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Introduction

Semi-classical limit of the nonlinear Schrddinger equations

2
ie@tus + %Aus — ‘U,E|2J ”U,S, UE(O,ZE) — CLE(CU)@quO(w)/s. 1)
u® =u(t,x) € C,t e R, x € R", ¢po(x) € R, a5(x) € C, € € (0,1].

Question: behavior of the classical solutions when ¢ — 0.

Assumptions: -n € {1,2,3}, 0 € N;
- ¢o € H>(R"™) does not depend on ¢;
- a5 € H(R™) has an asymptotic development of the form

ay(x) = ao(x) + a1 (x) + a5 (x),

ap,a1 € H(R"™), a5 uniformly bounded in H>*(R").

Motivations: -supercritical geometrical optics;
-the Cauchy problem for H'-supercritical nonlinearities.
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Motivations : supercritical geometrical optics

The equation is supercritical as far as geometrical optics is concerned.

— Involved several interesting phenomena. In particular, small perturbations of the
initial amplitude are amplified to order 1 in small time.

— An interesting feature of NLS is that we can simplify the geometry (no creation
of harmonics).

We seek an approximate solution of the form:

us(t,x) ~ (Ao(t,z) +eAi(t,x) + 2 As(t,x) +...) 0/
Instability: A classical fact in supercritical régimes is that the leading order
amplitude Ao depends on the initial first corrector a;.

Small perturbations of size O(¢®) of the initial amplitude induce in time O(e'~)
perturbations of size O(1) of the amplitude Ao (¢, x) (Carles for NLS).
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Motivations : supercritical geometrical optics

— Nonlinear dispersive waves. Let
AeC, o¢t,x)=k-z—wt, u (t,z) = Aexp(ip(t,x)/e).

u® IS solution provided that

12 20
= —k Al°7 .
K+ 14

Simplest example of nonlinear dispersive waves.

— The limit system for the quadratic observables is the system of compressible
Euler equations :

)
Zf ~ |Vé|? + A7 =0, dispersion relation,
\
|8A| (|Ay V¢) =0, from the conservation of density for NLS.
\

For NLS, we can simplify the geometry, yet the geometry is not simple!!
Remark : Similar formal analysis for the NLW (Luke; Lebeau).
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The cascade

Seek
us(t, ) ~ (Ao(t,z) + eAi(t,x) + 2 As(t,x) +...) 0/

The BKW Cascade
1 -
O (%) : ep+ 5IVoI* + |4o|* =0,
1 B __

O(e') : BiAo+ V¢ VAy + S AsAd = —2ic|Ao|™ ™" Re (Ao A1) Ao,
Typical facts in supercritical geometrical optics (cf Cheverry & Gues; Serre):
— strong coupling between the phase and the main amplitude.
— the system is not closed (no matter how many terms are computed).

— However, we can determine ¢ (P. Gérard):

Orp + div(pv) = 0,

) = (|A]?,V solves
(p,v) := (|Ao] ?) {8tv+fv-Vv+VPU=0-
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References

Two cases where the mathematical analysis is well developped:
1) For analytic initial data and general nonlinearities (Patrick Gérard; Laurent
Thomann).

2) For general initial data in Sobolev spaces for the cubic (¢ = 1) defocusing
equation (Emmanuel Grenier).

Recall that one of the main difficulty of weakly nonlinear optics comes from
Interactions. (self-interaction; interaction of several waves) (cf
Joly-Métivier-Rauch).

Here we simplify the geometry (no creation of harmonics), yet the stability analysis
Is more difficult.

At the linearized level, there is an exponential amplification factor in Gronwall’s
estimates, and hence small error terms of order O(¢°°) are instantaneously
amplified to order O(1) (cf Cheverry; Cheverry-Gues; Cheverry-Gues-Métivier).

1) For analytic initial, one can define a very good BKW solution with a remainder
of size O(e™/¢).
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References

Two cases where the mathematical analysis is well developped:
1) For analytic initial data and general nonlinearities (Patrick Gérard; Laurent
Thomann).

2) For general initial data in Sobolev spaces for the cubic (¢ = 1) defocusing
equation (Emmanuel Grenier).

One can use the specific struture of the equations to define a phase/amplitude
representation of the solution.

