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Time-domain simulation of flute-like instruments: Comparison
of jet-drive and discrete-vortex models
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This paper presents two models of sound production in flute-like instruments that allow time-domain
simulations. The models are based on different descriptions of the jet flow within the window of the
instrument. The jet-drive model depicts the jet by its transverse perturbation that interacts with the la-
bium to produce sound. The discrete-vortex model depicts the jet as two independent shear layers
along which vortices are convected and interact with the acoustic field within the window. The limit
of validity between both models is usually discussed according to the aspect ratio of the jet W/h, with
W the window length and 4 the flue channel height. The present simulations, compared with experi-
mental data gathered on a recorder, allow to extend the aspect ratio criterion to the notion of dynamic
aspect ratio defined as A/h where 4 is the hydrodynamic wavelength that now accounts for geometri-
cal properties, such as W/h, as well as for dynamic properties, such as the Strouhal number. The two

models are found to be applicable over neighboring values of geometry and blowing pressure.
© 2014 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4875716]
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I. INTRODUCTION

To describe flute-like instruments, and more generally
the coupling between an air jet and a resonator, two models
have emerged based on two distinct descriptions of the
unstable jet. In a first model, the jet perturbation is assumed
to remain small. The jet is described within the linear analy-
sis framework. This is the jet-drive model. In a second
model, the jet instabilities are assumed to be fully developed
so that the shear layers break down into large coherent vorti-
cal structures, called discrete vortices. To a first approxima-
tion, the jet is described as two independent shear layers on
which discrete vortices are convected. This is the discrete-
vortex model.

The aerodynamic nature of the flute is a highly intricate
problem. Reduction of such a problem to a set of equations
that still handles the physics of the problem will inevitably
go through a series of restrictive assumptions. Assumptions
such as these will produce limitations to the validity of a
model and thus awareness of these limitations is as important
as the predictions of the model themselves.

While the jet-drive model has been widely developed
and studied, it still presents limitations due to the crude
description of the jet flow. For instance, it does not accu-
rately predict the higher hydrodynamic regimes of oscilla-
tion. There are some parameters that would be interesting to
vary but are fixed by the assumptions of the model, such as
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the angle of the labium. Conversely, the discrete-vortex
model has received less attention insomuch as no time do-
main simulation has been performed yet. Even if this model
is also based on a crude description of the jet flow, the com-
parison of both models allows a better understanding of their
limitations and brings some insights about the source
mechanisms.

This paper presents a reformulation of the discrete-
vortex model that can be implemented in a time domain sim-
ulation. The resolution of both models applied compared
with experimental data allows conclusion on the validity
range allowable for each model.

Il. ONE FLUTE, TWO MODELS
A. General formulation of flute models

As it is the custom,1 the generic model of a flute is a
feedback loop system including a linear part, the resonator,
and a non-linear excitation, the source. The source, visual-
ized as a force acting on the air column at the entrance of the
pipe, is discussed later for each of the two models. The reso-
nator is usually described using the acoustic admittance
which determines the acoustic velocity response to a pres-
sure source. Whether measured or deduced from a theoreti-
cal model, the admittance can be described as a series of
modal contributions,

o,
Vi)=Y L7 )
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with the convention ¢/’ for the direct Fourier transform
and where Y,, w,, and ¢, are the amplitude, the natural
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FIG. 1. Jet-drive source model. The jet transverse perturbation is triggered
by the acoustic perturbation near the flue exit. It is convected downstream
through the window, while growing because of the jet instability. The aeroa-
coustic force of the jet/labium interaction is interpreted as a dipolar source
whose volume injection rate at each side of the labium depends on the jet
velocity profile and the jet centerline position 7.

frequency, and the damping coefficient of each mode n,
respectively. This description does not account for the zeros
of admittance that are assumed to have little influence on the
behavior of the instrument.

The losses due to the flow separation at the window
induced by the acoustic flow are known to be a crucial factor
in the amplitude of the limit cycle. For a large amplitude of os-
cillation, the acoustic flow separates from the sharp edge of
the labium resulting in a free jet, from which kinetic energy is
dissipated as a result of turbulence. A first approximation for
the pressure difference across the mouth, corresponding to
these losses, is obtained using the Bernoulli’s equation:*

l Uac|vac|
2P

Aplos = - ()

with v, the transverse harmonic acoustic velocity at the flue
exit, p, the air density, and where o, is a vena contracta
coefficient on the order of 0.6.

Modeling the pipe response as an admittance corre-
sponds to the reduction from a three-dimensional geometry
(pipe and radiation) to a one-dimensional (1D) geometry
only accounting for the acoustic plane waves within the reso-
nator. The source is represented by a pressure discontinuity
Apsource across the mouth which can either be estimated by
using the jet-drive model or the discrete-vortex model. Both
models are based on reductions of the geometrical dimension
as discussed in Secs. II B and II C.

B. Source: Jet-drive

The jet drive model was proposed by Coltman,>* and
then improved by several authors.” ® The actual form of the
jet drive model is extensively discussed by Dequand
et al.'® and Auvray er al.,"" therefore only a brief descrip-
tion is proposed here. It is based on the description of the
jet/labium interaction as a volume flux injection at both
sides of the labium (Fig. 1). The subsequent out-of-phase
flow injection constitutes a dipolar source that is associated
to a fluctuating force. The oscillation of the flux injection,
and thus the force, is due to the convection of an unsteady
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FIG. 2. Discrete vortex source model. Shedding of the vortices is triggered
by the acoustic perturbation near the flue exit. After emerging from the crea-
tion area, the vorticity is accumulated onto discrete locations that are con-
vected downstream. The aeroacoustic force is interpreted as the interaction
of the moving vortices with the acoustic field within the window.

transverse perturbation of the jet from the flue exit to the la-
bium. The initialization of the perturbation occurs near the
flow separation points of the jet at the flue exit where the jet
vorticity is strongly sensitive to any external perturbation.
Among others, the jet is sensitive to the acoustic oscillation
due to accumulation of acoustic energy in the resonator.

