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Abstract

In this chapter we present some other examples of IBL, not only in an
aerodynamical context.

1 Introduction

In this chapter we focus on some examples which are not only from the
aerodynamical field and which may lead to interacting boundary layer.

It means that we have a kind of Prandtl problem, the external boundary
of it being linked with the variations of velocity or pressure by an exter-
nal coupling. To a certain extent the interaction be explained through a
retroactive process involving integral concepts as follows: as the variation
of pressure is more or less proportional to the variation of the boundary
layer thickness, then the increase of boundary layer thickness promotes a
rise of pressure, which decreases the velocity, the result is an increase of the
boundary layer thickness: the process is self promoting.

First there is the hypersonic problem, this interacting boundary layer
flows process was described in Stewartson (1964) [19] with a self induced
mechanism involving variations of boundary layer thickness and pressure.
The key mechanism in supersonic and hypersonic flows was introduced by
Neiland (1969) [14] and Stewartson & Williams (1969) [20]: it is the ”triple
deck” theory which clarifies the scales and the equations involved in the
interaction. rown, Brown Stewartson & Williams (1975) [5] successfully
explained the branching solutions calculated in strong hypersonic flows by
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Werle et al (1973) [22] and the link with Neiland (1970) [15].

Next there is the mixed convection problem. It presented exactly the
same features, and Steinrück (1994) [33]) proposed a kind of branching so-
lution and Lagrée [31] showed that this may be reformulated in a triple Deck
framework.

We present as well equations for the viscous hydraulic jump. The equa-
tions for artery flows are of the same vein.
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2 Hypersonic flows

2.1 Self similar flows

Supersonic and hypersonic flows were developed in the 50’, there was then
over the next 50 years a continuous and sporadic interest linked to the
ICBML (Intercontinental Ballistic Missiles) and the space conquest from
Moon to Mars via the Space Shuttle. At this early time it was observed
that those flows presented some self similar solutions. In case of negligible
boundary layer thickness, people were looking to power shock laws. In this
case the body may be a power law shape. This came from the observation
that if we define from the Mach Number M∞ and from the local angle of
the shock σ and from the slope of the body τ the parameters:

Ks = M∞σ, K = M∞τ

they define self similar parameters in the Hypersonic Small Disturbance
Theory (Chernyi [8]). The oblique shock wave relation gives for small angles
θ and σ :

M∞σ

M∞τ
=

γ + 1
4

+

√
(
γ + 1

4
)2 +

1
(M∞τ)2

the pressure is then

p

p∞
=

2γ

γ + 1
K2

s −
γ − 1
γ + 1

(1)

= 1 + γ
γ + 1

4
K2 + γK

√
(
γ + 1

4
K)2 + 1. (2)

then for moderate Mach number, we recover that the angle of the shock is
a Mach Wave (1/M∞) and the pressure is:

p− p∞
ρ∞U2

∞
' 1 + Ks

and for a large Mach number the body and the shock are proportional:

M∞σ

M∞τ
=

γ + 1
2

,

and the pressure

p− p∞
ρ∞U2

∞
' K2

s .
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Figure 1: Self similar Hypersonic flows from Van Dyke ”An Album of Fluid
Motion”.
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As only powers appear, self similar solutions are straightforward. See
figure 1 for an example extracted from Van Dyke [21].

Those power law were not relevant for all the bodies. One of the self
similar solution corresponds to the very special case. This is the blunt body
case corresponding to a flat plate with a very small nose.

p− p∞
ρ∞U2

∞
= F (γ)C2/3

d (x/d)−2/3

rshock = G(γ)C1/3
d (x/d)2/3

see Guiraud Vallée & Zolver [9], Chernyi [8] and Sedov [18] for details.

2.2 Viscous interaction

For compressible boundary layers, the simple order of magnitude gives:

δ2 =
µL

ρU∞

taking into account that the viscosity follows in first approximation the
Chapman law µ = µ∞C T

T∞
and the ideal gaz law: ρ/ρ∞ = (pT )/(p∞T∞),

then:
(
δ

L
)2 ∼ C(

T

T∞
)2

p∞
p

1
R∞

• In the so called ”weak hypersonic interaction” pressure remains of
order p∞ and the temperature ratio is of order of order M2

∞so that:

(
δ

L
) ∼ C1/2(

T

T∞
)

1

R
1/2
∞

=
χ∞
M∞

were χ∞ = C1/2 M2
∞

R
1/2
∞

is the hypersonic parameter. The pressure is then:

p− p∞
ρ∞U2

∞
' 1 + χ∞

• In the so called ”strong hypersonic interaction” pressure is now deter-
mined bay the equivalent body which is the displacement thickness due to
the strong viscous effects.

p

p∞
' K2 with K = M∞(δ/L).

so wee obtain the displacement thickness as:

δ

L
∼

√
1

M∞
χ∞,

p

p∞
' χ2

∞

this represents a shock and a boundary layer in x3/4.
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Figure 2: Weak and strong interaction results from Hayes & Probstein [10],
pressure as a function of the hypersonic interaction parameter.

2.3 interactive system

Finally the Boundary Layer equations in the case of strong interaction read:

∂ρ̃ũ

∂x̄
+

∂ρ̃ṽ

∂ỹ
= 0, ρ̃(ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
) = −γ − 1

2γ
(S̃ − ũ2)

1
p̃

dp̃

dx̄
+ Cp̃

∂

∂ỹ
(

∂ũ

ρ̃∂ỹ
)

With boundary conditions ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. The Energy equation
reads with the total enthalpy S̃ :

ρ̃(ũ
∂S̃

∂x̄
+ ṽ

∂S̃

∂ỹ
) = Cp̃

∂

∂ỹ
(

∂S̃

ρ̃∂ỹ
)

Figure 3: Weak and strong interaction basic solutions Lagrée [11] .
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The boundary layer displacement thickness gives the velocity at the edge of
the boundary layer as

ṽe(x̄) =
d

dx
[
γ − 1
2p̃

∫ ∞

0
(S̃ − ũ2)ρ̃ỹ]

and the coupling relation is:

p̃ =
γ + 1

4
ṽ2
e .

This interactive system was believed to be solved with a marching scheme.
But, unfortunately it raised difficulties, one observed branching solution
when solving numerically for increasing x (see Neiland [15] and figure 6
right thereafter, see Werle et al. [22]... and figure 4).

Figure 4: Branching solutions [22]: changing a bit one parameter may cause
different solutions while solving the equations with a marching scheme.