The main result here is that we can extend the Grenier’s results about Sobolev
data to higher order nonlinearities.

This approach provides a local version of the modulated energy functional used by
Fanghua Lin & Ping Zhang, following the approach initiated by Yann Brenier.
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Motivations : the Cauchy problem for ~ H!-supercritical nonlinearities

Consider the Cauchy problem

Ou
i— + Au = ]ul%u , Upp=0 = Uo, (NLS)

ot

(t,x) e I xR"™, 0€ I, u(t,x) € C.

The Cauchy problem is well posed, globally in time for x € R™ with
n=1,2and ceN ; n=3and oc=1,2.

(Ginibre—Velo ; Cazenave-Weissler ; Kato ; Yajima ; Tsustumi)
(Colliander—Keel-Staffilani—Takaoka—Tao)

The question of whether blow up occurs for o = 3 (H*-supercritical defocusing
NLS) is an open problem.

Yet, they are ill-posedness results.

Norm-inflation: Christ—Colliander—Tao ; Burg—Geérard—Tzvetkov ; Carles.

Loss of regularity: Lebeau (NLW) , Carles (cubic NLS).
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Loss of reqularity for  H'-supercritical NLS

Theorem (Alazard & Carles; Thomann). There exist ¢,, € C§°(R?) such that

lonllmr sy + llenllLs@ms) S llenllgossms) 0,

n——+oo

and a sequence t,, > 0 converging to 0, such that the Cauchy problem

(%pn
"ot

+ Ay, = |¢n|6¢n ;Y (0,7) = ©n,
has a unique classical solution ¢,,, defined on [0, ¢,,], such that

46 ) s sy ——— o0, k> 1.

Remark. Let s < 7/6 =d/2 — 1/0(> 9/8). There exists classical data of arbitrary
small H° norm such that the solution of the focusing NLS blows up in arbitrary
small times (virial argument of Glassey+ scale invariance).

Remark. Laurent Thomann’s thesis (2007).
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The solution becomes e-oscillatory

Thm (AC). Letd > 1,0 > 1 and 0 # ap € S(R"™) such that the solution «°

2
iedu” + %Aua = [u®|?7u® ; u®(0,2) = ao(x).

exists on a time interval independent of €. Then, the solution becomes -oscillatory

> 0.
L2

ir >0/ Vk €]0,1], liminf H]&‘Dw “u (7’)’

e—0

One can extend this results to weak solutions.

RK. : what is the analogue in classical mechanics ?
Between two adjacent air masses, the air flows instantenously from the region of

high pressure to the region of low pressure (the pressure gradient force drive
winds).
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The Grenier’'s approach

— We cannot use the classical hydrodynamic form when p vanishes:

( Oip + div(pv) = 0,
1

NG

\ , E°
ov+v-Vu+ Vp :EV

\

A\/ﬁ> :
— Grenier: seek u° under the form u° = a®e*® /¢ with «° complex-valued, and

g 1 g g g
06"+ SIVOT" +1a"F =0 5 fi=o = oo,

1
\ Ora® +Vo© -Va® + §a€A¢€ = i%Aas , Q=0 = Ao,
Make a BKW asymptotic for the amplitude and for the phase: solve the BKW

cascade for this system.
This yields closed systems which allow to determine

+o0 0o
¢~ Font,z),  a®~Y efau(t )
k=0 k=0
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Study of the limit system

The first step is to solve the limit system

( ov+v-Vuo+V (IaIQU) =0 ; Y=o = %o,
(E)

1
ota +v-Va+ §adivv:O ; Q=0 = A0.
\

Proposition.There is a unique maximal solution (¢, a) in C*°([0, T [; H>™(R")).

— (sound speed) The proof is based on a nonlinear change of unknown
introduced by Makino-Ukai-Kawashima (see also Chemin; Serre; Grassin):

(v,u) = (V@,a”)

solves a quasi-linear symmetric hyperbolic system.
(dichotomy between o =1 and o > 2.)
(does not seem to be well adapted to NLS equations.)