The model can be reduced to the following semi-empirical
set of equations. The amplification and the convection of the
transverse displacement 1 perturbation are described by

1’]()6, t) = e“’xr](,(t —x/cp), (3)

in agreement with the linear stability theory of infinite jets,
with the growth rate «; and the phase velocity c,. These two
parameters have been subject to several theoretical and ex-
perimental studies. de la Cuadra'? and Blanc'® experimen-
tally found o; = /h and c, = yjuo with f~0.3 and
7ja ~ 0.4. The function #,(¢) is the perturbation of the jet
generated at the flue exit (x = 0) by the transverse acoustic
perturbation. de la Cuadra proposed the equation:

nolt) = et @)
o

with % the channel height, and u the jet centerline velocity
estimated by applying the law of Bernoulli on the pressure
reservoir. Values of the amplification and the convection
coefficients § and y are also shown'*'* to depend on the jet
velocity profile and therefore on the geometry of the chan-
nel. This is an empirical result that is only valid over a dis-
tance of a few jet thicknesses, h. The pressure source due to
the flux injection at both sides of the labium depends on the
velocity profile (a Bickley profile is assumed here) and is
modulated by the oscillations of the transverse perturbation
of the jet at the labium (at x = W):

Oquob d 1) — Yoff
Apsource = Apjd = po#% [tanh%] ) &)

with p, the air density, d; = 4v/2hW /7 the effective acous-
tic distance between the two injection points that are
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assumed to be at a physical distance /# behind the infinitely
thin labium, W the window length, y.« the offset between
the center of the channel and the labium, and b = 2A/5 the
half-width of the Bickley profile obtained by momentum
conservation of the jet between the assumed Poiseuille flow
at the flue exit and an assumed Bickley profile with equal
centerline velocity at the labium. The conservation of the
centerline velocity is a strong assumption (neglecting the
damping) and would fail to describe long thin jets such as
found in organ pipes with a ratio W /h ~ 10 or 20.

C. Source: Discrete vortex

The discrete-vortex model was initiated by Meissner'”
and Dequand er al.'® following suggestions by Hirschberg'®
and Fabre er al.'” It is based on the work of Holger er al.'®
and Nelson et al."’

The jet is assumed to have a uniform velocity profile
(Top-hat) upx at the channel exit (with X the unit vector
along the x axis) and to emerge in a stagnant fluid. The inner
and outer shear layers, located at y = —h/2 and y = h/2,
respectively, are assumed to behave independently.

The jet instability, as depicted in the jet-drive model,
can be seen as a progressive reorganization of the vorticity
of the two shear layers due to the convection of the perturba-
tions. Starting from a slightly perturbed initial distribution of
the vorticity, the growth of the instability corresponds to the
concentration of the vorticity into coherent vortical struc-
tures called vortices. The subsequent distribution of vorticity
Q(x, y) is convected along the window of the flute. It acts
on the acoustic field as a Coriolis action which leads to an
acoustical source.

The system is assumed to be invariant along the depth
of the window H reducing the problem to a two-dimensional
(2D) description as illustrated in Fig. 2. A surface expression
of the Coriolis action is given by

f(x7y7t) :—HP()(Q(X’)’J)/\UF)v (6)

where ur = y,,uoX is the convection velocity of vorticity.
The ratio y,, is assumed constant and equals 0.4 for the two
shear layers.

In the discrete-vortex model, the vortices concentrate all
the vorticity of the shear layer. In a 2D representation, the nth
vortex is located at a point (x,(¢), y,(¢)), where its circulation
Ia(¢) is concentrated. The total distribution of vorticity
Q(x, y, t) results from the contribution of all the vortices:

Qx,y, 1) =Y Tu()d(x — x,(1)3(y = yult), (7

where 6(x) is the Dirac function.

In order to compute a time domain simulation of this
model of source, a temporal formulation of the time-
dependent quantities, i.e., the circulation I',, () and the posi-
tion (x,(f), y,(¢)) of each vortex, must be achieved first. An
analytical expression of the time-dependent source is pre-
sented in Secs. I C 1-II C 3, based on some approximations.
These are discussed for the case of the outer shear layer, an
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equivalent expression for the inner shear layer only requiring
minor changes. The positions of the vortices (x,(t), y,(¢))
are determined in Sec. IIC 1 and the circulations T'y(7) are
determined in Sec. II C2. The time-dependent surface force
is then estimated taking into account the specific geometry
of the recorder (and the inner shear layer). The inclusion of a
2D source into a 1D acoustical model should be performed
with care. This is discussed in Sec. I[IC3, in comparison
with the method used by Dequand et al."”

1. Position of the vortices on the outer shear layer

This section aims at providing expression of the time-
dependent position (x,(t), y,(z)) of each vortex of the outer
shear layer.

As for the jet-drive model, it is assumed that the shear
layer is strongly sensitive to any perturbation at the flow sepa-
ration point, located at (x = 0, y = h/2). The jet is assumed
to be perturbed only by the y component v’ of the acoustical
velocity ' = u'X + v'y. The outer shear layer is therefore per-
turbed at x = 0 by the transverse velocity v,(f) = v'(x =0,
y="hnh/21).

The initial modification of the vorticity distribution
leads to the accumulation of vorticity in some particular
points called rolling points and denoted x,(z). The previously
continuous shear layer is then cut at some other points called
shedding points, denoted a,(t), as illustrated in Fig. 3. The
subsequent vortices are assumed to be convected down-
stream at the velocity ur = (#9/2)X while remaining on the
initial vertical position of the shear layer: y,(z) = h/2.

The triggering of the rolling points x,(7) and shedding
points a,(t) are governed by the temporal evolution of the
acoustic perturbation v, (). The rolling points x,(f) are trig-
gered at x = 0 at the instant #, when the velocity perturbation
changes direction from outwards to inwards, toward the jet.
For the outer shear layer it corresponds to a sign change of
the perturbation from positive to negative. The rolling points
are convected and are located in

X(2) = (t — t,)ur,

d 8
Up(t,) =0 and (%) < 0. ®
tn

Conversely, as suggested by the experimental observation of
Nelson ez al.,'® the shedding points a, () are triggered at the
instants T,,, when the velocity perturbation changes direction
from inwards to outwards away from the jet:

AY stagnant fluid
: an(f/) anfl(t) an—?(ﬂ afn—li(t) an—-’l(t)

FIG. 3. Reorganization of the vorticity of the outer shear layer into vortical
structures.
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a,(t) = (t — T,)ur,

d 9
v(T,) =0 and (%)T > 0. ®

The positions of the rolling points and the shedding
points make it possible to estimate the circulation accumu-
lated by each vortex. This is presented in Sec. II C 2.