2.4 Hypersonic Triple Deck Stewartson

From this system Stewartson [5] obtained the p = −A relation, this comes
from the solution of the total enthalpy in the main deck which is obtained
from S̃ = S̃(Ỹ ) + εA(x)S̃′(Ỹ ) and ũ = ŨB(Ỹ ) + εA(x)Ũ ′

B(Ỹ ). It is substi-
tuted in the coupling relation for a short disturbance in longitudinal scale:

p̃ =
γ + 1

4
(
γ − 1
2p̃

∫ ∞

0
(S̃ − ũ2)ρ̃ỹ)2.

which gives −A contribution in the integral and the development of 1
p̃ gives

−p so that the RHS is (−p − A)′ with the ad hoc scales. The case of very
cold walls sw << 1 or ”Newtonian flow” (γ close to 1) gives then p = −A.
The moderate case is then:

µp = −p′ −A′, with µ ∼ (γ − 1)2s6
w.
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See Lagrée [12] and Brown et al. [6], Neiland [16] and Lipatov and Neiland
for various forms of this interaction.
Then, linearisation of the problem p = −A allows to obtain the exponential
solution (Gajjar Smith [49]) eKx with K = (−3Ai′(0))3 = 0.47
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Figure 5: Linearized eigen solution (”exp.” is exp((−3Ai′(0))3)x̃)), and non linear
solution of the self induced (p = −A) problem solved with Keller Box and ”semi
inverse” coupling: pressure (p), displacement (-A) and skin friction (tau).

2.5 Hypersonic Triple Deck Neiland

A generalization of the FS equation may be obtained when the flow is non
similar. If f◦ is a short hand for ∂x̄f , we may write the Prandtl equations
in introducing n = x̄

ūe

dūe
dx̄ then

f ′′′ + ff ′′ − β(S − f ′2) = 2x(f ′f ′◦ − f◦f ′′), S′′ + fS′ = 2x(f ′S◦ − f◦S′)

with β = γ−1
γ

x̄dp̃
p̃dx̄ . Neiland [15] obtained the branching solutions of this

system in writting:

f(x, η) = f0(η) + φ(x)f1(η) + ....

by substitution, one obtains F (f0, f1)φ = xdφ/dx whose natural solution is
an exponent solution for φ. Then Neiland used

f(x, η) = f0(η) + xa+1f1(η) + ....

treating xa+1f1(η) as a small perturbation of the basic self similar flow f0(η)
he obtained an eigen value problem and the value of a. The value was large

- VI . 8-



examples IBL

Figure 6: Left: Pressure at separation point far from the cause, showing com-
parisons with experiments supersonic case Neiland (1969) [14]. Right branching
solution for the hypersonic solution by Neiland (1970) [15]

49.6 for sw = 1. Latter Brown and Williams [7] looked at this same problem
with the same point of view but do not restrict to sw = 1.

We have already mentioned that supersonic flows presented ”upstream
influence”. It meant that disturbances have an influence far upstream which
was a paradox due to the hyperbolic nature of the Euler equations and to
the parabolic nature of the boundary layer equations.

2.5.1 Hypersonic Triple Deck Neiland-Stewartson

What is strange is that two points of view gave different results for the same
set of equations. Stewartson made a local analysis at a small scale and ob-
tained eigen solution in exponential. Neiland did not change the longitudinal
scale, he obtained power law solution with a large value of the exponent.

Stewartson (Brown Stewartson & Williams [5]) reconciled the two points
of view in noting the link between the two results (algebraic and exponen-
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tial). He observed that far upstream near a given X0, one can do a local
study at scale x3 so that

x = x0 + x3x̃

the power law behaviour is :

(x)n = enLog(x0(1+x3x̃/x0)) ' enLog(x0)ex3x̃/x0

so in the local variables algebraic behaviour looks like an exponential.
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3 Heat Flows

Flow with temperature are good candidates to coupling in the case of mixed
convection. It means that there is a basic stream which imposes forced con-
vection but it means that there is some natural convection as well creating
a retroaction. We will see what happens for plumes en jets and in the case
of mixed convection.

3.1 The mixed convection problem

Here we consider first the mixed convection problem of an incompressible
buoyant (following the Boussinesq approximation) fluid flowing over a semi
infinite horizontal flat plate at a constant temperature lower than the in-
coming flow temperature (see figure 7 for a definition sketch). Obviously,
for a given x location, the fluid temperature, by diffusion, increases from
the wall value towards that of the free stream. But for a fixed y location the
convection induces a longitudinal decrease of the temperature. The outcome
is a buoyancy induced stream wise adverse pressure gradient. This gradient
brakes the flow, and this creates an interaction between the thermics and the
dynamics. This mechanism of mixed convection breakdown has been stated
by Schneider & Wasel (1985) [32] (other examples of re-computation with
different numerical methods are reviewed by Steinrück (1994) [33]); they
showed that this interaction promotes a breakdown of the mixed boundary
layer equation: at a relatively small abscissa, the equations are abruptly
singular. Instead of a buoyant boundary layer a buoyant wall jet may be
studied, the case of adiabatic wall was studied by Daniels (1992) [25] and
Daniels & Gargaro (1993) [26], they found the same conclusions. The wall
jet problem is solved numerically and asymptotically by Higuera (1997) [51]
who notes that the equations are not parabolic as he noted before in the
case of the hydraulic jump which is very similar in its behaviour.

3.2 Governing equations of the mixed convection

3.2.1 Equations

We consider an incompressible two dimensional flow past a semi-infinite
(heated or cooled) horizontal flat plate (figure 7). The boundary layer
equations are obtained from the Navier Stokes counter parts subject to
Boussinesq approximation for a large Reynolds number. A re-scaling of
the dimensional quantities is carried out with the dynamical boundary layer
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Figure 7: Sketch of the mixed convection boundary layer flow, the temperature
of the plate is different from the temperature of the flow. If the plate is cooled, the
buoyancy induces an adverse pressure gradient.

scales (with δ = Re−1/2 with Re = ρ∞U∞L/µ):

u∗ = U∞u, v∗ = δU∞v,
x∗ = Lx, y∗ = δLy,
p∗ = p∞ + ρ∞U2

∞p, T = T∞ + (T0 − T∞)θ,

the result is the classical system (23- 7) of thermal mixed convection (Schnei-
der & Wasel (1985) [32]), Prandtl number is assumed to be of order unity
and hence set, (without to much loss of generality), to one while the Eckert
number is assumed sufficiently small to obtain the energy equation as (7)).
The remaining parameter is the Richardson number or buoyancy parameter:

J =
αg(T0 − T∞)LRe−1/2

U2
∞

, (3)

it depends on α the thermal coefficient of expansion of the density in the
Boussinesq approximation. The transverse pressure term (6) contains the
gravity term, as equation (6) holds for terms greater than O( 1

Re), we have
|J | >> Re−1:

∂

∂x
u +

∂

∂y
v = 0, (4)

u
∂

∂x
u + v

∂

∂y
u = − ∂

∂x
p +

∂2

∂y2
u, (5)

0 = − ∂

∂y
p + Jθ, (6)
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u
∂

∂x
θ + v

∂

∂y
θ =

∂2

∂y2
θ, (7)

Boundary conditions are:

u(x, y = 0) = 0, v(x, y = 0) = 0, (8)

θ(x, y = 0) = θw with θw = 1, u(x, y −→ ∞) = 1, θ(x, y −→ ∞) =
0, p(x, y −→∞) = 0.