— (vacuum) Possible loss of one derivative : We prove that, for all
(¢o,a0) € H' x H® with s > n/2 + 1, there exists T* > 0 such that the Cauchy
problem has a unique maximal solution (¢, a) in C°([0, T*[; H*T' x H*™1). - pazie



Study of the limit system

Proposition. The lifespan T is finite for some initial data.
Proof: if a = 0 (< ap = 0), the limit system reduces to Burgers equation for v.

ao = 0 IS not interesting... More seriously:

Proposition. The lifespan T is finite for all compactly support initial data (ao, vo).
Proof: follows from the pseudo-conformal identity:

2

% | (51— toie.o)P ptt.z) +

o+ 1

o(t, CIZ)U_H) dx

t

= o (2 —no) / p(t, )" de.

We verify that the geometry is not simple.
Open gquestion: behavior of the solutions for large times (Jin-Levermore-Mc
Laughlin 1D).
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Study of the limit system

Consider the analogous system for a focusing nonlinearity

( 1 o
Op+ 500" —[al*” =0 5 =0 = o,
¢ (Euler elliptic)

1
\ Ora + 0, ¢p0za + §a8§q5 =0 , Q=0 = Q0.

Proposition. There are initial data for which the Cauchy problem has no solution.

Yet, one can justify the semi-classical limit for analytic initial data (Gérard;
Thomann). See also, Clarke—Miller, DiFranco—Miller .
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Main result

Theorem . There exists T' €]0, T™| such that, for all £ €]0, 1] the Cauchy problem
has a unique solution u* € C'(|0,T]; H>(R"™)). Moreover,

2 2||o Tt
[u= ()" = la(t)]

Sup sup ] { Hua (t)e—iqb(t)/s HQHk 4+ 5_2 i

} < 400,
e€]0,1] t€[0,T

where the index k is as follows:
If o = 1, then k£ € N is arbitrary.
If o = 2 and n = 1, then we can take k = 2.
If o =2and 2 < n < 3, then we cantake k£ = 1.

If o > 3, then we can take k£ = o.
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Remarks concerning the main result

- For 0 = 1: consequence of Grenier’s analysis.
- For ¢ > 3 and n = 3, the equation is H'-supercritical. The existence on a time
interval independent of € €]0, 1] is new.

One can consider:
- initial data in H*(R"™) with s < +oc0 large enough.

- some nonlinearities which are not homogeneous.

- external potential (previous result of Carles).

- exterior domains for k = 1 (Lin—Zhang when o = 1).
- higher dimensions n < 20 — 2 for sufficiently large o.

Recall that:
- we cannot expect global in time results.
- If we assume only ag = ao + o(1), then the conclusion fails.
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Convergence of position and current densities

|deally, we would like to prove that

VkeN, sup sup {Hue(t)e_iqb(t)/e}|2k+€_2 1w (2))* = |a(t)|? 7 } < 4o0.
£€]0,1] t€[0,T] Lo+l
Yet, as observed by Lin—Zhang, the case k = 1 is enough to prove that:
Corollary. There exists T' €]0,7™[ such that
u®|? — lal? in C ([0, T7; LU+1(R”)) :
Im (7" Vu©) — la|* V¢ inC ([0,T); LT (R") + L' (R")) .

In particular, there is only one Wigner measure associated to (u°)., given by

w(t,dx, dé) = |a(t,z)|°dr @ 6 (€ — Vo(t,z)).
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Leading order behavior of the wave function

Theorem. For any T €]0, T*[, there exists ¢(T") > 0 such that u* € C([0,T]; H*)
for e €]0,¢(T)], and

where k is as above and ¢'*) given by (cf Grenier's BKW approach)

6€—i¢/s . aez’cb(l)

= 0(e),

U —
Lee([0,T];HF)

( 875(/5(1) +Vo- V(b(l) + 20 Re <6a(1)) al? % =0,
{0t + Ve -Val + Vol . Va + %a(l)Aqﬁ + %a,A(ﬁ(l) — %Aa,
(1) _ : (1) _
\ ¢ }t:O_O @ |t:0_a1'

The phase shift ¢ is a function of a, ¢, and a1, where recall that
ag(z) = ao(x) + cai(z) + O(e2).

Rk. Ghost effect: ) # 0 in general. Implies instabilities for the semi-classical
equations (Carles).