2. Circulation of the vortices on the outer shear layer

Two areas are distinguished along the shear layer, the
vortex creation area, and the steady vortex area. The vortex
creation area is necessary for the accumulation of the vortic-
ity into discrete vortices. This would also be considered as
the area in which the jet-drive description could be valid.
Holger et al.'® estimated this area to be between one and
three characteristic distances between vortices. In this study,
it is limited to one characteristic distance, i.e., one hydrody-
namic wavelength, and the evolution of the circulation distri-
bution along this area is drastically simplified.

The reorganization of the vorticity into discrete struc-
tures within the creating area is progressive and continuous.
However, it is modeled as a discrete phenomenon. The crea-
tion of the nth vortex starts with the creation of the shedding
point @, at t = T,_; defined by Eq. (9). It is assumed that
the circulation of the shear layer is accumulated in x =0

0 if t<T,
Fn(t) = uo(a,,_l(t) — O)i if T,.1<t<T, =
uo(an—1(t) — ay(t))z  elsewhere
| | |
| \/ dm+1, \/
F | 4 | :
| | L, .
| Tdv | To
\
Ly ‘ !
\ \ ™
‘ | | t
T, | | /
t

FIG. 4. Evolution of time and space dependent functions that characterize
each vortex for a harmonic excitation v, for the outer shear layer. The bal-
ance of delay developed in Sec. III B is also illustrated for the second hydro-
dynamic jet mode (m =1): The nth vortex shed at time ¢, induces a Dirac-
like force when it reaches the edge of the labium after a delay of convection
T4y = W/ur, the force filtered and phase shifted by the resonator self-
sustains the oscillation by a delay of (4m + 1)T/4 after the shedding time #,.
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until the triggering of the rolling point x,, at t = ¢, defined by
Eq. (8). After t = t,, the circulation keeps accumulating but
is convected downstream with the rolling point. Finally, after
the next shedding point a, at t =T, the circulation stops
growing. The vortex is steady. All its properties remain con-
stant, including its circulation [',.

This discrete description of the birth of the vortices adds
a delay between the formation of a new vortex (t =T,_;)
and the start of its movement (¢ = ¢,). This has no physical
meaning but allows to write the continuous birth as a discrete
phenomenon. The creating area remains close to the flue exit
and far from the labium where the acoustic power generated
by the vortices is small. This has only little consequence on
the sound production.

At each time, the circulation of the nth vortex must ver-
ify the conservation of the circulation with the corresponding
undisturbed shear layer. This circulation I',, equals the circu-
lation of a hypothetical undisturbed shear layer between
x =0 and a,_(¢) during the creation part, or between the
two shedding points a,_;(¢) and a,(r) within the steady vor-
tex area. Finally, it leads to the following expression of the
corrected position x,(¢) and the circulation T, (¢):

0 if <,
() = { (t — ty)ur elsewhere, (10)
0 if +<T,,
(t - Tn—l)uouri if Tn—l <t< Tn (11)
(T, — Ty—1)upurz elsewhere.

The general shapes of the circulation and the spatial distribu-
tion are shown in Fig. 4 as a function of time in the specific
case of a harmonic perturbation. The instant, T, starting the
creation of the first vortex n = 1, is arbitrarily chosen as
Ty, = 0.

Combining the expressions of x,(¢) and I'y(¢) in Eqgs.
(10) and (11) with Eq. (6) yields the distribution of the sur-
face force induced by the vorticity of the outer shear layer:

f(x, y, 1) = —Hpourd(y —h/2) Y (Ta(t)d(x —xa(1))) ¥,

n

12)

with T, = ||Ty .

Conversely, the surface force induced by the inner
shear layer can be calculated as a similar way as in Eq. (12).
The rolling and shedding points are now triggered by a
vertical perturbation v'(x =0, y = —h/2, t). For a basic ge-
ometry, as assumed here, the potential flow is locally sym-
metrical around the flue exit: v'(0, 4/2, 1) = V' (0, —h/2, 1).
However, the relative positions of the stagnant and
the moving fluids are switched. The change of direction of
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the perturbation from outwards to inwards for the outer
shear layer becomes a change from inwards to outwards
for the inner shear layer, and vice versa. Expressions of
the rolling and shedding points in Eqgs. (8) and (9) remain
valid with the transformation (7, T0),uer = (Tns tn)inner- 100
addition, the vorticity accumulated by one vortex has the
same magnitude on the outer shear layer as on the inner
shear layer but differs by a minus sign: Eq. (11) is still
valid for the inner shear layer with the transformation
(r“)outer'_)(_rﬂ)inner'

The vortices on each shear layer act on the fluid at the
precise location of the shear layers y = =h/2. This is
discussed in Sec. II C3 where the 2D force described in Eq.
(12) is injected, as a source term, in a 1D acoustic model.

3. From2D to 1D

The instantaneous power generated by the force of the
moving vortices,

7= ]

—00 x=0
depends on the 2D acoustic field u’ in which the vortices
evolve. The potential flow u’ can be estimated for basic geo-
metries by the mean of conformal mapping as done by
Verge et al.® or Dequand er al.'® Additionally, numerical
methods can be used to obtain the potential flow in more re-
alistic geometries. In the present study, the potential flow v’
is obtained using a Finite Element Method,>® (FEM) to cal-
culate the incompressible flow through the mouth of the re-
corder based on the work of Auvray ez al.*'

For the purpose of comparison, the potential flow
obtained by the conformal mapping and by the FEM is
shown in Fig. 5 for a thin labium. The FEM is also used
for a more realistic case, a labium with an angle of 15°.
The results are shown in Fig. 5. As already observed by
Auvray et al.*' for the thin labium case, the conformal
mapping and the FEM provide the same tendency near
the tip of the labium. While the conformal mapping pre-
dicts a symmetrical flow with respect to the x axis, the
FEM predicts a flow shifted slightly outwards because of
the bottom of the recorder below the labium that breaks

f(x, y)u'(x, y)dx, (13)

-
-

the symmetry in the geometry. The modifications due to
15° labium affect the upper part of the flow, above the la-
bium mainly.