3.2.2 Marching breakdown

The length scale L and the parameter J are independent, it contrasts with
the situation in Schneider & Wasel (1985) [32] or in Daniels & Gargaro
(1993) [26]. In the ”real mixed convection problem with stable stratification
flow”, the ”natural” longitudinal scale is effectively built with Richardson
number. It is the length that gives unit Richardson number
(
∣∣αg(T0 − T∞)LT U−2

∞ (U∞LT ν−1)−1/2
∣∣ = 1), so:

LT =
U∞
ν

(
U2
∞

−αg(T0 − T∞)
)2.

Note that J2LT = L. Schneider & Wasel (1985) [32] (scaled with LT ) showed
that this system leads to a singularity when solved with a marching (in
increasing x) resolution. They showed that the breakdown occurs for a
rather small abscissa. This is the reason why Steinrück (1994) [33] (scaled
with LT ) has investigated how the system (23-7) behaves when x tends
to 0. In figure 8 are displayed, with symbols, the reduced skin friction
from previous works compiled by Steinrück. The curves with numbers show
solution of the marching problem with slightly perturbed initial conditions
and come from his analysis near x = 0. Asymptotic analysis suggests,
however, that it is better to consider an intermediate scale L (with L << LT )
leading to Blasius boundary layer (with this scales x tends to 0 is the nose
effect) with a small thermal perturbation gauged by |J | << 1, this means
that the Richardson number built with this abscissa is smaller than one. So,
we will introduce the triple deck analysis.
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Removing the marching breakdown of the boundary-layer
equations for mixed convection above a cooled horizontal plate

Pierre-Yves Lagrée
Laboratoire de Modélisation en Mécanique

Université PARIS VI, FRANCE
Email: pyl@ccr.jussieu.fr

Keywords - Interacting Boundary Layer - Mixed convection - Triple Deck

Abstract -The thermal mixed convection boundary-layer flow over a flat horizontal cooled plate
is revisited. Written in boundary layer notations, the system to solve is:

∂

∂x
u +

∂

∂y
v = 0, u

∂

∂x
u + v

∂

∂y
u = −

∂

∂x
p +

∂2

∂y2
u, (1)

0 = −
∂

∂y
p + Jθ, u

∂

∂x
θ + v

∂

∂y
θ =

∂2

∂y2
θ. (2)

Boundary conditions are: (u(0, y) = 1, v(0, y) = 0, θ(0, y) = 0), (u(x, 0) = 0, v(x, 0) = 0, θ(x, 0) =
1), and (u(x,∞) = 1, θ(x,∞) = 0, p(x,∞) = 0). The parameter J gauges the effect of the buoy-
ancy. If this system is solved with a marching in x procedure in the cooled wall case (J < 0),
branching solutions appear (left fig.).
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The reduced skin friction f”(ξ, 0) = ∂u
∂y (x, 0)

√
x function of ξ = |J |

√
x: marching computations

(Steinrück JFM 278 (1994)) (left) and numerical resolution showing the reverse flow, each
curve is associated with different domain length xout (right).

The observed singular solutions which branch out may then be revisited in the framework of the
“triple deck” theory: two salient structures emerge, one in double deck, if |J | << 1, and another

Figure 8: the reduced skin friction f”(ξ, 0) = ∂u
∂y (x, 0)

√
x function of ξ = |J |

√
x:

compiled and computed by marching computations by Steinrück (JFM 94), the
numbered curves show solution of the marching problem with slightly perturbed
initial conditions (left). Numerical resolution showing the reverse flow, each curve
is associated with different domain length xout (right) by Lagrée [31].
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Hypersonique/ Thermique

commercial FLUENT. C’est ce que l’on observe sur la figure 2. À gauche sans
effet de gravité, l’effet d’expansion du chauffage de la plaque du bas défléchit
les lignes de courant vers le haut. À droite, l’effet de la gravité et donc de la
convection mixte fait tomber le fluide froid, on observe les profils de vitesse et
la séparation (courant de retour) induite sur la paroi du haut.

2.2 Convection thermique mixte sur une plaque plane ho-
rizontale froide [3], [4], [5], [10], [11], [8]

Le cas de convection thermique mixte académique est examiné.
Comme on l’a déjà dit, lorsqu’un fluide s’écoule sur une plaque plane hori-
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Fig. 3 – Le problème de la convection thermique mixte ; une plaque plane semi

infinie à température T0 plongée dans un écoulement à température différente T∞. Il

y a superposition des effets de convection forcée et de convection naturelle.

zontale à température différente, il y a un couplage entre les effets thermiques
et dynamiques via le terme de force d’Archimède. Ce régime est celui de la
”convection thermique mixte” laminaire.

Lorsqu’un fluide s’écoule sur une plaque plane semi- infinie refroidie, le cou-
plage par le terme d’Archimède rend la description de couche limite classique
singulière (Daniels & Gargaro JFM 93 vol 250 p233-251). En fait, le refroidis-
sement, en alourdissant le fluide crée une contre pression qui freine le fluide et
provoque une séparation de la couche limite.

De nombreux auteurs s’y sont cassé les dents, ils ont montré que la théorie
de la couche limite classique stationnaire conduisait à une singularité lorsque
l’on intégrait les équations en suivant le flot et lorsque la plaque est froide (le cas
de la plaque chauffée ne présente pas de difficulté numérique). Par ailleurs, les
résultats numériques pour la prédiction du point de séparation dépendaient des
auteurs. Steinrück (J. Fluid Mech., vol 278, pp. 251-265, 1994) a ensuite montré
que l’on pouvait en fait obtenir une infinité de positions du point de singularité,
tout dépend des perturbations que l’on introduit dans la résolution (figure 5, on
voit le frottement pariétal réduit f ′′

0 en fonction de la distance au bord d’attaque.

Ce problème est quasi identique à ce qui se produit dans les couches li-
mites hypersoniques de convection forcée (le mécanisme est différent mais les
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Fig. 6 – Calcul, on observe l’épaississement de l’épaisseur de déplacement. Il y a un

ressaut ”thermique” exactement comparable à un ressaut hydrodynamique dans une

couche mince visqueuse d’eau.

namique. Il y a en effet possibilité de faire une analogie entre les deux problèmes.

Ce phénomène fondamental est donc maintenant compris, damant le pion à
H. Steinrück de l’université de Vienne (qui eut un prix académique Autrichien
pour ses travaux sur ce sujet !). Mon travail permet d’englober ce qu’il a fait et
de passer la singularité et les solutions de branchement qu’il a observées sans
comprendre, en effet il a fait une analyse en perturbation des équations de couche
limite qui comme je l’ai montré se révèlent être la description en triple couche.
J’ai rajouté que les équations n’étaient pas paraboliques mais avaient besoin
d’une condition en aval. Elles peuvent ainsi être résolues numériquement et la
contre pression due au refroidissement peut provoquer une zone de recirculation.