- p.18/4



Filtering

We filter out the oscillations by the change of unknown:
af(t,z) == us(t, z)e “Ho/E

The key point is that

To prove that u° exist for a time independent of ¢, it is enough to prove
uniform L°° estimates (semi-linear equation).

[u (@) oo = lla ()l poo S la® ()] g fOr s > n/2.
we expect uniform estimates in Sobolev spaces for a°.

Obviously, uniform estimates in Sobolev spaces for «° are not expected to
hold, due to the rapid oscillations described by ¢.
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Symmetrize

The amplitude a° solves
€ € 1 € € € i €20 20 €
ota” +V¢-Va +§a A(b—?EAa = (|a 1“7 — |a )a :
Q=0 = 0.

One has
1d

d g2 €112
Zlafllfe = 5 2 luslfa =0,

1
2 2 dt

1 d en2 1 . —€ € €20 20
5o IVa|?, — g/dw(Im(a Va“)) (Ia ™ — laf )

= — Re/ (Va® - VV¢ + %aEVAqb) Va© dx.
Hence

d e 1 . —c € €120 o €
pr |a ||il1 — g/dlv(lm(a, Va)) <|CL |2 — |CL|2 ) < Oy lla ||i[1

N | =
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Symmetrize the estimates

We have

1d € 1 . —e € €20 o €
5o lla 12, — g/chv(Im(a Va®)) (Ia %7 — |al? ) < Cy lla || -

The idea is then to find a second energy functional £° such that

1de® 1

_ . —£ € €120 20 < 12 . |
s+ 2 [ dvm@va) (ja° 7~ [al*) < Cuo(laF +£9)

— uniform in € energy estimate

la® ()71 + E°(2) < 72 (B%(0) + £°(0)).

For the semi-classical limit, this strategy goes back to the work of Y. Brenier;
P. Zhang; F. Lin and P. Zhang (modulated energy estimate).
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Symmetrize the equations

We seek £° such that

1de® 1 /div(Im(dSVas)) (10512 = [af*") < Cuo(F7 +£7).

2 dt €

To find £°, we seek a nonlinear change of unknown to symmetrize the equations.
We seek ¢° and ¢° such that

(1) 0:q° + g° div(Im(a°Va®)) + Vo - Vq© + 7t 1q€A¢ =0,
E € __ 1 £|20 20 g __
@) g =l =), @) g =0
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Symmetrize the equations

We seek £° such that

1de® 1 /div(Im(dSVas)) (10512 = [af*") < Cuo(F7 +£7).

2 dt €

To find £°, we seek a nonlinear change of unknown to symmetrize the equations.
We seek ¢° and ¢° such that

(1) 0:q° + g° div(Im(a°Va®)) + Vo - Vq© + 7t 1q€A¢ =0,
E € __ 1 £|20 20 g __
@) g =l =), @) g =0

Example. If ¢ = 1 then

E._l €12 2
q = —|la’|" —a|” ).

3

satisfies
0tq" + div (Im (a°Va®)) + div(¢°Ve) = 0,

and hence one has the desired splitting with g° = 1.
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Symmetrize the equations

We seek £° such that

1de® 1 /div(Im(dSVas)) (10512 = [af*") < Cuo(F7 +£7).

2 dt €

To find £°, we seek a nonlinear change of unknown to symmetrize the equations.
We seek ¢° and ¢° such that

1
(1) 0:q° + g° div(Im(a°Va®)) + Vo - Vq© + 7t q"A¢ =0,
E € __ 1 £|20 20 g __
@) g =l =), @) g =0

This allows to find
€ €112
E = HC] HLQ'
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Symmetrize the equations

This strategy allows to find
€ g112
E = ||q ||L2 )

and also to derive a local version of the modulated energy functional.
Proposition. Set ¢ := Va®. The modulated energy e := |[¢)°|* + (¢°)?, solves
dre® + div(e° V) + div(2Im(g°ay°)) + div (5 Im @5 . vw))
— _(¢)*Aé — Re ((M VUV 4+ a°VAS) - @6) |

This yields the desired modulated energy estimate (k = 1) by integration and
Gronwall’'s lemma.