The velocity calculated through the different methods
are normalized with respect to the 1D acoustic velocity v,
by the acoustic flow that passes through the window between
x = 0and x = W at the labium tip y = yy:

x=W
J HU' (x, y = yo, t)dx = —WHuv,(t), (14)

x=0

where ¢/ is the y component of the potential flow u’ and
where the minus sign accounts for the convention of the ori-
entation of the acoustic velocity v, in the 1D model.

The perturbations that modulate the vorticity at the flow
separation are assumed to be the same for the inner and outer
shear layers: v, =v/(0, h/2, 1) = v'(0,—h/2, t). Thus, as
the only relevant information used from the perturbations are
the zero-crossing times ¢, and T, the velocity perturbation is
taken v, = —v,, (with a — sign for the different conventions
of orientation).

The inclusion of the 2D source term into the 1D acoustic
model is carried by guaranteeing the acoustic power equiva-
lence between the two descriptions. Denoting F' the 1D
equivalent force of the outer shear layer and v,. the 1D
acoustic velocity, and using Egs. (12) and (13), the power
continuity equation Fv,. = P yields

1), h/2)

F = Hpyur Y T 1) ), (1)

c

where I';, = ||T'y|| is defined in Eq. (11) and where the field
v/ obtained by the FEM with the 15° labium is normalized
according to Eq. (14).

An equivalent expression of the 1D force F can be
obtained for the inner shear layer by using the transformations
already discussed in Sec. [IC2 and by changing +/4/2 to
—h /2. Finally, the pressure source of the discrete-vortex model
is given by combining the contributions of both shear layers:

F
Apsource = Apay = Wi + inner shear layer.

(16)

0.5 0.5
-0.5 -0.5
-1 =1
0 0.5 1 1.5 2 0 0.5
z/W

z/W

1 1.5 2 0 0.5 1 1.5 2
z/W

FIG. 5. Potential flow within the recorder window estimated by conformal mapping (left), FEM for a thin labium (middle), and for a 15° labium (right). The

simplified geometry used to compute the flow is sketched above each figure.
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lll. FURTHER ANALYSIS
A. Linearization of the jet-drive model

The jet-drive model can be linearized and it yields the
condition of oscillation:''

w(’”)fjd — g — arg(Y(w(’”))) = 2mm, 17)

where m is the hydrodynamical mode number (first mode for
m = 0). This is a reformulation of the balance of phase delay
formulated by Powell** and Coltman.” The sum of phase shifts
in the loop of a feedback system is an integer number of oscil-
lation cycles (2m). The numerical resolution of this equation
gives the admissible frequency, in the limit of the lineariza-
tion, as function of the convection delay tj = W / ¢, of vortic-
ity perturbations from the flue exit to the edge of the labium.

B. Phase balance of the discrete-vortex model

The source of force of the discrete vortex model cannot
be linearized. However some assumptions can be made in
order to derive a phase balance, in which the sum of phase
shifts along the feedback loop matches an integer number of
2n. To do that, the acoustic velocity field is reduced to its
singularity at the labium edge. Each vortex is assumed to
produce a Dirac-like force when it reaches the labium:

Apay =~ Z 0(t— (t, + W Jur)) + inner shear layer.  (18)

Thus, the acoustic velocity is assumed to be a purely har-
monic tone. In other words, only the fundamental frequency
contribution in the Fourier decomposition of the periodic
Dirac pulses is considered. The harmonic acoustic oscillation
is assumed to be due to the force driving the resonator. The
sound generation of the force at the labium will be maximum
when the pulse is in phase with the maximum of the har-
monic acoustic oscillation velocity at the labium. Then,
between the vortex creation, at the zero-crossing of the
acoustic velocity, and its corresponding maximum of the
acoustic velocity, there is a time delay of m periods plus 1/4
as illustrated in Fig. 4. A similar expression as Eq. (17) is
obtained by balancing the delay of convection 14, = W /ur
and the delay 7, = —arg(¥Y(w))/® due to the phase shift of
the resonator over (mp + 1) /4 periods of oscillation T

arg(Y(w)) 4m+1
w4

Tao T. (19)

This is Eq. (17) in which t;; has been replaced by 74,
and thus provides the same dependency of the frequency on
the jet velocity.

C. Optimal sound production

Oscillation at the resonance frequency of the resonator
f1 occurs for a specific value of the jet velocity, called opti-
mal jet velocity uop. This occurs when the convection delay
of the perturbation of the jet from the flue exit to the edge of
the labium exactly balances the lag introduced by the source
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term and the pure propagation and reflection within the pipe
[see Egs. (17) and (19)]. The corresponding optimal Strouhal
number is given by

dm + 1
— " (20)

Stopt = 4

with 7 either y;, or y,, and m the hydrodynamic mode of the
jet. An optimal dimensionless amplitude of oscillation
(t0/Vac) opy is associated to this optimal Strouhal number that
cannot be estimated by the present linearization but requires
a numerical resolution of the non-linear models that will be
presented in Sec. VI.

D. Limit comparison of both models

The limit of validity of each model is discussed by
Dequand et al.'® as the ability of the two shear layers to
interact with each other. When the two shear layers are close
enough to form a thin jet, the instability of the whole jet is
well described by a linear approximation of the Navier-
Stokes equations. In a frictionless approximation this yields
the theory of Rayleigh.?® The jet-drive model is based on the
linear description of the jet instability characterized by its
growth rate and the phase velocity for convection of vortical
perturbations. Conversely, when the two shear layers are far
enough to form a thick jet, they behave independently. The
reorganization of the vorticity of each shear layer into vorti-
ces does not interact with the other. The discrete-vortex
model is more suitable in this case. Therefore, the jet aspect
ratio W/h seems to be a good indicator of whether the jet-
drive or the discrete-vortex model is more appropriate.
Dequand e al. found a critical aspect ratio (W /h)" around 2
for an optimal sound production at the optimal Strouhal
number Sty defined in Sec. IIIC. The transition between
the two models will be further discussed in Sec. VI.