3 Cas des chambres à flux et de la MOCVD

Par analogie classique entre les phénomènes de transferts thermiques ou
massiques, nous avons joué avec l’analogie. Nous nous sommes donc intéressés
au problème de la couche limite de réaction chimique dans un écoulement simple
donné. L’écoulement de base est en général un « Poiseuille » simple. Il transporte
un réactif qui va réagir avec un autre constituant qui adhère à la paroi. Par
rapport au cas thermique, la condition sur la paroi est donc très différente.

3.1 Cas MOCVD, [13], [14], [15], [19]

Cette configuration correspond aux réacteurs chimiques utilisés dans l’in-
dustrie des semiconducteurs MOCVD déjà évoqués.
Dans le cas où la région réactive est très très petite, on a une équation de Fick
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Figure 9: the kind of ”mixed thermal convection” hydraulic jump. The observed
singular solutions which branch out may then be revisited in the framework of
the “triple deck” theory: two salient structures emerge, one in double deck, if
|J | << 1, and another in single deck, if |J | = O(1). Those two structures are a
reinterpretation of Steinrück (94) results. This proves that the marching procedure
is not relevant and that an output boundary condition has to be imposed. A
numerical simulation of the unsteady version of (1)- (2) is carried out whith the
ad hoc output boundary conditions: ∂xf(x = xout, y) = 0, (where f = u, v, θ, p)
Depending of the size of the computational domain xout (right fig.), the preceding
(left fig.) branching solutions are reobtained, some of them correspond to the
separation of the boundary layer (as predicted by the triple deck theory).
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4 Asymptotic analysis: the triple deck tool

4.1 Small J, with displacement

4.1.1 Main Deck

Here we look for eigen solutions in a boundary layer slightly perturbed by
the thermal effect in order to show that system (23-7) is not parabolic in x
when the plate is cooled. We use the word ”parabolic” for a system of P.D.E.
in the sense of a system that can be integrated in marching in x direction
from upstream to downstream (with no separation). The basic flow, driven
by the free stream uniform velocity, is a classical Blasius boundary layer
(thermal and dynamical effects are not coupled). We study how a localized
disturbance evolves at the distance L downstream from the leading edge. At
this point, the boundary layer thickness is Re−1/2L. Pure thermal convec-
tion is relevant as long as the transverse gradient from equation (6) is small
which implies 1 >> |J |. So, in this framework, the forced thermal boundary
layer is of the same thickness as the dynamic one, and the velocity at station
x = 1 is the basic Blasius velocity profile (say U0(y), the transverse variable
is then the same as the self similar one) and θ is simply θ0(y) = 1− U0(y).
The choice of L smaller than LT suggests expanding in powers of a small
parameter ε linked to J .

Having defined the ”basic state”, we follow the classical ”triple deck”
analysis (Neiland (1969) [14] ), Stewartson & Williams (1969) [20], and more
precisely Lagrée (1995) [30]): system (23-7) is re-investigated with a smaller
longitudinal scale, say x3L (with x3 � 1 and x = 1 + x3x̄), this scale is
sufficiently small so that the preceding profiles may be considered as frozen.
The reason for this new scale is the fact that near the breakdown point the
gradient of the skin friction is infinite at scale 1, so we hope to render it
O(1) at this smaller scale. This layer with height δL and length x3L is in
fact the ”main deck”. Next we suppose that the perturbation of longitudinal
speed in the ”main deck” is of the order of ε and the pressure of the order
of ε2, where ε is unknown (but depends on δ, J and x3), so we recover that
at these scales the inviscid problem with no longitudinal pressure gradient.
The perturbations are then linked by an up to now unknown displacement
function of the boundary layer called −A(x̄) by Stewartson. In the ”main
deck”, the adimensionalized velocities and temperature up to the order of ε
are:

u = U0(y) + εA(x̄)U ′
0(y); v =

−εA′(x̄)U0(y)
x3

& θ = θ0(y) + εA(x̄)θ′0(y)

(9)
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For the temperature, as for the speed, there is a matching between the outer
limit of the main deck and the inner limit of the upper deck, and likewise
for the bottom of the main deck and the top of the lower deck (those decks
are defined latter). We see that the temperature behaves as the Stewartson
S function (total enthalpy) in hypersonic flows (Brown et al. (1975) [5],
Brown & Stewartson (1975) [7], Neiland (1986) [16] ). This perturbation of
temperature gives rise to a transverse change of pressure through the ”main
deck”; we develop (6) in powers of ε as follows:

∂

∂y
p0 + ε

∂

∂y
p1 + ε2 ∂

∂y
p2 + 0(ε3) = J(θ0(y) + εA(x̄)θ0(y)) + 0(ε3) (10)

At this stage, for |J | << 1 by minor degeneration (i. e. to retain the
maximum of terms), we put J = εJ̃, because J is small with J̃ being a
reduced Richardson number of the order of 0(1). Looking at each power of
ε, we see that the first term is zero (as we supposed in the Blasius Boundary
layer); the second one shows that there is a pressure stratification coming
from basic temperature profile (

∫∞
0 θ0(y)dy), it does not depend on x̄ at the

short scale x3, and it will appear that such a term can be ignored in the
following analysis; the third one integrates (using θ0(∞) = 0; θ0(0) = 1 by
definition) as:

p2(x̄, y →∞)− p2(x̄, y → 0) = J̃A(x̄)(θ0(∞)− θ0(0)) = −J̃A(x̄),

where p2(x̄, y → ∞) splices with upper deck and p2(x̄, y → 0) with lower
deck hitherto both being not defined. The case J of the order of one will is
discussed in Lagrée [31].

4.1.2 Lower deck

From the solution (9) we see that the no slip condition is violated: u →
U ′

0(0)(y+εA), and θ → θ′0(0)(y+εA) as y → 0. So we introduce a new layer
of thickness ε (in boundary layer scales), and scale y by εȳ, so the scale of
u is εū and, by least degeneracy of equation (2), we have p = ε2p̄ (which
is consistent with the matching ε2p2(x̄, y → 0) = ε2p̄(x̄, ȳ → ∞) ) and v is
of the order of ε/x3 . The convective diffusive equilibrium gives the relation
between x3 and ε: x3 = ε3. The problem of mixed convection near the wall
is then:

∂

∂x̄
ū +

∂

∂ȳ
v̄ = 0, (11)

ū
∂

∂x̄
ū + v̄

∂

∂ȳ
ū = − d

dx̄
p̄ +

∂2

∂ȳ2
ū, (12)
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ū
∂

∂x̄
θ̄ + v̄

∂

∂ȳ
θ̄ =

∂2

∂ȳ2
θ̄, (13)

Boundary conditions are no slip at the wall θ̄(x̄, 0) = 1, A(−∞) = 0, and
for ȳ → ∞, the matchings: ū → U ′

0(0)(ȳ + A), p̄ → p2(x̄, y → 0) and
θ̄ → 1 − U ′

0(0)(ȳ + A). This set of non linear equations is relevant in the
”lower deck” of length x3L = ε3L and of height εδL placed at station 1;
here, the thermal and the dynamical problem are uncoupled. In this thin
layer of small extent, the pressure coming from the main deck is the most
dangerous for the velocity and may lead to separation.

