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We describe here the coalescence and formation of droplets, in a Hamiltonian kinetics of a fi
order phase transition. In the process of coalescence, the typical linear size of single phase dom
grows as a power of time. The density correlation function follows the usual self-similar dynam
scaling. For different initial conditions, we observe the nucleation and dynamics of stable pulses. T
stability of such pulses in one dimension is also computed. Both results may be relevant to superfl
He4 cavitation or for filamentation in nonlinear optics and for the recent evidence of Bose-Einste
condensation in Li7. [S0031-9007(97)02409-5]
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The well known process of the formation of singula
ities at finite time in nonlinear wave phenomena (for in
stance optics) is generically described by the (focusin
nonlinear Schrödinger equation [1]

i≠tc ­ =2c 1 jcj2c . (1)

Herec is a complex quantity representing the amplitud
of the wave, i.e., the electric field in optics. The nonline
term represents the action of a refraction index depend
on the field intensity. For spatial dimensions equal a
higher than two and for a large set of initial conditions th
electric field diverges at a finite time.

Experimentally we observe in optics only a kind o
filamentation, i.e., two dimensional pulses of very hig
but finite intensity (see, for instance, [2]). We ma
imagine that physically the appearance of singulariti
at finite time and collapsing waves are, in some sen
“fictions,” since for very large electric fields we mus
include higher orders in the expansion of the nonline
refraction index. As a consequence, the divergence
stopped, creating stable and intense light pulses. In H4

superfluidity, those pulses must be regarded as superfl
droplets.

We study the formation of these localized structur
when higher order terms are added to Eq. (1). W
describe a Hamiltonian system where the energy has
local stable minima. In some sense, by analogy w
the bifurcation theory, this can be called a “subcritica
conservative dynamic. The physics observed in t
numerics is very analogous to the formation of droplets
a “dynamical” first order phase transition. By dynamic
we mean that all the physical processes take place
of equilibrium; moreover, there is no explicit relaxatio
process: The dynamics are completely reversible (a
Hamiltonian).

A purely variational (and nonconservative in the sen
of matter) dynamics does not lead to stable drople
because of the minimization of the free energy of th
system, which finally is completely filled by the mos
stable phase. However, stable solitary waves induc
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by subcritical nonvariational instabilities were discovere
some time ago by Thual and Fauve [5] and studied
detail later [6]. In this case, the nonvariational effec
stabilize the solitons.

In this Letter we show that stable solitary waves aris
1D, 2D, and 3D whenever we add a fifth power term
to Eq. (1). We show also a mechanism of coalescen
between the liquid droplets or gaseous bubbles, lead
finally to two stable domains in a finite volume. Thi
process follows a self-similar dynamical scaling. Finally
we argue that the pulses or droplets are stable beca
of the mechanism of coalescence which transfer (irr
versibly) the matter of small droplets (perturbations)
the main drop, in a kind of condensation.

Our starting point is a subcritical nonlinear Schröding
(SNLS) equation (we use the same notations as in [7] a
in general we shall speak in the context of Bose superflu
at T ­ 0 K, that is, a liquid, instead of nonlinear optics)

i
≠c

≠t
­ 2

1
2 =2c 2 2rcjcj2c 1 jcj4c ; (2)

rc is a constant. In general the inverse ofrc represents
the small expansion parameter of the nonlinear term
For jcj2 ø rc the cubic term [Eq. (1)] is sufficient to
describe the phenomena; however, whenjcj2 ø rc, one
must add the quintic term. Physically, for superfluid H
II, rc is related to the critical density for cavitation; tha
is, when the sound speed vanishes (see later), experim
tally this happens for densities of the order of0.1 gycm3

[3]. In optics, the expansion parameter represents an e
tric field intensity being a characteristic of the materia
Typically rc ø 1022 V2ym2 (the characteristic intensity
in atomic scales).