IV. IMPLEMENTATION

Both models are implemented in a step by step time do-
main simulation. The jet-drive model is written combining
Egs. (1)—(5). The discrete-vortex is written using Egs. (1),
(2), (8)—(11), (15), and (16).

The filtering operations are carried using an equivalent
Z-transform calculated with a bilinear transformation.** The
filtering is computed as a difference equation. Care is taken
to include the derivative that appears in Eq. (5) into the bilin-
ear Z-transform of the transfer function [see Eq. (1)]. Thus,
the amplification of the high frequency due to the poor
approximation of the derivative is strongly reduced.** This
does not affect the variations of the control parameter jet ve-
locity that are assumed to be slowly varying in time with
respect to the frequency of oscillation.

The sample rate Sr and the rate of change dug/dt of the
control parameter uy are known to be sensitive parameters
for the numerical procedure.”” They are taken from the high-
est and lowest possible values, respectively, in order to keep
a decent computation time. The jet velocity is varied follow-
ing a linear increase from 1 to 56 m/s followed by a linear
decrease back to the initial value 1 m/s over a simulation
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time Ty = 15s. The oscillation cannot start from the solution
zero. Thus a very low amplitude noise (—160dB to the aver-
aged amplitude of oscillation) is added to the acoustic veloc-
ity v, in order to start the auto-oscillation.

Both models present different parameters that would be
interesting to vary. Among others, the channel height % is
crucial since it is directly related to the aspect ratio of the
jet, a discriminant parameter between both models. The
height 4 is varied such that the aspect ratio W/h € [0.6, 10].
Others parameters are indexed in Table I. Relevant informa-
tion that is extracted from the synthesized signals are the am-
plitude of oscillation and the corresponding frequency
estimated by a short time Fourier transform (STFT) as func-
tions of the jet velocity.

V. EXPERIMENT

In order to discuss the results simulated by both models,
the results are compared to experimental data.

The experiment is made with the same experimental
setup as used by Auvray er al.'' The flute is a Zen-On
Bressan alto recorder whose passive end has been replaced
by a cylindrical tube of inner diameter of 19 mm. The result-
ing length of the recorder is 265 mm. The first resonance fre-
quency is at 564 Hz. The geometrical parameters are the
same as in the previous study. The modified instrument can
be modeled by the modal contributions of the admittance
[see Eq. (1)] with the parameters indicated in Table I.

The instrument is blown with a mixture of N, and O,
in the same proportion as air from a tank vessel. The gas
passes through an artificial mouth of volume 3 x 10~ m?
completely filled with an acoustical damping material, to
avoid any mouth resonances. The jet velocity ug is esti-
mated by applying an energy conservation law (Bernoulli)
between the pressure p, measured within the artificial
mouth (Honeywell pressure sensor type 176PC14HG1) and
the channel exit where the mean pressure is assumed to be
Zero:

2 m
o = |22, @1)
Po

with p, the density of the gas. The acoustic velocity is esti-
mated from the acoustic pressure p,. inside the bore of the
instrument measured with a Briiel & Kjaer (Denmark) micro-
phone type 4938 mounted flush in the wall of the recorder at
16 mm from the cork at an angle of 7/2 with respect to the

TABLE I. Parameters used for the computation. The modal parameters of
the pipe are taken from Auvray et al. (Ref. 11).

Modal w; = 3547 rad /s e = 0.0397 Y, =0.00138
vy, =2.023 & = 0.0318 Y, =0.00121
v3 = 3.066 & = 0.0285 Y, = 0.000981
D Vg = 0.4 p=03
DV Yoy = 0.4
Comput. T, =15s Sr=0.1GHz uy =1=256m/s
po = 1.2kg/m? e = 0.6 Yo = 0.1mm
W =4mm H = 12mm h=0.27 — 6.7mm
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window axis. From that measurement, the modal amplitude
of the pressure p is deduced from

Pac

. 27‘Ef0 ’

SIN—— X,
Co

p= (22)

with fj the frequency estimated by taking the maximum of a
STFT of the pressure signal p,., co the velocity of the sound
in the air (corrected” by measuring the temperature at the
surface of the recorder), and x,, the distance between the
microphone and the passive end, including the radiation end
correction Al = 0.6 x 9.5 mm, where the 0.6 factor corre-
sponds to an infinitely thin pipe (the thickness of the pipe
wall is 0.5 mm). The dimensionless acoustic velocity within
the window is then deduced from the -characteristic
impedance:

L (23)
g SywpPoCollo

with S the cross section of the pipe and §,, the cross section
of the window.

The pressure is adjusted using a Brooks mass flow con-
troller with proportional-integral-derivative controller’s con-
stants that provide a smooth non-overshooting increase of
the pressure in the artificial mouth, necessary to obtain aeo-
lian regimes. The pressure is set back to zero by changing
the flow target back to zero. The results will be discussed
along with simulations in Sec. VI.

VI. RESULTS AND DISCUSSION

Each model has several adjustable parameters. The jet
velocity is a shared one. A qualitative description of the
behavior of both models depending on this single parameter
is presented in Sec. VI A. The influence of another parame-
ter, the height /& of the channel, is briefly discussed. The va-
lidity of both models is then discussed. A more quantitative
analysis of the models, concerning the aspect ratio of the jet,
is then proposed.

A. Qualitative behavior of the models

The typical evolution of the amplitude of oscillation and
the frequency predicted by the models are displayed in Fig. 6
as a function of the dimensionless jet velocity ug/fW (inverse
of the Strouhal number) for W/h = 4. While increasing the
jet velocity, the system locks on different oscillating regimes
corresponding to the coupling of a hydrodynamic mode of the
jet m with an acoustic mode of the pipe at the resonance fre-
quency f,. The most predominant oscillating regimes corre-
spond to the coupling of the first hydrodynamic mode of the
jet (m=0) with the two first modes of the pipe (f =f; or f>).
This oscillating regime will be denoted (m=0, f=f) or
(m=0, f =f,). Couplings with higher jet modes (m > 1) are
called aeolian regimes and occur for velocities lower than the
jet velocities commonly used. While decreasing the jet veloc-
ity, the system locks on the same main oscillating regimes
(m=0, f=f; or f»), but it may switch to another aeolian
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FIG. 6. Predicted dimensionless frequency f/f; (top) and dimensionless amplitude v,./uy (bottom) versus the dimensionless jet velocity St™' = uo/fW

(inverse of the Strouhal number) for the jet-drive model (left) and the discrete-vortex model (right) for a ratio W /h = 4. The vertical dashed line marks the

limit 4, ~ 10/ discussed in Sec. VID.

regimes. The thresholds of transition between the regimes are
different whether the jet velocity increases or decreases,
resulting in a well-known hysteresis."'