4.1.3 The upper deck

Possibility of retroaction with the external flow The perturbations
of transverse velocity and pressure at the edge of the main deck introduce a
perturbation in the inviscid flow: the upper deck is of size ε3 in both direc-
tions. This perturbation is solved by the standard technique of linearized
subsonic perfect fluid, this gives the Hilbert integral (the new pressure dis-
placement relation):

1
π

∫
−A′

x̄− ξ
dξ − p2(x̄, y → 0) = −J̃A(x̄)

and the usual gauge (Smith (1982) [4]): ε = δ−1/4 = Re−1/8 (so J =
Re−1/8J̃) and this gives the lower limit for x3 = Re−3/8 in the preceding
§. The effect of the temperature is to add a new term proportional to the
displacement function A, it may be interpreted as a hydrostatic pressure
variation.

Retroaction only in the boundary layer Consideration of (9) shows
that another (but equivalent) choice of ε could have been made: ε = |J |.
With this choice, x3 = |J |3 , and the preceding relation reads:

|J |−4 Re−1/2

π

∫
−A′

x̄− ξ
dξ − p2(x̄, y → 0) = −(|J | /J)A(x̄).

This choice implies that we concentrate on thermal effects rather than on
perfect fluid effects, if |J | ∼ Re−1/8 (note that Re−1/8 >> Re−1/2), the
three terms are of the same magnitude (as seen in the preceding paragraph).
Now, if |J | >> Re−1/8 (or J̃ bigger than one) there is no interaction of the
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boundary layer with the external perfect fluid, the thermal effect is dominant
and the pressure displacement relation degenerates in the form:

p2(x̄, y → 0) = p̄(x̄) = −A(x̄), (14)

for a cold wall (J < 0), and in the form:

p2(x̄, y → 0) = p̄(x̄) = A(x̄), (15)

for a hot one (J > 0), where in both cases Re−1/8 � |J | � 1. This shows
that the upper deck is not necessary for the interaction to take place, the
same phenomenon exists in free convection hypersonic flows (Brown et al.
(1975) [5] or Neiland (1986) [16] and Brown Cheng & Lee (1990) [6]) for
cold wall.

4.1.4 The fundamental problem of mixed convection on ”double
deck” scales with displacement

Finally, the mechanism relevant for the problem of infinitely small mixed
convection is without external perfect fluid retroaction, the whole process of
interaction takes place in the ”main deck”. This is a double deck interaction.
We write here the final re-scaled problem (in order to avoid U ′

0(0)). With
scales:

x = L + |J |3 (L/U ′
0(0))x̃, y = |J | ((U ′

0(0))−2L/Re1/2)ỹ
t = |J |2 (L/U∞)t̃
u = |J | ((U ′

0(0))−1U∞)ũ, v = (|J |−1 ((U ′
0(0))−2U∞Re−1/2)ṽ,

p = J2((U ′
0(0))−2ρU2

∞)p̃

(and Re−1/8 � |J | � 1), the final ”canonical problem of infinitely small
mixed convection” is:

∂

∂x̃
ũ +

∂

∂ỹ
ṽ = 0, (16)

∂

∂t̃
ũ + ũ

∂

∂x̃
ũ + v̄

∂

∂ỹ
ũ = − d

dx̃
p̃ +

∂2

∂ỹ2
ũ, (17)

Boundary conditions are: no slip at the wall (ũ = ṽ = 0 in ỹ = 0), no
displacement far upstream (Ã = 0 in x̃ → −∞), the matching ỹ →∞, ũ →
ỹ + Ã and the coupling relation (hot wall, sign(J) = 1, cold wall sign(J) =
−1):

p̃ = sign(J)Ã. (18)

- VI . 19-



examples IBL

Figure 10: the two final layers involved: the boundary layer itself and a thin wall
layer.

The introduction of time changes only the ”lower deck” by the adjunction
of the ∂ũ/∂t̃ term (Smith (1979)[3]). Figure 10 displays a rough sketch of
the double deck structure.

4.1.5 Resolution

The eigen value solution System (16-18) admits the Blasius solution
ũ = ỹ as the basic one. Invariance by translation in space and time suggests
linearized solutions of the form:

ũ = ỹ + aei(kx̃−ωt̃)f ′(ỹ), ṽ = −ikaei(kx̃−ωt̃)f(ỹ), & p̃ = aei(kx̃−ωt̃),

were a << 1. After substitution, f verifies an Airy differential equation
with the variable η = (ik)1/3ỹ , so classically we find:

− f ′(∞) =
(ik)1/3

Ai′(−i1/3ω/k2/3)

∫ ∞

−i1/3ω/k2/3

Ai(ζ)dζ. (19)

Cold wall, eigen value and comparison with Steinrück In the case of
cold wall, the coupling ( p̃ = −Ã) gives 1 = −f ′(∞), and a stationary expo-
nentially growing solution may be obtained: ω = 0, ik = Λ = (−3Ai′(0))3 '
0.47. We recover the same behavior as in hypersonic flows (Brown et al.
(1975) [5] and Gajjar & Smith (1983) [49]), in the birth of hydraulic jumps
(Bowles & Smith (1992) [48]) and in supersonic pipe flows (Ruban & Timo-
shin (1986) [17]). Λ is called the Lighthill eigenvalue, it shows that there is
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upstream influence, for example the preceding solution is the linearization
of what happens far upstream of the separating point. The occurrence of
eigen functions states that system (23-7) is not parabolic.

We have proved that the perturbation grows like e(−3Ai′(0))3x̃. It may be
compared with Steinrück’s result: he showed that the system (23-7) scaled
longitudinally by LT admits near the origin eigen function growing like
exp(λ+

0

ξ4
0
ξ) where λ+

0 = 2U ′
0(0) (− 3Ai′(0))3, (formula 2.29 from [33] or A.15

from [34], with Pr = 1, U ′
0(0) = f ′′(0) = 0.3321 and

∫∞
0 Ai(ζ)dζ = 1/3)

where ξ = (x/LT )1/2 and where ξ0 is the place where the flow is perturbed.
If we substitute λ+

0 , ξ and ξ0 in the exponential, bearing in mind L/LT = J2,
and |J | � 1, and ξ0 is (L/LT )1/2 i.e. |J |), we rewrite it with our variables,
and develop with the first power of |J |:

e

λ+
0

ξ40
ξ

= exp(
λ+

0

|J |3
(1+|J |3 (1/U ′

0(0))x̃)1/2 ) ∼ exp(|J |−3 λ+
0 +λ+

0 (1/U ′
0(0))x̃/2))

so, factorizing exp(|J |−3 λ+
0 ) and substituting the value of λ+

0 , we recover
the exponential growth with x̃:

exp((−3Ai′(0))3)x̃).

So the conclusion is that the triple deck theory (which is a theory in the
limit of small J at x = 1) is equivalent to Steinrück’s result (with only a
different choice of scales: LT instead of L so J = 1 and x is small).
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4.2 Thermal Jets

Case of vertical plate El Hafi [27] , Exner Kluwick [28]...