In a similar way, Eq. (2) could be a good model t
study the dynamics of the many body system of attracti
two particles interaction which is the case of Li7 [4]. If
one neglects the three body interactions, this ultracold g
is unstable as in the case of nonlinear optics; howev
it was suggested (see Ref. [13] of [4]) that the extern
magnetic forces, used to trap the atoms, could stop
© 1997 The American Physical Society 1215
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collapse, in an unclear way because the magnetic fi
varies so slowly in the small region of the collapse. Th
three particle interaction has to be repulsive in order
regularize singularities; thus our results could be releva
in the recent experiments of Bose-Einstein condensat
of Li 7.

Equation (2) possesses the following invariances:
translation, (ii) Galilean invariance, and (iii) global phas
change. The total mass or number of particles,N ­R

jcj2dDx, is conserved, as well as the energy:

H ­
Z

s 1
2 j=cj2 2 rcjcj4 1

1
3 jcj6ddDx . (3)

The long wavelength behavior of the system is d
scribed by a phase variable, the phase ofc , which follows
a wave equation. The variations of the modulus ofc are
related to the phase fluctuations. It is useful to defi
r ­ jcj2 which we shall call the local “density of the
liquid” (“light intensity” in nonlinear optics). The den-
sity r satisfies a wave equation:≠ttr ­ c2=2r, c being
the sound velocity. For a densityr the sound speed is
c ­

p
2rsr 2 rcd; therefore, it vanishes forr ­ rc. If

the local densityr is less thanrc, a long wavelength in-
stability develops because locallyc2 becomes negative.
The linear density perturbationr 1 drkeik?x1skt , with

sk ­
q

k2
0k2y2 2 k4y4 and k2

0 ­ 4rsrc 2 rd, are un-
stable for all perturbations such thatk ,

p
2k0. Starting

with an initial uniform densityr0 slightly less thanrc, the
density variations grow exponentially in time, as one ca
see in Fig. 2(a), creating a cellular modulation with th
length scale of the fastest growing mode, i.e.,1yk0; see
Fig. 1(a). This very short scale modulation expels matt
from one domain to another, creating regions with mo

FIG. 1. A time sequence of the coalescence of gas bubb
The gray scale represents the vapor phase by a light g
and the liquid by a dark gray. The images are taken (a)
t ­ 36.2, (b) t ­ 61.1, (c) t ­ 203.35 and (d)t ­ 634.7 time
units. The number of bubbles decreases in time followin
the law n , t21, as usual in coalescence phenomena. W
used a Gauss-Seidel Crank-Nicholson finite-difference meth
in a (256)2 box with Neuman boundary conditions,dx ­ 1.0,
rc ­ 1.1, andr0 ­ 1.
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stable densities, and leading to a splitting of space in
well defined domains with larges,rcd and smalls,0d
stable densities.

A second intermediary and short stage in the proce
occurs: The pressure difference between the low den
(gas) and the large density (liquid) phases contract
liquid phase, until the liquid density reaches3

2 rc, the
point where pressure equilibrium is established. Final
one can observe a third step, with slow spatiotempo
dynamics, where the stable droplets and bubbles coale
The number of domains diminishes inversely proportion
to the time. This process may be seen by the sim
kinetic processB 1 B ! B. Let nstd be the total number
of bubblesB by volume unit; then, if we suppose the
diffusion constant independent of the radius of the bubb
the number of bubbles follows the rate equation [8]

dn
dt

, 2n2,

i.e., n , t21 as we observe in the numerical simulation
in two and three spatial dimensions (see Figs. 1 and
however, in 1D the number of domains decreases only
n , t21y4, lacking a satisfactory explanation.

