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Multiscale Hydrodynamic Phenomena

1. Quick Questions In few words and few formula :
1.1 Order of magnitude of drag on a cylinder at small Re.
1.2 What are Prandtl equations ? Scale of y ?
1.3 What is the natural selfsimilar variable for Blasius ?
1.4 Solution of ∇2p = 0 in upper half domain (∀x and y ≥ 0) with −∂p/∂y|0 = ∂v(x, 0)/∂x and p(∞)→ 0 ?
1.5 In which one of the 3 decks of Triple Deck is flow separation ?
1.6 ∂’Alembert equation : write the equation and the generic solution of it.
1.7 What is the KdV equation ? What balance is it ? One example of solution.
1.8 Dispersion relation ω(k) for linear waves on free surface of arbitrary depth (Airy swell problem) ?
1.9 Quote Nobel prizes associated to Asymptotics.

2. Exercice

Of course ε is a given small parameter, let us define :

(Eε) εy′(t) = −y(t) with y(0) = 1.

We want to solve this problem with the Matched Asymptotic Expansion method.
2.1 Why is (Eε) problem singular ?
2.2 What is the outer problem and what is the possible general form of the outer solution ?
2.3 What is the inner problem of (Eε) and what is the inner solution ? (hint : for the inner problem time is
small and displacement y is small as well)
2.4Suggest the plot of the inner and outer solution.
2.5 What is the exact solution of (Eε) for any ε. Check that we recover inner and outer solution.
2.6 Comments ?

3. Exercice

Let us look at the following ordinary differential equation (mind the minus !) : (Eε)
d2y

dt2
− εdy

dt
+y = 0,

valid for any t > 0 with boundary conditions y(0) = 1 and y′(0) = 0. Of course ε is a given small parameter.
We want to solve this problem.
3.1 Solve with Feynman averaging method.
3.2 We want to solve this problem with Multiple Scales Analysis. Introduce two time scales, t0 = t and t1,
what is the relation between t, t1 and ε ?
3.3 Compute ∂/∂t and ∂2/∂t2

3.4 Solve the problem.
3.5 Suggest the plot of the solution.
3.6 What is the exact solution for any ε, compare.

4. Exercice
Solve with WKB approximation the problem

(Eε) εy′(x) + y(x) = 0 with y(0) = 1

Compare with exact solution.
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Multiscale Hydrodynamic Phenomena

Part II. : 1h 15 min all documents. Rain over a soil : Darcy Flow in Aquifers

This is a part of ”Response of a laboratory aquifer to rain fall” by Guérin et al. JFM 2014 vol 759. We
consider the underground flow under the soil modeled as a porous media. The rain falls down the soil, goes
fast through it, and accumulates in kind of underground lakes called ”aquifers”. In those aquifers, flows are
governed by Darcy law. The aquifers are thin and long. The experimental aquifer is described on figue 1.
The height of the aquifer is h(x, t), see the paper for notations. As all the results are more or less in the
paper, be careful and rigorous to prove the results. Numbers refer to equations in the papers (Eq. X.X) or
questions (Q. 1.X).

1.1 Write incompressible full NS equations for water around the grains. The Darcy’s law (Eq. 4.1) is an
average of NS at the size of the grains (here glass beads) which constitute the media. Looking at NS at scale
d the diameter of the grains, what is the order of magnitude of K ?

1.2 Write Darcy’s law in 2D, Eq. (Eq. 4.1). Check that −→v = −α
−→
∇p+ β−→g . (write α and β with K, ρ, g...)

1.3 We note ϕ fraction of volume between the grains, this is the ”porosity”. We define θ the volume fraction
saturation, volumetric water content, or moisture content. When the media is dry θ = 0, if completely full

of water θ = ϕ. The 2D mass conservation of water in the porous media is : ∂(ρθ)
∂t = −

−→
∇ · (ρ−→u ). Integrate

∂(ρθ)
∂t over the depth with θ = ϕ for y < h (completely wet), and θ = 0 for y > h (dry).

Obtain the left hand size of (Eq. 4.3).
1.4 The condition at the surface of the aquifer is that −R is the normal velocity in y = h i.e. −→v ·−→n |h = −R.
Compute the normal coordinates (nx, ny) of the normal −→n = nx

−→e x + ny
−→e y of the aquifer as function of h.

As we will see (Q. 1.5) that the aquifer is thin, show (as −→v = u−→e x+v−→e y) that −R = v−u∂h∂x in y = h(x, t).
1.5 The full system of equations to solve is equations above (from question Q. 1.3 and Q. 1.4) and Darcy
Eq. 4.1 (question Q. 1.2). Suppose that the scale of length is L in x and y. We use Π the scale of pressure
gradient (∂p/∂x = (Π/L)∂p̄/∂x̄). Write the full problem with Π, L etc. Define a scale U0 for velocity, time
etc.
1.6 In a ”boundary layer spirit” h0 is the scale of the depth of the aquifer, L� h0 (y is scaled now by h0).
Looking at a thin layer Darcy flow, show by asymptotic analysis, dominant balance, with ad hoc scales :

for 0 ≤ ȳ ≤ h̄(x̄, t̄), ū = −∂p̄
∂x̄
, 0 = −∂p̄

∂ȳ
− 1,

∂θ

∂t̄
= −∂ū

∂x̄
− ∂v̄

∂ȳ
, and − R̄ = v̄ − ū∂h̄

∂x̄
in ȳ = h̄(x̄, t̄).

Note that the BC in y = 0 is always slip BC.

1.7 From the first and the second of (Q. 1.6) define q̄ =
∫ h̄

0 ūdȳ, and show that (Eq. 4.2) holds.
1.8 Using (Q. 1.3) without dimension (the third of Q. 1.6) and the boundary condition show that ”straight-
forwardly” Dupuit-Boussinesq (Eq. 4.3) holds. To do that you will have to use the result of Q. 1.3, to
integrate over the depth and use the Leibniz rule

∂

∂x

∫ h(x,t)

U(x, y)dy =

∫ h(x,t) ∂

∂x
U(x, y)dy +

∂h

∂x
U(x, h(x)).

1.9 Show that the steady solution of an infinite aquifer with no rain near origin is h̄ ∼
√

2x̄ (Eq. 4.6).

1.10 Show that equation (Eq. 4.3) ∂h̄
∂t̄ = ∂2(h̄2/2)

∂x̄2
+ R̄, as a selfsimilar structure (proove Eq. 5.1 5.2 and 5.4).

1.11 When the aquifer is finite, show that (Eq. 6.1) is a possible solution when there is no rain.
1.12 Explain why a finite aquifer can be studied by an infinite one at small time.
1.13 In the case of no more rain R̄ = 0, (Drought flow) show that for an infinite aquifer, there is a self similar
solution η = 2 x̄

t̄1/2
and h̄ = f(η) , show that ff ′′ + 2ηf ′ + f ′2 = 0, f(0) = 0, f(∞) = 1.

1.14 Note that experiments support the theory, conclusion if any ?
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• correction Ex 2
correction of problem

http://www.lmm.jussieu.fr/~lagree/COURS/MFEnv/MFEnv_aquifere.pdf

9

http://www.lmm.jussieu.fr/~lagree/COURS/MFEnv/MFEnv_aquifere.pdf