Within each regime, the dimensionless frequency and
the dimensionless amplitude of the limit cycle slightly
change as the jet velocity increases: The frequency increases
from below to above the pipe resonance frequency f, while
the amplitude increases up to a maximum value—corre-
sponding to the jet velocity that provides a frequency near
the pipe resonance frequency—and then decreases. The tran-
sition between different oscillating regimes is sharp com-
pared with the evolution of the limit cycle within a regime:
The frequency may change from one acoustic mode to
another and the amplitude usually decreases about 2 orders
of magnitude below the maximum value.

While both models predict the same qualitative behavior
for each isolated regime, significant discrepancies arise in the
prediction of the existence of the different regimes for a given
jet velocity range. For instance, the discrete-vortex model pre-
dicts a (m =1, f =f) regime, that is not predicted by the jet-
drive model for a dimensionless jet velocity ug/fW =~ 2.

Concerning the different thresholds of transition, the re-
gime change mechanisms have not been fully understood
yet. Different parameters seem to rule the transition at
different dimensionless jet velocities."' Among others, the
losses associated with the vortex shedding at the labium
appear to be determining for the transition from the first re-
gime (m=0, f=f)) to the second regime (m=0, f=/)
(increasing uo) while it has no effect on the reverse
transition from the second to the first regime (decreasing uy).
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The fact that the vortex shedding losses are non-linear
[see Eq. (2)], and that the amplitude of oscillation is not
the same for both models explains the deviation in
the transition thresholds, at least for the increasing jet
velocities.

The predicted oscillation frequency is not the same for
the two models. For the jet-drive model, the frequency of
each regime roughly behaves as predicted by linearization of
the model. For the discrete-vortex model, the frequency is
not well predicted by the approximation developed in Sec.
IIB [see Eq. (19)]. The dimensionless jet velocity ug/fW,
beyond which it starts deviating, corresponds to approxi-
mately 8. It is associated with a wavelength 4, = y4,u0/f of
4W. For such a large hydrodynamic wavelength, the
discrete-vortex model is expected to fail since the vortex cre-
ation area extends over the window.

The discrete-vortex model allows identification of the
hydrodynamic mode of the jet m, and thus the corresponding
aeolian regimes, by a direct count of the number of vortices
within the window. For the jet-drive model, the hydrodynamic
mode can be estimated by comparing the regimes given by
the simulation with the frequency predicted by Eq. (17) for
different jet modes m. Figure 6 shows the evolution of the fre-
quency with the jet velocity and the frequency obtained by
linearization of both models. The aeolian regimes are clearly
identified as higher hydrodynamic jet modes m > 1.

The differences in the amplitude predictions of the dif-
ferent regimes show reverse trends according to the hydrody-
namic jet mode. For the first hydrodynamic mode m = 0, the
amplitude predicted by the discrete-vortex model is 3 times
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larger than the one predicted by the jet-drive model.
Conversely, for higher hydrodynamic modes m > 1, the am-
plitude predicted by the jet-drive model is much larger than
the discrete-vortex model prediction. As shown by Dequand
et al.,'’ the model predicting the lowest oscillation ampli-
tude should be selected. In the present case (W/h = 4), this
coincides with the separation of the first hydrodynamic
mode m = 0 and higher modes m > 1. Predictions from both
models should be compared to the experimental results.

B. Experimental results

Experimental results are shown in Fig. 7 in terms of
dimensionless frequency and dimensionless amplitude of os-
cillation as a function of the dimensionless jet velocity
ug/Wf (inverse of the Strouhal number). In the present
experiment, the recorder sounds on several regimes: The two
main regimes of oscillation (m=0, f=f;) and (m=0,
f =/2), and an aeolian regime (m=1, f =f)).

As it has been observed in previous experiments > the
first regime of oscillation (m =0, f =f}) is different within
two jet velocity ranges. For high jet velocities uo/fW > 6,
the frequency slightly increases with the dimensionless jet
velocity before changing oscillating regime. Below a critical
dimensionless jet velocity of ug/fW = 5.3, the behavior is
very different. Instead of having a frequency increase at con-
stant dimensionless jet velocity (or Strouhal number) as
Meissner obtained on a Helmholtz resonator,15 the increase
of frequency is associated with a decrease of the
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FIG. 7. Experimental dimensionless frequency f/fi (top) and dimensionless
amplitude v, /ug (bottom) versus the dimensionless jet velocity St™!
= up/fW (inverse of the Strouhal number). The aeolian regime has been
obtained with an increasing jet velocity only. For the other regimes, the data
has been obtained both by increasing and by decreasing the jet velocity.
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dimensionless jet velocity (or an increase of the Strouhal
number) down to the minimum value of uo/fW = 5.3.

At low jet velocities uo/fW < 7, the oscillation fre-
quency decreases below half the pipe resonance frequency
approaching an anti-resonance of the pipe. That seems coun-
terintuitive but the corresponding oscillation amplitude is 2
orders of magnitude lower than the maximal amplitude
found around uo/fW = 9. The resonator does not amplify the
oscillation at the anti-resonance. Note that the system does
not actually sound at the exact frequency of the anti-
resonance. Instead, the system sounds on the aeolian regime
(m=1, f =f1). An increase in the hydrodynamic jet mode m
allows to change the phase shift associated with the convec-
tive delay, that was too large for the first hydrodynamic
mode m=0 in association with the first acoustic mode.
Along with a better phase balance, the adjustment of the os-
cillation frequency to that of the first pipe mode results in an
amplitude of oscillation 1 order of magnitude above the am-
plitude of oscillation of the first regime around the anti-
resonance.