Indeed, we observe that the typical size of structur
grows as ,std , t1y2 in two spatial dimensions and
,std , t1y3 in three spatial dimensions [,std , t1y4 in 1D]
as shown in Fig. 2(b); moreover, numerical simulatio
show that the structure factorSsk, td ­ kjckstdj2l [ckstd
being the Fourier transform ofcsx, td andk· · ·l the angular
average in Fourier space] evolves as

Ssk, td ­ ,stdDS sss,stdkddd ,

whereS s?d is a universal function for larget [9]. Figure 2
plots the functionSsk, tdy,stdD as a function of,stdk
for different times in 2D. One can see the convergen
to the universal functionS for large t, as well as the
exponential growth ofSsk, td at a defined scale for smal
t. In addition, let us notice thatS follows the Porod law,
i.e.,S sud , u2sD11d, at least in 2D, which means that w
are dealing with sharp domain walls [9].

This kind of physical process is not the only on
possible; it happens for an initial condition such th
the initial ratio r0 is close fromrc, which is the case
of superfluid helium. However, in nonlinear optics th
electric field amplitude is usually much less than a
atomic one; thusr0 ø rc. This is also the case of
condensates of Li7 since the total number of trapped
atoms is very small. In both cases, the fifth power ter
is negligible in (2) and the focusing instability tend
naturally towards singular points in a finite time, unt
the amplitude ofjcj2 becomes comparable withrc, at
which point the fifth power term “saturates” the focusin
instability and leads to the formation of stable droplets
seen in Fig. 3 for a 2D simulation. This kind of situatio
seems to be the one observed in nonlinear optics.



VOLUME 78, NUMBER 7 P H Y S I C A L R E V I E W L E T T E R S 17 FEBRUARY 1997

lla-

h

ss

lse
ion

r

al

.e.,

en
te

en

gy
FIG. 2. (a) Log-log plot oft21Ssk, td vs t1y2k at different
equal times intervals, in 2D. The curves at the bottom repres
the exponential growth in time of the focusing instability give
by the linear equation≠tSsk, td ­ skSsk, td. The nonlinearities
saturate this exponential growth, and we can see that th
functions reach a universal function, which for largeu follow
the Porod law in 2D,Ssud , u2sD11d, D being the space
dimension. (b) For larget, the mean valuekkl, in 2D and
3D has been computed and one can note that the inverse
the characteristic length of our problem follows the scalin
law kkl , t21yD. This means that the number or bubbles i
the system is inversely proportional to the time. All thes
simulations have been done withrc ­ 1.1 andr0 ­ 1.

Because of the slow coalescence or condensation
the small droplets, the final state is a unique solita
droplet. The long term evolution, with Dirichlet boundary
conditions onc, makes the droplets disappear on th
boundaries leading to a single droplet at the center
the box, presumably the structure of the ground state
the system. The excess energy transforms into vibratio
of the droplet and small scale oscillations. We no
that the central pulse has an internal excited mode
oscillation (the second angular harmonic), which persis
as far as we could follow in numerical simulations. Th
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FIG. 3. A temporal sequence of a state dominated by osci
tory droplets as we see from (a) through (d).

frequency is given by the classical formula of Rayleig
for capillary oscillations [10]v2 ­ 6ayrr3

0 , a being the
surface energy (per unit of mass) which we will discu
later andr0 the radius of the droplet.

The first step to understand this two dimensional pu
is through the one dimensional case. We seek a solut
of (2) of the formRsxdeimt, with Rs6xd ! 0, for x ! `:

2
1
2 Rxx 2 2rcR3 1 R5 1 mR ­ 0 .