Furthermore, the system satisfied by (a®, Va®, ¢°) is a hyperbolic symmetric

system plus some skew-symmetric terms. Therefore, we can derive energy
estimates in Sobolev norms.
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Recall that a® solves
€ € 1 € € € i €20 20 5
ota” +Vo-Va —|—§a A¢—Z§Aa = (\a |“7 — |a] )a :
Aji—0 = Qo
To symmetrize the equations, split the term |a|*° — |a|?” as a product
a7 — |l = g°8° = (G B)(a°[* |al) = Glri,m2) BOra,ra)| 1o gy

where 1) the good term is seen as a coefficient; 2) we form an evolution equation
for the bad term. We want to chose (° such that

OB + L(a,d,0:)8° + g° div (eIm(a"Va®)) = 0,

and L is a first order differential operator.
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We split
€120 o € NE €12 €12
a®[*7 = |a|* = g°8° = G(|a°|", |a|*) B(|a°|* , |a]*).

We want
OB + L(a,d,0:)8° + g° div (e Im(a“Va®)) = 0.

Introduce
2 IS5 12 12
p:=la|”, v=V¢, p =la"|"=u"|".

By using the conservation laws for the densities, we compute
0B + (0r, B)(p°, p) div(Im(ea"Va®) + p°v) + (9r, B)(p°, p) div(pv) = 0.
To have an equation of the desired form, we impose
Or, B(r1,72) = G(r1,72).
Since G(r1,7r2)B(r1,72) = r{ — r3, this suggests to choose

2

(8" =~ — (p°)7 =207 p° + f(p).
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To obtain an operator L which is linear with respect to 3° we choose

2 2 eyo+1
(3 = —= (o) -

2

o+1 o €
— 2 — p).
Pl p° (P~ — p)

We formally compute:

o+

1
5 B°dive = 0.

0:3° 4+ eg° div(Im(a°Va®)) +v - V3 +

Taylor’s formula yields

2
o+ 1

2
o+ 1

(p8)0+1 . p(f—l—l . 2100(106 . ,0) _ (ps . p)QQU(pE’p)7
with

1
Qo(r1,r2) i= 20/ (1 —35)(ro+ s(r1 — ?“2))0_1 ds > C, (’r‘f_l + rg_l) .
0
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Let 0 € N. Introduce

Pa (?“1, 7“2)
\/QU (?“1, TQ)

Gy(ri,re) =

where

Pa (?“1, ?“2) =

Example: For o = 1, 2, 3, we compute

G =1,

G _\/g 1+ T2
2 2\/r1 + 2rsy
Gy = /3 ri 4+ rire + r3 |
v (r1 —12)% + 213

ri — T3

T — T2

Bi1=7r1 —rs.

2
By = \/g(rl — ?“2)\/?“1 + 27s.
1
B3 = ﬁ(rl — ?“2)\/(?“1 — ?“2)2 + 2?“%.
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Let 0 € N. Introduce

Po(r1,7m2)

Gy(ri,re) = \/Qa(?“1,7“2)

where

(o} g

Ps(r1,7r2) =

L — T2

We can divide by ;°.

Proposition. 8° € C¢, and ¢° € C{ .. Moreover,

o+ 1

ohB° +eg° div(Im(a°Va®)) +v - VG + ;

ry — T2 o—1—0 ¢
1 .

B°dive = 0.
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We will prove |a®]*? — |a|*” = O(¢). Set

Since
g° div(Im(a“v¢°)) = Im(g°a" divy©),
we find
( 1S} 1S} 6 1S} 1 19 . - £ £ £
ota” +v-Va —Z§ACL =—30 divv — 19 q¢ a”,

B + v - Vo© +ia "V — zgmps

1 1
=—5¢ dive—¢°- Vv - gaVdive —ig'V(a'g),
1
| 0i¢" +v - V¢© +Im(g7a" divy®) = —U; ¢ div.
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1
[ 0ya® +v-Va© — i%AaE = —§as divv —1g°¢°a’,
Bb° + v - Vb +ia®g° Vg — igmps
< 1. : 1.
= —§¢ divv —¢° - Vo — 5a Vdive —ig"V(a“g°),
1
| 0:¢" +v- Vg +1Im(g7a divy®) = —0—21_ q° divwv.

