

− A0K0δRT0

ρL0Q0

(
∂(K̄R̄)

∂x̄
+ εδR

∂(K̄R̄2)

∂x̄
− η

K0T0

R̄df
∂2Q̄

∂x̄2

)
− 8νT0Q̄

R2
0R̄

2
df

(41)

If α ≫ 1

∂Q̄

∂t̄
+

Q0T0

A0L0

∂

∂x̄
(
Q̄2

R̄2
df

) =

− A0K0δRT0

ρL0Q0

(
∂(K̄R̄)

∂x̄
+ εδR

∂(K̄R̄2)

∂x̄
− η

K0T0

R̄df
∂2Q̄

∂x̄2

)
−

√
2ανT0Q

R2
0R̄

2
df

.

(42)

The leading terms, which areQ0T0/(2πR0δRL0) and A0K0δRT0/(ρL0Q0) of
eqs. 40, 41 and 42 are regarded as 1.0. Finally we obtained non-dimensional
governing equations:

Conservation of mass:

R̄df
∂R̄

∂t̄
= −∂Q̄

∂x̄
. (43)

Momentum equation:

If α ≪ 1

∂Q̄

∂t̄
+

4

3

Q0T0

A0L0

∂

∂x̄
(
Q̄2

R̄2
df

) = −∂(K̄R̄)

∂x̄
− εp

∂(K̄R̄2)

∂x̄
+ τR̄df

∂2Q̄

∂x̄2
− 8νT0Q̄

R2
0R̄

2
df

(44)
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If α ≫ 1

∂Q̄

∂t̄
+

Q0T0

A0L0

∂

∂x̄
(
Q̄2

R̄2
df

) = −∂(K̄R̄)

∂x̄
−εp

∂(K̄R̄2)

∂x̄
+τR̄df

∂2Q̄

∂x̄2
−
√

2ανT0Q

R2
0R̄

2
df

, (45)

with parameters given byεp = εδR andτ = η/(K0T0).
We then simulated pressures in the tube with different radius and elasticity as
shown in Fig 16. Here we assumed nonlinear and friction terms of Navier stokes
equation,εp andτ are zero for simple computation. The result is shown in Fig.
17. We confirmed the reflected wave was caused at discrete transition. The prop-
agation velocities did not change in both domains, because the velocity calculated
by the Moens-Korteweg equation

√
Eh/2ρR did not change. Then the amplitude

of reflected and transmitted waves became 0.6 and 1.6, respectively, after reflec-
tion. This phenomenon is expressed by the admittance of tube. Generally, the
reflection coefficientR and the transmission coefficientT of pressure are defined
as the following expressions [1]:

R =
Pr

Pi

=
Y0 − Y1

Y0 + Y1

(46)

T =
Pt

Pi

=
2Y0

Y0 + Y1

, (47)

with the admittance written as:

Y =
A

ρc
, (48)

where suffixes i, r, and t mean the incident, reflected, and transmitted waves.Y0

andY1 are admittance at left and right domain. In this case, only cross section
changed fromA0 to 0.25A0. Thus the reflection and transmission coefficients are
0.6 and 1.6. These values were the same as the results obtained from simulated
data. Therefore it is possible to simulate the pressure in the tube with different
forms and characteristics by obtained governing equations.
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4.2 Flow simulation in a bifurcation model

This section describes the simulation in bifurcation tube as shown in Fig. 18.
The governing equations are the same as ones used in section 4.1. The differen-
tial equations are computed by the MacCormack method. The important thing
is boundary conditions at a bifurcation. Figure 19 shows the discrete values of
radius and flow velocities in the mother and daughter tubes. Here the superscripts
A and B mean the daughter tube A and B, respectively. The subscripts mean the
positions in tubes. In predictor step, we calculatedR which is the radius at the
bifurcation point using the following expression:

R =
1

3

(
Rn−1 + RA

1 + RB
1

)
. (49)

Here we assumed the pressure loss at the point and the effect of daughter tube’s
angle to the mother tube could be negligible. In corrector step, we decide the flux
satisfies the conservation of mass expressed asQ = Q1 + Q2 at the bifurcation
[7] (See Fig. 18). The termQ is the flux propagating in the mother tube,Q1

andQ2 are those in the daughter tubes. Furthermore, we assume nonlinear and
friction terms of eq. 44,εp, andτ are zero for a simple computation. From these
assumptions and conservation of mass, the boundary condition of flux is decided
as follows:

Qn =
1

3
(2Q1 + QA

1 + QB
1 ) (50)

QA
0 =

1

3
(Q1 + 2QA

1 − QB
1 ) (51)

QB
0 =

1

3
(Q1 − QA

1 + 2QB
1 ). (52)

We then simulated pressures in the bifurcation model. Figure 20 shows the simula-
tion result. One can observe the wave reflection is caused by the bifurcation point,
and a wave speed becomes slightly higher in the branch with smallest radius. We
confirmed wave velocity and the maximum amplitude follow, respectively, the
Moens-Korteweg equation and the reflection and transmission coefficients which
are given by [1]:

R =
Pr

Pi

=
Y0 − (Y1 + Y2)

Y0 + (Y1 + Y2)
(53)

T =
Pt

Pi

=
2Y0

Y0 + (Y1 + Y2)
. (54)
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whereY0 is the admittance of the mathor tube,Y1 andY2 are those of daughter
tubes. Therefore, it is possible to simulate the pressure in bifurcation model sim-
ply by the governing equations and boundary condition.
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Fig. 18: A bifurcation model.
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Fig. 20: Simulated pressure waves propagating in the bifurcation model.
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5 Measurement and simulation of fluid dynamics in
the simple human artery model

In this section, we measure the flow velocity and pressure waves in a simple hu-
man artery model. Then we build the model by combining two bifurcation models
expressed in previous section, and simulate the flow dynamics in it. Finaly we
compare the results.