We obtain the known soliton solution of [11]:

R2sxd ­
3rc

2
1 2 a2

2acosh2s
p

2mxd 1 1 2 a
, (4)

wherea ­
p

1 2 4my3r2
c . The dimensionless paramete

a characterizes completely the solitons.
By imposing that the total number of particles is equ

to N ­
R`

2` dxR2sxd, we getm ­ s3r2
cy4dtanh2

p
2y3N;

thus,N is directly related toa by a ­ 1ycoshs
p

2y3Nd.
In the thermodynamic limitsN ! `d a goes to 0,

i.e., m ! 3r2
cy4, and the soliton tends to a front from

r ­ 0 (at x ! 2`) to r ­
3
2 rc for a intermediate band

(arbitrary large depending linearly onN) near x ­ 0,
and then againr ­ 0 for x ! `. This valuer ­

3
2 rc

is such that the equilibrium pressure is established, i
psr ­ 0d ­ psr ­

3
2 rcd ­ 0 [7], as we have explained

for the coarsening process.
Let us come back to the surface energy betwe

the liquid and the vapor in 2D. We can estima
this when the number of particles is large, i.e.,m ø
3r2

cy4. We consider a one dimensional pulse betwe
rsx ­ 2`, y, zd ­ 0 and rsx ­ 0, y, zd ­

3
2 rc; thus,

the surface energy is given by integration alongx of the
energy (3) (in fact at equilibrium we need the free ener
1217
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H 1 mN)

a ­
Z 0

2`
dxs 1

2 R2
x 2 rcR4 1

1
3 R6 1 mR2d

;
Z 0

2`
dxR2

x ­
9r2

c

16
p

6
.

The soliton solution (4) is stable towards fluctuation
in thex direction, as we shall now prove. We introduce
perturbation of the soliton solution (4):csx, td ­ fRsxd 1

dcsxdestgeimt into Eq. (2). For smalldc we get the
eigenvalue problem

s

µ
dc1
dc2

∂
­

µ
0 L1

2L2 0

∂ µ
dc1
dc2

∂
, (5)

with L1 ­ 2
1
2 ≠xx 2 2rcR2sxd 1 R4sxd 1 m and

L2 ­ 2
1
2 ≠xx 2 2rcR2sxd 1 R4sxd 1 m 2 4frcR2sxd 2

R4sxdg, two Hermitian operators.
As a consequence of the symmetries of the solutio

(4) of Eq. (2) the null space has at least dimension fo
[the three mentioned above plus a continuous symme
of the solution (4) by the arbitrary choice of the initia
total number of particles, which lead to an extra Goldston
mode].

The eigenvalues follow directly from the spectra o
i
p

L1L2. We compute numerically the spectra gettin
four neutral modes with an eigenvalue equal to zero, a
two continuous imaginary branches with a well define
frequency gap equal tom. There is no eigenvalue with
a real part for any set of parameter; thus, the solito
solution (4) is stable. However, transverse perturbatio
depending on they and z coordinates are unstable. If
we makedcsxd ! dcsxdeiqy , the only change in the
eigenvalue problem (5) ism going to m 1 q2y2. Thus,
for the continuum part of the spectrum there is alway
a positive gap; however, the four neutral modes split
such a way that two of them develop a long waveleng
instability in q. The growth rate increases as the wav
number of the perturbation increases until a maximum
then the rate decreases to zero for a given wave numb
Consequently, a transverse one dimensional soliton brea
down in 2D into droplets with a more or less well define
size.

Actually, the analytical stability of two dimensional
droplets is more difficult because we do not know th
shape of the soliton solution (probably, we may compu
this solution only numerically). However, numerically,
we can say that droplets are stable only as long
our numerical simulation ran (few thousand time units
Furthermore, the two dimensional pulses are unstab
1218
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against perturbations in the third dimension, as is usual
the Rayleigh instability of a column of liquid in classical
fluid dynamics [10], leading to stable 3D droplets.

Finally, it may be suggested that droplets in two
dimensions are, furthermore, unstable against a sm
perturbation far from the main pulse, because of th
focusing instability: The small perturbation tends to
increase since the fifth power term is negligible; thus, on
may imagine a final state made of many different droplet
with a principal one. However, because of the coarsenin
process, these perturbations are evaporated, increas
the amount of matter in the main one. Another—
more interesting—situation will be an array or crystal o
droplets, and this situation is unstable for the same reaso
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