The validity domain of the models can now be discussed
by comparing both the amplitudes and the frequencies of oscil-
lation predicted by each model with the measured ones.
Focusing on the first hydrodynamic jet mode m =0, the jet-
drive model underestimates the amplitude of oscillation by a
factor of 2 whereas the discrete-vortex model predicts the am-
plitude more accurately. Reversely, the prediction of frequency
is more accurate for the jet-drive model while the frequency
predicted by the discrete-vortex model deviates from the reso-
nance frequency. The velocity range within which the main
oscillating regime (m =0, f =f;) occurs is beyond the one
allowed by the discrete-vortex assumption: For high jet veloc-
ities, the vortex creation area extends over the window.
Furthermore, the value of the aspect ratio W /h = 4 is close to
the critical value found by Dequand et al. Near the critical
value the system is sensitive to any other parameters that
would modify the limit cycle and no clear distinction can be
drawn from the simulation. The parameters in the jet-drive
model were set to match the frequency behavior and not the
amplitude. This model, being confirmed by other studies’"'*!'!
for the first jet mode m = 0, and as the discrete-vortex model is
not applicable for large jet velocity, the jet-drive model will be
considered as valid for oscillation regime involving the first
hydrodynamic mode of the jet m = 0.

Focusing now on the aeolian regimes involving a higher
hydrodynamic jet mode m = 1, the comparison is only possi-
ble for the regime experimentally obtained: A coupling
between the second jet mode (m=1) and the first acoustic
pipe mode (f =f}). The jet-drive does not predict the aeolian
regime (m=1, f =f1). However, if such regime should be
predicted by this model, its dimensionless amplitude would be
of the same order than the predicted regime (m =1, f =), as
shown by Verge e al.*® The simulated dimensionless ampli-
tude of the regime (m =1, f =f>) is larger by a factor of 10
than the measured dimensionless amplitude of the regime
(m=1, f =f1). The predicted dimensionless amplitude of the
aeolian regimes are even larger than that of the main regimes
(m=0, f =f; or f,). The discrete-vortex model predicts two
aeolian regimes corresponding to the second jet mode m = 1:
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The (m=1, f =f;) regime and the (m =1, f =f,) regime. The
maximum dimensionless amplitude of the (m =1, f =f) re-
gime is 2.5 x 1072, The experimental value is 2.5 x 1072,
The agreement in the amplitudes is fairly good, however there
was an observed mismatch of the predicted dimensionless jet
velocity range within which the aeolian regime appears.

Considering the increase of the dimensionless jet veloc-
ity ug/fW when decreasing the jet velocity close to the oscil-
lation threshold for the first regime (m=0, f=f), as
observed in Fig. 7 for uy/fW < 6, none of the two models
predict such a behavior. However, the acoustic model of the
pipe [Eq. (1)] only takes resonances into account. The anti-
resonances are ignored as well as the direct hydrodynamic
feedback driving the edge-tone oscillation, which may have
an influence within this specific velocity range.

For the present experiment, the discrete-vortex model is
valid for the prediction of the aeolian regime (m=1, f =fi)
while the jet-drive model is valid for the prediction of the
main regimes (m =0, f =fi, or f>). It seems common to both
models to overestimate the amplitude of oscillation when
they are used outside their domains of validity. Using both
models in parallel is an option. The model predicting the
lowest amplitude of oscillation should be selected preferen-
tially. This is experimentally verified by Dequand er al.'® for
the variation of the aspect ratio of the jet W/h, which is dis-
cussed in Sec. VIC.

C. Aspect ratio of the jet

Following Dequand er al.,'® the aspect ratio of the jet
W /h appears to be the criterion that determines whether the
jet-drive or the discrete-vortex model is most appropriate.
Regarding the amplitude of oscillation, Dequand et al.
showed the discrete-vortex model is valid for W/h < 2.5
while the jet-drive model is valid for W /h > 2.5. The critical
aspect ratio is denoted (W /h)". This is shown for the optimal
value of the Strouhal number. The present time domain sim-
ulation of both models allows the height / of the channel to
vary and thus the aspect ratio W/h, the other parameters
remain constant.

The optimal dimensionless amplitude of oscillation
(Vac/Uo)opy defined in Sec. IIIC corresponds to a jet velocity
that provides an oscillation at the resonance frequency of the
first acoustic mode: f = f;. Figure 8 shows the optimal
dimensionless amplitude (vac/uo),,, defined in Sec. I C pre-
dicted by both models for different thickness W /h. As found
by Dequand et al., the discrete-vortex model predicts an am-
plitude larger than the one predicted by the jet-drive model
for thin jets (high aspect ratio W /h) and this trend is reversed
for thick jets (low aspect ratio W /h). The critical aspect ratio
at which both models predict the same optimal amplitude for
the first regime (m =0, f =f;) is of the same order as the one
found by Dequand et al.: (W/h)" ~ 2.3.

Figure 8 also shows the optimal amplitude of aeolian
regimes (m=1, f =f] or f,) as a function of the aspect ratio.
Even if the jet-drive model does not predict the regime (m =1,
f=f1), the comparison of the amplitude with the regime
(m=1, f =) is justified since for a given hydrodynamic jet
mode the dimensionless amplitudes of the fundamental are of
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FIG. 8. Optimal dimensionless amplitude (v,./ uo)om versus the aspect ratio
of the jet W /h for the discrete-vortex and the jet-drive models and for differ-
ent oscillating regimes (m=0 or 1, f =f; or f,). For the second jet mode
m =1, the amplitudes of the (m=1, f,) regime and (m=1, f}) regime are
compared because both models do not predict the same aeolian regimes.

the same order for the acoustic modes.”® The same reverse
trends as the first jet mode are predicted. The critical aspect ra-
tio is now much larger, W/h ~ 13. The critical aspect ratio
depends on the considered hydrodynamic jet mode m.

The critical aspect ratio (W/h)" defined above only
stands for an optimal sound production, near the resonance
frequency. However, as described Sec. VI A, the behavior of
both models also depends on the Strouhal number.
Therefore, a more global criterion is needed. It would have
to account for the jet thickness and at the same time would
depend on the Strouhal number and the hydrodynamic jet
mode m.