5.1 Experiment

Figure 21 shows the details of a simple human artery model, with central artery,
femoral artery and carotid artery. Viscoelastic tubes (Custom made, Polyurethane)
are used for each artery. The elastic modulus of the polyurethane was about 70
kPa by the tensile test. Propagation velocity of the intravascular pressure wave in
this tube was near the pulse wave velocity in vivo. Diameter of the tube changes
from 10 to 6 mm from the pump to the tank. The length is based on the size of
human artery.
A measurement system was constructed by a pump (Custom made, Tomita en-
gineering Co., Ltd), the simple human artery model, and three tanks (Fig. 22).
A pulse flow was input into the human artery model from the pump. The input
signal to the pump was a half cycle of a sinusoidal wave with time interval of 0.3
sec. The total flow volume was 4.5 ml. We measured the inner pressure wave
and flow velocity in the human artery model. Measurement point was set at 170
mm from first bifurcation to tank 1. This point is assumed as the carotid artery of
neck in an actual human body. We used a pressure sensor (Keyence AP-10S) to
measure inner pressure wave. We used ultrasonic Doppler system (Toshiba Medi-
cal Systems Aplio SSA-700A) to measure flow velocity. The center frequency of
the ultrasonic pulse used (Toshiba Medical Systems Probe PLT-1204AT) was 12
MHz.
Figure 23 shows measured results of normalized inner pressure wave and flow
velocity.
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Fig. 21: Details of the simple human artery model.
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Fig. 22: Measurement system used.
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5.2 Simulation and comparison of the results

We first explain the simulation details. The model definitions are shown in Fig.
21. We build the simple artery simulation model by combining two bifurcation
models with the boundary condition at the bifurcation points. We set another
boundary condition causing the fully reflection at the end of tubes. The Womer-
sley numbers calculated from the details of five tubes are less than 22.8; thus we
used the govering equations in case of smallα shown in eqs. 43 and 44. In fact,
the Womersley number is maybe a bit large to use those equations, we will overes-
timate the viscosity of the flow. However, we have seen that the more dissipative
phenomena came from the wall itself not from the flow. We assume the nonlin-
earity of Navier-Stokes equation can be neglected for simple analysis because the
estimated value is less than 3 %. Changing the values of elasticityE, relaxation
time τ , and nonlinearity of tube wallεp, we decide the optimum values. The re-
sults withE = 63 kPa,τ = 0.06, andεp = 0.15 are shown in Figs. 24 and 25.
The amplitudes are normalized. In consequence, the simulated flow velocity was
in good agreement with the measured data, while the estimated pressure has large
error. However, the trend of variation of pressure is well predicted. The change
in mean pressure is maybe due to the fact that there is more water in the final
model so that the deformation has changed. Furthermore, the actual flow velocity
and pressure waves are more complex than the simulated waves. It seems that the
waves contain other reflected waves in additional to the reflected waves at the end
of tubes. However, we find several similarities in flow velocity waves. Therefore,
the results tell us the possibility of human artery model simulation using this sim-
ple one-dimension technique.
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Fig. 24: Measured and simulated pressure waves in a simple human artery model.
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Fig. 25: Measured and simulated flow velocities in a simple human artery model.
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6 Conclusion

We first considered the steady and periodic flow in a rigid tube to obtain simple
velocity profiles which depend on the Womersley number. We then derived the
simple one-dimensional governing equations in cases of small and large Womers-
ley numbers for the flow simulations in the straight viscoelastic tube.
In chapter 3, we measured the pressures in three kinds of viscoelastic tubes, and
simulate the flow propagation using the Kelvin-Voigt and nonlinear models. In
consequence, the estimated pressures were in good accordance with the estima-
tion. Then the estimated elasticity were near the measured values. However, we
should pay attention to the decision of parameters. Therefore, it is necessary to
introduce the cost function to calculate the difference between measured and esti-
mated results for further analysis.
In chapters 4 and 5, we constructed the human artery model and measured the
inner pressures and flow velocity. Then we built the same simulation model using
the bifurcation model and simulate the flow dynamics. As a result, the result is
not satisfactory for the pressure, but it is for the flow velocity. Since the measured
pressure and flow velocity waves contain many reflected waves in additional to
those from the end of tubes, we should evaluate the cause of the difference in
detail. Futuremore, we need to investigate the effective simulation model com-
bination such as the generalized Voigt, with consideration of Maxwell models or
other nonlinear terms.
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