4.3 Jet and Plumes

In this case the system is:

∂

∂x
u +

∂

∂y
v = 0, (20)

u
∂

∂x
u + v

∂

∂y
u = Jθ +

∂2

∂y2
u, (21)

u
∂

∂x
θ + v

∂

∂y
θ =

∂2

∂y2
θ, (22)

Boundary conditions are far away : u(x, y −→ ∞) = 0, θ(x, y −→ ∞) = 0
∂
∂yθ(x, y = 0) = 0 ∂

∂yu(x, y = 0) = 0 with a given first profile, here Poiseuille.
In the case of J > 0 the solution is very simple and one goes from the
Poiseuille profile to the jet profile, and then to a jet profile to a plume
profile.
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1

0.01 0.1 1 10 100

calcul J=0   
calcul J=0.01
pente -1/3   

Figure 2: Premier effet d'entrée: passage de Poiseuille à Bickley, en abscisse x- en ordonnée la

vitesse au centre  u
~

(x-,y
~

=0).
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Figure 3: Second effet d'entrée: passage à la solution autosemblable finale du panache, en

abscisse x- en ordonnée la vitesse au centre  u
~

(x-,y
~

=0).
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Figure 11: Velocity at the center of the Jet. Left the centerline velocity decreases
from Poiseuille to the Bickley jet profile in x−1/3 and then increases again. Right,
the new increase corresponds to the plume solution with a centerline velocity in
x1/5.
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5 Shallow water equations

5.1 Saint Venant Equations

5.2 Hydraulic jump in a viscous laminar flow

Exactly the same kind of interaction may be observed with a liquid layer
(Higuera [50] and [51] ). In this case the ∂

∂yp is constant, it is the inverse of
the Froude number (say S), the pressure is then hydrostatic:

∂

∂x
u +

∂

∂y
v = 0, (23)

u
∂

∂x
u + v

∂

∂y
u = −S

d

dx
h +

∂2

∂y2
u, (24)

with boundary conditions : u = v = 0 at y = 0, and ∂
∂yu = 0, v = udh

dx at the
interface h. Plus a given first profile solution. But if of course this problem
seems to be parabolic it is not so that an output boundary condition has to
be included.

The hydraulic jump in a viscous laminarjow 71 

1.5. 

0 0.5 1.0 1.5 2.0 

0 0.2 0.4 0.6 0.8 1 .o 
x / t  

FIGURE 1. Definition sketch, scaled velocities according to Watson’s solution, and streamlines of 
the flow for S = 9. 

Their results show good agreement with the experimentally determined surface shapes 
of Craik et al. (1981) for the fore part of the jump. 

In this paper, the boundary-layer approximation is taken a step forward to describe 
the flow in the whole of a planar hydraulic jump in the limit of infinite Reynolds 
numbers. It turns out that the boundary-layer problem is not parabolic for any finite 
Froude number, and its solution depends on the downstream conditions, which is one 
of the basic ingredients required for a jump to exist. The other characteristic of a jump, 
its abruptness in the scale of the overall flow, requires, on the contrary, that upstream 
information propagation be difficult or inefficient ahead of the jump. In the present 
viscous flow, this is achieved when the Froude number is very high at the upstream end 
of the layer. Special attention is therefore paid to the double asymptotic limit of large 
Reynolds and Froude numbers, looking for the inner structure of the strong jumps that 
arise in these conditions, which dissipate most of the energy fed into them by the 
incoming flow. The effects of surface tension and cross-stream pressure variation are 
also taken into account, and the latter is shown to lead to a qualitative change in the 
jump structure, involving a local breakdown of the boundary-layer approximation. 

The paper is organized as follows. The boundary-layer problem for the planar flow 
over a finite-length plate is formulated in $2, where some properties of the flow in the 
asymptotic limits of interest are also discussed. Section 3 is devoted to the numerical 
solution of the problem, including a brief description of the numerical method used 
and a discussion of the emerging hydraulic jump and its evolution with increasing 
Froude numbers. The asymptotic structure of the jump for very large Froude numbers 
is analysed in $4, which ties in with the description of Bowles & Smith of the flow in 
the interaction region at the leading end of the jump. Approximate values of the length 
and depth ratio of the jump, and of the friction with the wall, are obtained. A possible 
instability is pointed out, suggested by the nature of the flow in the interior of the jump. 
The effects of surface tension and streamline curvature are discussed in $ 5 ,  where 
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X 

FIGURE 2. Skin friction and liquid depth for several values of S with the boundary conditions 
(11). a, S = 0 . 5 ;  b, S =  1 ; c ,  S = 2 ; d , S = 4 ; e ,  S = 7 ; f ,  S =  10. 

flow is seen to remain supercritical over the whole layer, and the condition at x = 1 has 
very little effect. As S increases, the depth of the layer near the edge first rises faster 
than linearly and then decreases under the action of the condition at the edge. An 
incipient hydraulic jump begins to form and moves steadily upstream and develops a 
recirculation bubble at the bottom as S is further increased, until a form of fully 
developed jump comes into existence when S is still O(1). The size of this jump, 
however, is comparable to that of the plate, so that it can hardly be considered an 
abrupt transition. This structure evolves without apparent qualitative changes, moving 
upstream and decreasing in size as S increases. The streamlines in figure 1 are for S = 
9, and figure 2 shows the distributions of wall shear stress and depth for several S. As 
can be seen, the depth upstream of the jump increases linearly with the distance from 
the origin, reflecting very little influence of the gravity in this region. Then, the depth 
rises very rapidly, even at these moderate values of S, and the recirculation bubble 
takes a quasi-parabolic shape near its leading tip (figure l), which is in qualitative 
agreement with the predictions of Bowles & Smith (1992). The rear tip of the bubble 
is only slightly upstream of the point of maximum depth, and the distance between 
these points decreases with increasing S (figure 2). That the recirculation bubble be 
always in the region of increasing depth is a necessary condition for its equilibrium, 
because the resultant pressure force on the bubble must be directed toward the left in 
figure 1 to balance the shear forces exerted by the wall and by the fluid flowing above 
the bubble, which are directed toward the right. Figure 3 gives the position of the jump, 
defined by the leading tip of the recirculation bubble, and the ratio of the maximum 
depth to the depth at the separation section for several values of S. The agreement of 
xJ with the asymptotic result (7) is good even for moderate values of S. 

The fluxes of momentum and energy, 
h I1 

+M = Jo u2 dy+;Sh2, + E  = J fu3 dy + SII, 
0 

Figure 12: The hydraulic jump as an interacting problem.
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6 Blood Flows

6.1 Equations

Same long wave or thin layer approximation may be done for the viscous
flow in arteries. The flow is supposed axi symmetrical u = u(x, r), v(x, t)
and the radius of the vessel is written R(x, t). then

∂u

∂x
+

∂

r∂r
(rv) = 0, (25)

and as again the pressure is constant in every section p(x, t):

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂r
= −ρ−1 ∂p

∂x
+ ν

∂

r∂r
(r

∂u

∂r
),

∂p

∂r
= 0, (26)

with v(x,R, t) = ∂R
∂t et u(x,R, t) = 0 at the wall.