Corollary. U® := (2¢°, a®,a%, ¢, 4" ) satisfies an equation of the form

0LU" + Z A;(v,ag°,a"g%)0;U° +eL(0,)U° = E(®,U%,a°g°,V(a“g)),

1<j<n
with ® = (Vo, V3¢, V>¢), A; hermitian and lineair in their arguments,

L(0;) = L;10;0r second-order skew-symmetric operator with constant
coefficients, £ € C'°° vanishes at the origin.
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1
( 0ya° +v - Va® — i%AaE = —§a€ divv —1g°¢°a”,
Bb° + v - Vb +ria®g° Vg — i%AW
< 1 1
= —§¢6 divv —¢° - Vo — §a€V dive —ig"V (a”g°),
1
0" +v- Vg +Im(g7a div ) = —”; ¢ div .

Corollary. U® := (2¢°, a®,a%, ¢, 4" ) satisfies an equation of the form

U + Z A;(v,ag°,a"g%)0;U° +eL(0,)U° = E(P,U",a g ,V(a“g)),

1<j<n
with ® = (Vo, V3¢, V>¢), A; hermitian and lineair in their arguments,

L(0;) = > L;,0,;0r second-order skew-symmetric operator with constant
coefficients, £ € C'°° vanishes at the origin.

- p.31/4



1
(010 +v- Vaa—i%Aa,e = —§a,€ divv —1g°¢°a’,

Db + v - v¢€+m€g€vq€—z§Aw

1 1
= —z¥ dive—¢" Vv —ca"Vdive —ig"V (a’g),
1
\ oq® +v-Vq +1Im(g°a” divey®) = _0; g divw.

Corollary. U® := (2¢°, a®,a%, ¢, 4" ) satisfies an equation of the form

U + Z A;(v,ag°,a"g%)0; U +eL(0,)U° = E(®P,U",a g ,V(a“g)),

1<j<n
with ® = (Vo, V3¢, V>¢), A; hermitian and lineair in their arguments,

L(0;) = > L;,0,;0r second-order skew-symmetric operator with constant
coefficients, £ € C'°° vanishes at the origin.
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1
(D0 +v- Vas—i%Aas = —§a€ divv —1g°¢°a”,

Syb° +v - Vb +ia® g€Vq€—i§A¢€

1 1
= —z¥ dive—¢" Vv —ca"Vdive —ig"V (a’g),
1
\ 8tq€+v . ng + Irn(gga6 div @Dg) = — 7 —2|— q6 div v.

Corollary. U® := (2¢°, a®,a%, ¢, 4" ) satisfies an equation of the form

U + Z A;(v,ag°,a"g%)0;U° +eL(0,)U° = E(®,U",a g ,V(a“g)),

1<j<n
with ® = (Vo, V3¢, V>¢), A; hermitian and lineair in their arguments,

L(0;) = > L;,0,;0r second-order skew-symmetric operator with constant
coefficients, £ € C'°° vanishes at the origin.
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Local modulated energy

(O + v - VYT +ia°g° V¢ — i§A¢€

1 1

§ = —guidive -y Vo— Ca"Vdive - ig"V (ag?),
1

| 0g” +v- Vg~ +1Im(g°a” divy®) = —U; ¢ divo.

Corollary. The modulated energy e° := [4°|* + (¢°)?, solves

dpe + div(e° Vo) + div(2Im(¢°a"¢°)) + div (5 Im (W - V@be))

— _(¢)*Aé — Re ((2¢€ VUV +a"VAP) - ES) .

This yields the desired modulated energy estimate (k = 1) by integration and
Gronwall’'s lemma.
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Consider the equation

hU* + Z Aj(v,a°g°,a"g")0;U" +eL(0:)U° = E(®,U%,a°g",V(a“g)),

1<j<n
The “trick” is that ¢° is a zero-order term, and we dont form an evolution equation

for ¢g°. Yet, ¢° is given by an expression of the form ¢° = G(|a°|?, |a|?) where G is
not smooth.

Ifc >3o0rifoc>2andn =1, then

1145, A7 0,07 | 2 < K 1A Lo 10 N1

< C(ollgo + 0" o) 1U o -

Since U® = (..., Va®,...), to conclude, it is enough to estimate a°¢g° in H?. Set
Fo(z,2") = 2G, (|z|2 : }z/}Q) , sothat a°¢° = F, (a",a)

Onehas F, cC° ' butF, g C°.
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To estimate a“¢° in H?, one cannot use usual nonlinear estimates. We use that
F, i1s homogeneous of degree ¢ and

Proposition. Let p > 1 and m > 2 be integers and consider F': R? — C. Assume
that ' € C*°(R? \ {0}) is homogeneous of degree m, that is:

F(\y) = \"F(y), VA>0,Vyc R".