D. Dynamic aspect ratio of the jet

The criterion based on the aspect ratio of the jet
acknowledges for the interaction of the two shear layers. The
dynamic aspect ratio is defined by comparing a characteristic
distance in stream wise direction, the hydrodynamic wave-
length 4;, with a characteristic distance in cross stream
direction, the channel height 4. The hydrodynamic wave-
length depends on the convective velocity of vortical pertur-
bations along the jet: ¢, =7;uo for the jet-drive and
ur = y4,uo for the discrete-vortex. The hydrodynamic wave-
length is given by 4, = yuo/f y either y;, or y4,. The corre-
sponding dynamic aspect ratio is defined as 4,/h and now
depends on the Strouhal number:

;*'h Y w

h  Sth' @4
The optimal wavelength A, at the optimal Strouhal number
is obtained by combining Egs. (20) and (24):

;"Opt 4 W
= i 2
h 4m+1(h) 25)

For an oscillation on the first hydrodynamic jet mode
(m = 0), the optimal wavelength is 4 W.
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As a first approximation, the critical dynamic aspect ra-
tio (4,/h)" that marks the limit between both models is
expected to depend only on the hydrodynamic mode m. An
estimation of the critical aspect ratio can be approached by
taking Eq. (25) with the critical static aspect ratio (W /h)":

i\ 4 (w\"

(h) 4m+l<h) ' 26)

The static thickness (W /h)" has been found to be on the
order of 2.3 for the first jet mode (m = 0) and 13 for the sec-
ond jet mode (m = 1). This yields the critical dynamic as-
pect ratio (4,/h)" to be on the order of 9.2 for the first jet
mode and 10.4 for the second jet mode [see Eq. (26)]. The
dynamic aspect ratio seems to be less dependent on the
hydrodynamic jet mode. It is a consistent criterion that
extends the definition of the aspect ratio proposed by
Dequand et al. to a wider range of Strouhal numbers.

The relationship between the dynamic aspect ratio, the
static aspect ratio, and the Strouhal number can be repre-
sented by the schematic diagram shown in Fig. 9. Domains
of validity of both models are represented in a (St, W/h)
plane. The criterion 4, /h = constant appears as a line given
by St =7y/constant x (W/h) [see Eq. (24)]. For a given
static aspect ratio W /h, which is the case for a recorder or a
flue organ pipe, the limit between both models is restrained
to a specific Strouhal number.

In the case W/h = 4, taking 4;,/h = 10 as found previ-
ously, the critical Strouhal that discriminates both models is
St = 0.2, equivalent to a critical dimensionless jet velocity
uo/fW =5. Above the critical dimensionless jet velocity
uo/fW =5, the jet-drive is more appropriate. It corresponds
to an oscillation on the first hydrodynamic mode m =0.
Below the critical dimensionless jet velocity ug/fW =5, the
discrete-vortex is more appropriate. This mainly corresponds
to oscillation on higher hydrodynamic modes of the jet
(m > 1) and on a part of the first hydrodynamic mode of the
jet m=0. This limit between both models coincides with the
limit between the main regimes (m =0, f;, or f,) and the
aeolian regimes (m > 1) as already observed in Fig. 6 in
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FIG. 9. Schematic diagram of the domains of validity of the jet-drive and
discrete-vortex models as function of the Strouhal number St and the static
aspect ratio W /h. The dynamic aspect ratio 4, /h is represented by the three
oblique lines for three arbitrary values (1, 4, and 10). Assuming
(n/h)" = 10, the discrete-vortex model is valid within the gray part, the
jet-drive model within the white part.
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Sec. VI A. When not in their domains of validity, both mod-
els overestimate the amplitude of oscillation. For an instru-
ment where the player has the possibility to control both the
static aspect ratio W /h and the Strouhal number St = fW /u,
the dynamic aspect ratio A;/h should be used to decide
which model is valid.

The limit formulated in terms of the dynamic aspect ra-
tio allows reinterpretation of some of the assumptions made
for both models. In the case of the jet-drive model, valid for
thin jets (high value of W /h), the hydrodynamic wavelength
is so much larger than the window length that the only char-
acteristic distance near the labium is the jet height 4. A sen-
sitive assumption of the model concerns the positions of the
flow injection that characterizes the dipole. Verge et al.® pro-
posed that each injection point should be at a distance &
behind the labium since it is the only characteristic distance.
This is in agreement with the limit based on the dynamic as-
pect ratio which provides the height /4 as the only character-
istic distance. When the jet gets thicker (low value of W /h),
the hydrodynamic wavelength reaches the same order as the
jet height h. Both distances have to be considered. Due to
the assumption of the injection point at a distance /# behind
the labium, the jet-drive model strongly overestimates the
amplitude of oscillation. A dynamic distance of flow injec-
tion accounting for the hydrodynamic wavelength would be
a great improvement to the jet-drive model, though intricate
to implement. Another option is to use the discrete-vortex
model in which the wavelength is intrinsically related to the
sound production. The distance between two vortices—that
is now the only characteristic distance—along with the con-
vection velocity of the vortices entirely determines the oscil-
lating frequency.

Vil. CONCLUSION

Both models presented in this paper are based on simpli-
fications of the jet flow: A linear transverse oscillation of the
jet centerline for the jet-drive model and the convection of
discrete vortices for the discrete-vortex model. The critical
aspect ratio that allows to discriminate both models initially
proposed by Dequand et al. has been extended to a critical
dynamic aspect ratio of the jet: A comparison between the
hydrodynamic wavelength of the jet instabilities and the jet
height. Both models are found to be applicable within over
neighboring values of static aspect ratio W /h and blowing
pressure.

For flute-like instruments, this limit roughly separates
the classical regimes, well predicted by the jet-drive model,
from the aeolian regimes, well predicted by the discrete-
vortex model. The aeolians regimes are of limited musical
interest, but they offer an interesting possibility to enhance
the understanding of the sound production. In addition, it
may find application in other non-musical contexts.

Even if the discrete-vortex model is based on a crude
description of the jet flow and seems only valid for non-
musical application, it still represents, along with a descrip-
tion of the acoustic flow within the window, a tool that
allows to investigate the effect of the labium shape on the
sound production.
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