6.2 Classical Integral equations

By integration of the incompressibility equation (25), taking into account
the velocity of the wall v(x,R, t) = ∂R/∂t, and defining the flux

Q =
∫ R

0
2πurdr S = πR2. (27)

so that
∂S

∂t
+

∂Q

∂x
= 0. (28)

The conservative formulation

∂ru

∂t
+

∂ru2

∂x
+

∂ruv

∂r
= −ρ−1r

∂p

∂x
+ ν

∂

∂r
(r

∂u

∂r
),

∂p

∂r
= 0. (29)

gives:
∂Q

∂t
+

∂

∂x
(
∫ R

0
2πu2rdr) = −Sρ−1 ∂p

∂x
+ 2πν[r

∂u

∂r
]R. (30)

To go on, one has to do some other hypothesis to link Q and Q2 =
(
∫ R
0 2πu2rdr) and the skin friction ν[r ∂u

∂r ]R. We have to close the equations
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6.3 Integral equations with displacement

Here we adapt Von Kármán integral methods (from aerodynamics Schlicht-
ing (1987) [2]) to the system (??-??). The key is to integrate the equa-
tions with respect to the variable η from the centre of the pipe to the wall
(0 ≤ η̄ ≤ 1 with η = r/R). So, we introduce Ū0, the velocity along the axis
of symmetry, a kind of loss of flux q̄, and Γ̄ as follows:

Ū0(x̄, t̄) = ū(x̄, η̄ = 0, t̄), q̄ = R̄2(Ū0−2
∫ 1

0
ūη̄dη̄) & Γ̄ = R̄2(Ū2

0−2
∫ 1

0
ū2η̄dη̄).

(31)
We note that q̄ is like the flux difference between a perfect fluid profile and
the real one; it is analogous to the displacement thickness δ1 well known in
aerodynamics. Γ̄ is nearly analogous to the energy displacement thickness
δ2. In aerodynamics the shape factor H links δ1 and δ2. Our new unknown
functions are q, R and U0, and we now establish their P.D.E. of evolution.
Once again in establishing the fluid motion equation, we suppose that ε2

is not necessarily too small and α = O(1). The transverse integration of
the incompressibility relation (??) with the help of the boundary conditions
(??) gives:

∂R̄2

∂t̄
+ ε2

∂

∂x̄
(R̄2Ū0 − q̄) = 0, R̄ = 1 + ε2h̄. (32)

If we integrate (??), with the help of the boundary conditions (??), we
obtain the equation for q(x, t):

∂q̄

∂t̄
+ ε2(

∂

∂x̄
Γ̄− Ū0

∂

∂x̄
q̄) = −2

2π

α2
τ, τ = (

∂ū

∂η̄
)|η̄=1 − (

∂2ū

∂η̄2
)|η̄=0. (33)

From the same equation (??) (and from (??)), evaluated on the axis of
symmetry (in η = 0), we obtain an equation for the velocity along the axis
U0(x, t):

∂Ū0

∂t̄
+ ε2Ū0

∂Ū0

∂x̄
= −∂p̄

∂x̄
+ 2

2π

α2

τ0

R̄2
, τ0 = (

∂2ū

∂η̄2
)|η̄=0. (34)

The two previous relations introduced the values of the friction in η = 0,
the axis of symmetry: ((∂2ū

∂η̄2 )|η̄=0) and the skin friction in η = 1, at the wall:
((∂ū

∂η̄ )|η̄=1). Information has been lost here, so we need a closure relation
between (Γ̄, τ, τ0) and (q̄, R̄, Ū0). As there are so far no ambiguities, we
remove the bars over the adimensionnalized symbols.
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6.4 The wall

Mostly used is a kind of elastic wall as:

µ
∂2R

∂t2
+ η

∂R

∂t
+ κ(R−R0) = p− p0 (35)

this is a set of viscoelastic strings. But often only a string like behavior is
considered:

p− p0 = κ(R−R0) (36)

6.4.1 Womersley

There exist an exact solution of (29) without non linear term and with a
given oscillating wave pressure: p = peiωt−ikx with k = ω/c:

∂u

∂t
= +

ikp

ρ
+ ν

∂

r∂r
(r

∂u

∂r
), (37)

so with (25):

u =
p

ρc
(1− J0(i3/2αr/R)

J0(i3/2α)
)eiωt−ikx, (38)

v =
iωp

ρc2
(
r/R

2
− i3/2J1(i3/2αr/R)

αJ0(i3/2α)
)eiωt−ikx. (39)

Defining the Womersley number:

α = R

√
ω

ν
. (40)

tuyau souple 9

Ou, si on préfère, sur une demi période on a reporté toutes les vitesses:
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3-5 fermeture du système intégral.

Comme en aérodynamique, le système d'équations globales:
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n'est pas un système fermé. Pour résoudre cette difficulté, une méthode originale, due à
Pohlhausen (Schlichting (1987)) consiste à se donner un champ des vitesses approximatif. Ce
dernier respecte les conditions aux limites d'adhérence et approche au mieux les profils
expérimentaux.
Nous gardons ici l'esprit de la méthode mais nous l'adaptons au cas instationnaire. Dans la
recherche d'un profil pertinent, nous sommes guidés par l'étude du  problème linéarisé  pour
lequel nous disposons de la solution analytique de Womersley écrite en formulation complexe
(Womersley (1955)) sous la forme ad hoc:

U F x t iG x t j ijWomersley r i= + +( ( , ) ( , ))( ( ) ( ))%& %&

où on a séparé la dépendance en x et t de la dépendance dans le rayon réduit !=r/R.

( ( , ) ( , )) (
( )

)
/

( )F x t iG x t
kp

J i
ei t kx

+ = # #

. %
.1

1

0

3 2
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)
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%
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#
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1

0

3 2

0

3 2

0

3 2

,

cette dernière fonction est ainsi posée de manière à être égale à 1 au centre.

Dans la suite, on approxime le champ des vitesses en conservant la même dépendance en

variable radiale !. Ce qui, d'une certaine manière, suppose que c'est le mode fondamental qui
impose la structure radiale de l'écoulement. Belardinelli & Cavalcanti  1992 proposent une
décomposition sur des profils de vitesse qui ne sont pas physiques sauf dans le cas Poiseuille.
Zagzoule & al 86 utilisent des profils fondés principalement sur Poiseuille.

On pose donc ([z]* est le complexe conjugué de z):

Figure 13: Womersley Profiles during one half period.