Then, for n < 3, there exists K > 0 such that, for all w € H™(R"™) with values in
R?, F(u) € H™(R") and

HE @) g < K {ull o -

The same is true when m =1 and n € N.
This allows to estimate the initial data for ¢° since
- _ 2P =1

- = Qa(z,z’)|( = (a%.a)’ Q. homogeneous of degree o — 1.
e z,z")=(a*%,a
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Link between supercriticals

Following Christ-Colliander-Tao, consider initial data that concentrate at the origin

un,o(x) = 72 ag (%) .

Introduce the change of variable (already introduced by R. Carles when o = 1)
u®(t,z) = h2 "Suy, (h2st, hz), €= polse=s)

which solves

62

iedu” + EAua = [u®|?7u® ; u(0,2) = ao(x).

< ()
h2€ gm

it is enough to prove that u becomes e-oscillatory for times of order O(1).

Since,

lun @) grm = h"
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The linear equation

Set
W (t) = e " ay, HT = —(£2/2)A + V(x).

Then (Egorov)
1Op.()u (1)l 22 = lle™™ /= Op.(q)e " “aol| 2 = || Op.(g 0 ®+)aol| 2 + O(e),
with
Py(x,8) = (X(t,z) +t&, £+ (Vo) (¢, X (¢, ))),

Dib + %|v¢|2 FV(@) =0, $(0.2) =0,
DX (1 7) = (Vo) (£ X(£,2)), X(0.2) = .

With g(z, &) = i€, we obtain
leVu (8)ll L2 = [[(V@)(t, X (£, 2))aol 2 4 O(e).

The solution becomes <-oscillatory for ¢t > 0.
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Proposition. 8° € C¢, and ¢° € C{,. Moreover,

1
0B° +eg® div(Im(a“Va®)) +v - VG + U; B¢ dive = 0.
Proof. We have found
o+

B (atﬁs + eg” div(Im(a"Va®)) +v- V3 + 5 168 div v) = 0.

One has the equation in {3° # 0}. Since 8° € C/ ., we need only prove that the
equation is satisfied in the interior of w® = ([0, 7¢[xR"™) \ {B8° # 0}. Note that
w® = {p° = p}. Hence,

In &%, one has 3° =0, 8;..3° = 0.

In w¢, the conservation laws imply

div(Im(@Va)) = —¢ " (at(,f — ) +div((p° — p)v)) — 0.
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Conservation laws for NLS, and blow-up

Pseudo-conformal law:

d (1 | . t2 . t (20
% (Gl ietVoute + S35 ) = @ - nolle 35,

(via the scaling ¥ (t,z) = u(et, ex).)
Write u® = a®e'?/¢, and pass to the limit formally:

2

d 1
it (5 (@~ tVo(t,2)) alt, )+~ ‘““’”'QUH) dw
_ - —ti_ . (2 _ TLO') / |CL(t, x)‘2a—{—2d$

Implies that ||p(¢)|| L2042 — O.
Contradiction with

Oip + div(pv) = 0.
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Convergence of the quadratic observables

Wigner transform:

W[ f](z, €) = (2m) " / f (a; _ sg) 7 (a: + sg) € dn.

If 1° is uniformly bounded in L?, then w®[¢)°] converges weakly as a temperated
distribution.
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Introduce
2 IS5 €12
p:=lal®, v=Ve¢, p =la"|"=|u

One has
Otp + div(pv) = 0,
O p° + divIm (eu"Vu©) = 0.
Hence, by defintion of a® = ue /¢,
Otp° + div (Im(ea“Va®) + pv) = 0.

Writing 9:5° = (9, B)(p°, p)Oep” + (Or, B)(p°, p)Oep, we find

B + (0r, B)(p°, p) div(Im(ea“Va") + p“v) + (0, B)(p°, p) div(pv) = 0.

8|2.
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