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Multiscale Hydrodynamic Phenomena

Part I. : 90 minutes, NO documents

1. Quick Questions In few words :
1.1 What is the usual scale for pressure in incompressible NS equation at small Reynolds ?
1.2 What is the usual scale for pressure in incompressible NS equation at large Reynolds ?
1.3-4-5 ∂’Alembert, Laplace, Heat : give the equation and a physical example of use of this equation.
1.6 What is the Bürgers equation ? Which balance is it ?
1.7 What is the KDV equation ? Which balance is it ?

2. Exercice

Let us look at the following ordinary differential equation : (Eε)
d2y

dt2
+ 2ε

dy

dt
+ y = 0, valid for any

t > 0 with boundary conditions y(0) = 0 and y′(0) = 1. Of course ε is a given small parameter.
We want to solve this problem with Multiple Scales.
2.1 Expand up to order ε : y = y0(t) + εy1(t), show that there is a problem for long times.
2.2 Introduce two time scales, t0 = t and t1 = εt
2.3 Compute ∂/∂t and ∂2/∂t2

2.4 Solve the problem.
2.5 Suggest the plot of the solution.

3. Exercice
Consider the following equation (of course ε is a given small parameter)

(Eε) ε
d2u

dx2
+
du

dx
= ex with u(0) = 0 u(1) = e.

We want to solve this problem with the Matched Asymptotic Expansion method.
3.1 Why is this problem singular ?
3.2 What is the outer problem and what is the possible general form of the outer solution ?
3.3 What is the inner problem of (Eε) and what is the inner solution ?
3.4 Suggest the plot of the inner, outer and composite solution.

4. Exercice
Solve with WKB approximation the Airy problem

εy′′ = xy,

Hint : show that S0 = ±
∫ √
|x|dx and S1 ∝ ln(|x|)
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Part II. : 1h 15 min all documents. Triple Deck
This is a part of ”D’Alembert’s Paradox” by Keith Stewartson SIAM Review, Vol. 23, No. 3 (1981). We
consider the flow on a smooth body, which is may be a flat plate at first approximation. It is of characteristic
length L in an incompressible viscous fluid which, at infinite distance, is in uniform motion at velocity U∞.
First we consider and establish the classical Boundary layer equations. Then we will write the triple deck
equations (Main, Lower and Upper Decks).
1.1 Write Navier Stokes equations with boundary conditions, with and without dimension.
1.2 Write Euler’s problem with associated boundary conditions (discuss if the problem is singular ?).
1.3 According to Stewartson 1981, what is d’Alembert’s paradox ?
1.4 Comment figure 1. from Stewartson 1981. What is the analytical solution of incompressible irrotational
flows which gives figure 1 top ?
1.5 Write Prandtl problem, with all boundary conditions, to do that, show quickly that dominant balance
gives δ = L/

√
R for the order of magnitude of the boundary layer thickness. Write scale of velocities and

pressure. Use ε = R−1/8 to write the final scales.
1.6 Write with dimensions the wall shear stress τw defined by (1.6) without dimension. Is it small or large
compared to variations of pressure ?
We consider the equations of triple deck. We denote ε = R−1/8

2.1 Main deck, we do a perturbation of the boundary layer. Stewartson notations are obscure, show that
(2.2) may be obtained as :

ũ = UB(ỹ) + εnA(x̃)
dUB(ỹ)

dỹ
+ ..., ṽ = −ε2dA

dx̃
UB(ỹ) + ..., p̃ = ε2p̃2(x) + ...

if x = L(1 + ε3x̃) and y = Lε4ỹ, and (u, v) = U∞(ũ, ṽ) is substituted in NS equations. Value of n ?
2.2 Write the behavior/ boundary condition for the velocity at the bottom.
2.2 Write the behavior/ boundary condition for the velocity at the top.
3.1 Lower deck in 2D : show that (3.5) in 2D may be obtained with :

u/U∞ = εû, v/U∞ = ε3v̂, ..., (p− p∞)/(ρU2
∞) = εnp̂(x̂) + ...

and x = L(1 + ε3x̂) and y = Lε5ỹ, is substituted in NS equations. Value of n ?
3.2 Lower deck in 3D : What is the scale of the velocity w consistent with 3D effects in eq. (3.5) ?
3.3 Discuss boundary conditions (3.6a)
3.4 Upper deck incompressible 2D, show that (2.4b) may be obtained with :

u/U∞ = 1 + ε2ū, v/U∞ = ε2v̄, ..., (p− p∞)/(ρU2
∞) = εnp̄+ ...

and x = L(1 + ε3x̄) and y = Lε3ȳ, is substituted in NS equations. Value of n ?
3.5 Upper deck incompressible 3D, discuss (4.6).
4. Write full problem with all boundary conditions in 2D.
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extra questions
- unsteady triple Deck scale of time ?
- Show that (û, v̂, p̂) = (ŷ, 0, 0) is a base flow. interpretation ?

- Show that û,= ŷ − af ′(ŷ)ei(kx̂−ωt̂), with p̂ = aei(kx̂−ωt̂) is a linearized possible solution with f ′′ solving an
Airy equation Ai′′(η) = ηAi(η). Deduce the dispersion relation F (ω, k) = 0 for linear waves in the triple deck.
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correction Ex 2
Exactly the curse with coefficient 2, so that the solution is y = e−t1sin(t0)

correction Ex 3

If wi put ε = 0, we haev an order one problem with 2 BC, so singular.
We find uout = ex (note uout = ex−1 is possible, but is not a good idea, check it !). We note that uout(0) = 1,
so we have to introduce an inner layer to full fit the 0 BC.

Change of scale x = δx̃, by dominant balance ε = δ, the problem is

d2ū

dx̄2
+
dū

dx̄
= εeεx̄

as ε → 0 then u′′in + u′in = 0 zolution is uin = A(1 − exp(−x̃)). Matching gives A = 1. Hence composite
expansion is

ucomposite = exp(x)− exp(−x/ε).

correction Ex 4
Two cases :
• (S′0)2 = x if x > 0 then S0 = ±

∫ √
xdx = ±2

3x
3/2

• S′2
0 = x if 0 > x then S0 = ±i

∫ √
|x|dx = ±i2

3(−x)3/2 solution will be with cosines and sines

and in both cases S1 = −1
4 ln(|x|)

see the curse for a plot of the solution.
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