Those profiles are used to close the system.
This allows to build an integral method for the flow.
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6.4.2 Closure

As in aerodynamics, the previous system of equations is not closed: we have
lost details of the velocity profile in the integration process. Therefore, we
have to imagine a velocity profile and deduce from it relations linking Γ, τ
and τ0 and q, U0 et R. These relations are found from the radial dependence
of u. Pohlhausen’s idea, explained in Schlichting (1987) [2] or Le Balleur
(1982) [1], consists in postulating an ad hoc velocity distribution in η which
fits the boundary conditions and ”looks like” observed profiles. Here the
most simple idea is to use the profiles from the analytical linearized solution
given by Womersley (1955) [43] for the case with no transverse pressure
variation that we have already seen. This solution in complex form (i2 = −1)
is rewritten as:

UWomersley = (FW (x, t) + iGW (x, t))(jr(αη) + iji(αη)), (41)

where FW , GW , ji and jr are real functions defined as follows:

(FW (x, t)+iGW (x, t)) =
kp

c
(1− 1

J0(i3/2α)
)ei2π(t−x/c), (jr+iji) =

1− J0(i3/2αη)

J0(i3/2α)

1− 1
J0(i3/2α)

 .

Thus, we will assume that the velocity distribution in the following has the
same dependence on η. It means that we suppose that the fundamental
mode imposes the radial structure of the flow. The real velocity is:

u = 1/2 ((F + iG)(jr + iji) + cc) = (Fjr −Gji), (42)

where F (x, t) and G(x, t) are now real unknown functions that we want to
find and cc is the conjugate complex. We immediately see that U0(x, t) =
F (x, t) (because jr(0) = 1 and ji(0) = 0) and that if we compute q with
(42) we obtain G(x, t) as:

G(x, t) =
q/R2 − U0 + U02

∫ 1
0 jrηdη

2
∫ 1
0 jiηdη

. (43)

The two functions F and G are only functions of (U0, R, q) and we keep the
Womersley radial dependence.

6.4.3 The coefficients of closure

The velocity at any radius η (42) and (43) may be written with the value of
the velocity at the centre U0 ,the radius R, and the loss of flux q. Next, by
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integration, we obtain Γ as a function of (U0, R, q) and, by derivation, we
obtain τ and τ0 as functions of (U0, R, q):

Γ = γqq
q2

R2
+ γquqU0 + γuuR2U2

0 , τ = τq
q

R2
+ τuU0 τ0 = τ0q

q

R2
+ τ0uU0.

(44)
This closes the problem. The coefficients ((γqq, γqu, γuu), (τq, τu), (τ0q, τ0u))
are only functions of α. They involve combinations of integrals and deriva-
tives of the Bessel function. For example we have (if

∫
f is a shorthand for∫ 1

0 f(η)dη and ∂ηfη=0 an other for ∂f
∂η (0)):

γuu = 1−
∫

j2
i /(

∫
ji)

2 − (2
∫

jrji)/
∫

ji −
∫

j2
r +

+(2
∫

j2
i

∫
jr)/(

∫
ji)

2 + (2
∫

jijr

∫
jr)/

∫
ji −

−(
∫

j2
i (

∫
jr)

2)/(
∫

ji),

τ0u = ∂2
ηjrη=0 + ∂2

ηjiη=0/

∫
ji − (∂2

ηjiη=0

∫
jr)/

∫
ji.

These coefficients are nearly constant for α < 5. For α small we obtain from
the preceding computations:

((
−6
5

,
11
5

,
−2
15

), (24,−12), (−12, 4)), (45)

so, we recover the values for the Poiseuille profile at small frequency. The
fact that those coefficients are nearly constant makes the model robust. For
α →∞ (in practice, α > 12 is enough) we find from asymptotic behaviour of
Bessel functions and from the preceding computations the asymptotic form
of the coefficients:

((
−α

4
√

2
, 2,−

√
2

2α
), (α2/2,−α

√
2), (0, 0)).

One can easily show that this is coherent with Wormesley’s solution in the
limit of large α. We note that for α →∞ and ε2 = 0, the wave solution for
q is

q =
√

2
απ

(1− i)e2iπ(t−x/x), c =

√
k

2
(1−

√
2

α
(1− i) + O(α−2).

Now equations (??), (32), (33) and (34 ) with the closure (44) define a set
of four monodimensional equations linking the pressure p, the velocity along
the axis U0, the loss of flux q and the variation of the radius h.
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6.4.4 Remarks

1- The main difference from other integral methods ([40] , [41], [42], [46],
[45], or [44] ...) in our approach is the introduction of an auxillary partial
differential relation (33) obtained from an aeronautical analogy. Instead of
q, Γ and U0 authors mainly use Q, Q2 and U0:

Q =
∫ R

0
2πurdr Q/π = U0R

2 − q

Q2 =
∫ R

0
2πru2dr Q2/π = U2

0 R2 − Γ

If we substract (32) from (33) we obtain the classical system of two equa-
tions:

2πR
∂R

∂t
+ ε2

∂

∂x
(Q) = 0,

∂Q

∂t
+ ε2

∂

∂x
(Q2) = −πR2 ∂p

∂x
+ π

2π

α2
(
∂u

∂η
)|η=1

Often, the relation for Q2 is written as Q2 = Q2

πR2 (in this case the radial vari-

ation of the profile is neglected: flat profile) or Q2 = 4Q2

3πR2 (parabolic profile:
see equation (45)). Note, that we have instead a third differential equation
to link Q1 and Q2. The effect of the skin friction (τ1 = 2π

α2 (∂u
∂η )|η=1) is often

estimated by τ1= − 8π
α2

Q
πR3 , true for a Poiseuille flow only ((45) again). It

may be replaced by an unsteady relation (deduced from unsteady Poiseuille
flow) such as:

Tτ
∂τ1

∂t
+ τ1 = − 8

α2
(Q + TQ

∂Q

∂t
+ ...)

See Yama et al (1995) [44] for the derivations and values of coefficients Tτ

and TQ. We do not claim that our description is better, but for a sinusoidal
input we find again (at any frequency) the Womersley linear solution. Our
profiles are realistic in the sense that they present overshoots in the core
and back flow near the wall. This is not the case when the closure is simply
τ1= − 8π

α2
Q

πR3 or in the case of very peculiar profiles chosen by Belardinelli &
Cavalcanti (1992) [36].

2- We noted that the coefficients vary little with α, this shows that our
model is very robust: it is easy to see that equations (32) and (33) are
invariant under the rescaling t → t/Ω, /

√
Ω, and c → c, if τ is taken con-

stant (independant of α). This explains why methods based on Poiseuille
coefficients are robust too.
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6.5 Interactive problem

The interactive problem is mainly solved in an 1D description ([40], [45]). As
people solved linearised systems at first, it was clear that those equations
reduce to wave equations and need two boundary conditions one at the
entrance, the other at the output. Some solutions of the full interacting
problem have been done by [38] and [37]

7 Conclusion on Interactive problems

No definite conclusion will be given, we insist on the fact that some thin
layer flows must be solved with the good set of boundary conditions. The
supersonic paradox of the ”free interaction” is in fact present in a lot of
flows (hypersonic, mixed convection, artery, supercritical...).
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